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PREFACE 


Thk present work provides n course of Elementary Geometry 
based on th^ recommendations idf the Mathematical Association 
and on schedule rec^ntl^ p^posed and adopted at Cambridge, 

• Tl^e piinlSples which govern^ these proposals have been 
confirmW by the issuer of revised schedules for all the more 
important E^^aniinationS) and they are now so generally acx;epted 
by teachers that the|* nee<i no discussion here. It is enough to 
note the foUo^ing^midts ; 4 

(i) We agree that a ptipil should gain his 6rst geometrioil ideas 

from a short preliminary course of a practical and ex|>enmental 
character. A suitable introduction* to the present l>ook would 
consist of Easy Exercises in Drawing to illustrate the subject 
matter oY the Definitions Measurements of Lines and Angles ; 
Use of Con)pa8»es*and Frotrartor; Problems on Bisection, Per- 
pendiculars, aigi ParaUfsls ; Use of Set Squares ; Tlie Construction 
of TrAngles and Quadrilaterals. These problems should be 
accompanied by informal eiplanation,' and the results verified 
by measurement. t^oncurrenUy, there shf^uUI be a of ex- 

ercises in Drawing ^d Measurement designed to load ]ndu< tivelj 
to the more important llieorems of Part L [line. I. 1-34].* While 
strongly advocating some siif|h introductory lessons, we may point 
out that<ynr bqpk, as far as it goes, is confplete in iteelf, and from 
the first is KlvfStrated by numerical and graphical examples of the 
easiest types* Thus, throughout^tbe whole* work, a graphical 
•nd ex{>erimental course is proi/Yded side by side with the usual 
deductive exercises • ^ • 

(ii) Tl^rems and Prq^lema a^ arranged in separate but parallel 
coai|ea, intended to be studied pari^paM 9 Vk This arrangement is 
/nadft possible by the use, nwv generally sanctioned, of H^potketUsol 
CinutmetwHi, These, beforesbeing employed in the text, are care- 
£a,Uy specified, and ref^p^ to the Axioms on which they depend. 

*8iuih so Introdactory oouras is now fmmished by our Xeitoiu in Mrperi* 
SMaial aiKl PfwHeai f7eofn|rnr. 
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(lit) in iiiftced on the of (hmmmtmanM^ ifo^ 

mtmiew. , By this ineacus c5c*rtAin cUfliculltes whit*b are wholly 
beyoudi th‘;j iftiiap of a yr>uti|< ioamer are fKJstIl^ne<]. and a wide 
field of ^laphii^a) and ntiTnorif*4|! tlluetration ta opened. Moreover 
the fiindatnetiUi on Jlrena (haitlly h'sa than tboae on 

may fhiw la* n'flnmh in ^umlKfr, greatly r^Tiuiplified, 
and brought into line with practical ap^dicatitum. ' * 

(iv) Ati attempt hiw Inten made !<» theexce««ive i^tnly of 

text whi<‘h the deiimiidH of Hxamirmtions have hitl4.*t*to^ form) aa 
'* b^K)k work " on a begirmet a memory. Kyeii of the Thcorema 
liei'o given a certain iiuml*er (wljieh ue hli^ve ^diHtit^gniHli(*d with 
an UMteri^dv) might be iftnitled of f>o^rp<>iied at the diM^retion of the, 
Uffu'her. Ami the fornial pti»|Kmiti<»ns for which - aeeueh -teacher 
and ]iupil uie held roMfMmmble. might |M>r)ia{xs i>e still further 
limuHi to tliom* whtt h iimki* the lamlmarks of Klementacy (5eo- 
iiieny. Time so gained sliould W us^hI in getting the [uipil to 
knowledge ; and the workiivg of ^xa]nples should Iw 
made OH tiii)Kutaut a |mrt of a lesson in^ (Jeoinf^ry a« it in so 
^MUHideml in Arithmetic and Algebra. ♦ 

Thimgh w*e have not ahva>s followed Kuelid's oi'<ler of IVopo.si- 
tions, we think it deMiubh^ for the presiua. in regard to the 
aiibjeet-matter of Kuelid Iksik I. to prw«t*rve the essentials of his 
logical sequcnec. l)ur departure froTn Eucli*i‘» tivatment of Areas 
haii alrcauly been mentioned ; the f»ii?y other iTn[s»rtaTfi divei genre 
in this a<*ction of the w6rk is the fnaiition of I, 2^ (Theorem 17), 
which ue plains after 1. 32 (llieormii lt>X thus getting riil of the 
teilioU'^and uninttruclive (‘W'. In subsist jtient Pans a freer 

treaimcnt in rt*s{K?ct of lexical ortler ha.s luMm bd lowed. • 

A» rt^ganP the pn*s<mtmerit*of the prt piisitions, we have con- 
atantly kept in mind the of ^^hat lar^;e class of studi^nU, who, 
without sfN'cial aptitude for mathematu^l study, and under no 
iieceeaity for acquiring Uohnical knowledgi*, may and do derive 
real intellectual adx^antage from leasona in pure deductive reasoning. 
Nothing luia aa yet devised m effective for this purpoae as th ' 
Eudkiean fortii (»f pnmf ; and tn our opinion no excuse is needed 
for treating the esirlier pjxmfs with that fulness whic(|i we have 
alwaya found neoeesaiy in our experience as teacbera. 
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Die exsmpfM are nutneroua and for the meet {lart eaej^ "Jliejr 
2MV0 been verv carefuttV arranged, ^nd are dwtribiited throughout 
the text in itmnediate connection with the propomitionil on which 
Utejr dejiend. A special feature iejthe lai*ge numl^er of exaujplee 
involriiig graphicad or nuniertcaf work, llie aneweiii U> theee 
have been^rinted on f>erfoi]^ted page>«, »o that they may eaeily be 
removetl if ilhia found that to numeriral mulU ia a wnu’ce 

oi tempeiition in exampKi^ involving ineftaui'cment. 

Wo are^indebted t-o several triends for advice and Huggestiona 
In paxticular we wi«lvt^> expitisa onr thanks to Mr. If. il Pliiyne 
aiiu Mr. H. Ci Reitren*of (ylifto|i l^ollege for the valuable iiHHiMt* 
anoe they have rendered in n^adin^ tlxe proof aheeta and checking 
the ana were to eoroe of the numerical exerciaea. 

IL a HALL 
P. H. STKVENa 
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PMUam 
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PbobumSI. !rohteetB given arc. Ml 
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TtosOBBH [Kuo. Ilf. 370 » point oat«ido * oifpcflo 
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circle is e<)ual U) the square on tlualme which mceit thecircle» 
then the lidb which meets the otrAe is a tangent to it. 234 
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Axioms. 

(All mathenui^’oal r^sonin^ u founded oa certaio dmple 
principles, the truth of which* if so oridcut tliut they are 
accepted without proof. These seliavideut truths are called 
Axioms^ 

For instance : 

Thing* vihich an eqwd to (As same tlnng an equal to one 
another, 


The following axioni|, corrcs}x>nding to the first four liules 
of AritBmetic, are among those most commonly used in 


Addition. If equals are added to equal*, the sums an equal.y 

Stihtinetioii. '// equals are taken from equals, the rmainden 
are equal. " 

MuttipIkatioiL Thing* tcAlcA are the same muU^les of equals 
an equal to otig ihother^ 

For imtanoe : of equate are e^al to one aether, 

'r^hiaioiL [Things wHoh an the earn parts of equals an equal 
to gno another.) 

For instsjios : Halve* <f e^iuale are equal to one another. 

Tlie, above Axioms are given as instances, and not as a 
cojnplete list^ of those wbicl^ will Jtid uyid. They are said to 
be gsmsal, boMuse they ap^y equally to magnitudes of all 
kmds. Cotiun qiecial axioms relating to geometrical magni* 
ti^ms <Kily will be ststed from time to time as they are 
nquiied. ' 

mao. 
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OIBMtTEr 


DBrnfmom ms Fnar Pwniomn, 

Ar«^(Mginiter faioira in n mentl yny irbai i« meanl ^ n 
iata% n Uaa, nod n mflut. Sat in geometiy thoaa tenn am 
Qwd in n it^ MniM whidi'nMda aoma ex^nation. 

1. (A veiat haa p<faiti(Hi| but ia anid to have f|4 

ma mmm Uiat m ara to atiMli to a point no idea of ahw aithar aa 
to bnffth or hrtadth^ bat to think only t*hara it ia aitnated. A dot 
mada with a aharp penoil may be tMten aa ronghly repraaanting a 

S ot $ hot amall aa auoh a dot may ba» it atill baa aoaic length and 
adth, and ia therafora not aetnidly a gi^tlrtoal point Theamallar 
the dot howavaTf tha more naar^ H rapreaenta a point 

« 

S, * k Um haa length, but is aaid to have no hreaiiK^ 

A line la traced out by a moving point If the point of aj^aoil ia 
moved over a aheet of paper, the trace left rapreaenta a line. But snob 
a traoa, however dnefy drawn, haa eome dg^ of breadth, and ia 
therefore not iteell a true geometrical line. The Bnor the trace left by 
the nmving panoibpoint, the more nearly *#iU it repreaent a tine. 

t 

A Proeoeding in « dmiUr manner from the idea of a line 
to the idea of a aurfaoe, we «ay that ' *' 

A BUflwe haa lengUi and breadth, but no thiekam,* 

And finally, ^ ^ 

’A ibUd haa length, breadth, and tbiolmea^ 

SOUda, miiuaa, Unw and pointi an thM ralatad to (US anotiker i 
A niid ia t<raiided by f ad wea. 

(g) AaaffaoaiabouHladt^liaaa; andaarfaoeaawetialiiMa. *« * 
(in) A Um ia hoandad (or tarmioated) Inr pointa ; and Uota a«nt ia 


A A line may be stnlg^t or ^rved. 

vA •ftnmh line bee the ium direotion fitm point <to ptdnt 
throttOnut ita whole length) 

i^A euvnil line dinngei ite dinotMit eonthuially Iran potit 



McnHmom. 
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Axioii. 7%tn> eem it Mify 0 M 

jwM»/ tlttiiti 

iW MfinJ «iKf^ 


0. (A pWb* is » flat maiuOiBf^B test of fittaeia bnng thst 
ifjuif two pi|inta are taken in the surboe, tin stmight lino 
betw(8n«them lies wkoUy in that kurfao^^ 


6. When two atraight linee meet at a 
pointy they are said to form an aii81e]| 




aa^ I the point at whioh they meet is its vett^ 

The mi^itude of the angle may be thus 
eaplained : • 



Suppose that the arm tiA is fixed, and that OB imu aibovt 
the jmi^O (as Atewn by the arrow). Suppose also d»t OB 
began its turning from the position OA. Tneii the lise erf the 
.angle AOB is measufed by the amount of tumnuf regtAred to 
bnng the revolving ana from its first pljirition OA into its 
suba^uent position OB. 

Ohserve that the size of an angle does notia any way depend on the 
length of its amia I 


^(^gles wigeb'lio on mther side of 
a common arm'are said to be ad- 
>ieii^ * * f 

eumple, the ang^ps AOB. bSo, 
which have the eemmon arm OB, aae 
sdjaoeat. 



♦ • 
4WbeQ two straight lines such ai Ab ^/}0 
WQBB (mA another at 0^ the angles OOA, BOO 
aM 4Miid to be wertteaXly ORPOsHe) The 
sfll^AOD, eOBarealarfvertiiiwly o^KMdte 
to one another. 
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t. Cwikfo «m line •tend* (m ati> 

M> M to mako tho ad^nt $,nf^ etjual 
lo 000 |aoth«r, aaeh <rf tiA aog^ ji eaU«d o 
Xight aaite «aob line la aaid to be par* 
fu 4 iealar » the other^ 


*0 


15 — X 


Axiom. <i) 0 ti « fomi in 0 tbmif^ Hne Nf^ th^n « lint 

00» wlteh Atm amnt 0 frm Ae potiltm OA <o <h« fOiUton OB, 
ffinit jnm ikmuffh m pomwn, and mly atn, in io^im U u 
pnrpt^tadar lo M. ) 

(ii) AH anfbt an 

A rfeltt Mul* to divKtod into M eqtinl Mlled ai p rtoa O > eeeb 
4g^ ^o^ au«g^j^tftooelto4«oiit*iO> ceobniimtoiatoaOtopMl 


In the above figure, if 00 revcfivee about O from ^e 
poeitiou OA into the poeition OB, it tame throiudt Ueo riidi 
angltt, or 180*. 

If 00 makee a amphto reeolviion about O, starting from OA 
and returning to its original poeitit^, it tunw through /eiir 
rifAl angUt, or 360*. ' 


“ I 

8. TAd mgle which ia leas thaa (me lig^t 
angle u aaid to be aout^ 

Shat to, aa aonto angle la leas thaa 99*. 




10. Ol ooa arm Oi| oTaa angb feurna 
ttotii it makes o ttmigkt Urn with the 
other arm CM. the i^le so fmmad ia g 
etlled a Mndgrt aog^ t 

A BtoeigU aftke« irilfhA eagbs w 







s 


tfmmm 

11. (An which ia greater 
Atm two right angleiy ijnt lea* tbaa 
fm right aoglea, ia laid to hi 
I«8«L| * 

That ia, a hOw aii|^ liea befewM& 

ISOfandaeO^ 

Not& Wb«| two ittmijtht lin«t twA ftnglos m itmmAt ono 
grCateH end ona leaa than two right anglea. "llio Arat ariMa bjr 
auppoaing OB to hava raTOt|ed famn tha puaitiMi OA tha lonm way 
cound, marked (i) ; tha other by aunpoaitiK OB to bave randaad tha 
abortw wa]i*taiindt marked <ii). Utilaaa the ountraiy it atata^ tha 
anglp hatwaan two atraight linea wilt bo oonaidared to M that wh^ to 
kaa than two right ang^ 



12. portion of o plotie eariaoe bounded by one oat 
more lines u called a plaiis 


13. ^ elzde is a plane figure contidned 
by a Uq|^ traced but by a point which moves 
so that its dist^ince from a certain fixed 
point is always the 

Hma tha mdnt P mpvos ao that ita diatanoa, 
from tha fixed point O u alwaya tha aame. 



is etdled the ehgeniBitoiaiio^ 


Wifi. O ntotina cd a circle is ^stlaight line df»wn front the 
centre ib riie esrcomfeience. It follows tiiat all ndii of e 
eirrift are fqual^ 


*10. ^ iWewelier of a cirdle is if straight line drawn through 
tiw eentre^ and temiaated bbth ways \tf the etieamfereueei^ 


10. (An art) of a citeto is any part cd the eirounfeiilMff^. 
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4gure bounded 
iQie|wrtQfUi« 



IS. [Ti>MaeebfB«aneto<^trideiBh>tiro<^pert4^ 


Axioms. (i> ^ a jftkA O inoMt' 

Jrm A to 8 olwiy ihe Mmisht line ^ * 6 „ 

AB, U fiMMf ^poM tkmtgh ' one pcfi- " 

<jni in m/UA it dmite AB into two tqwai jmU. 

Hub is to any; 

IWy jSnito sira^ line Aw a |iotnf «/ SWfioR.^ 

(ii) If • line OP, rewdmff about 0, tunw / 
frm OA A -OB, it pm through one / 
peetidoo in takich it dmdt$ the angle AOB 
into two eptal parte. * 

That is to say: ^ 

Sverg angle mag be eigapoeed to hang a line of bueetion. 


Hypotretioal COMSTRUCrnOKS. 

From the Axioms attached to Befintdone 7 and 18, it 
follows that we maf sui^Kwe 

(i) A etmgkt line to be draim porvendieular to a gkm 
ekn^ Unefimnangpmnt in U. 

(ii) Afiniteetraif^ line to be tweeted at apaint. 

^i) An gpfflo to be bkeetod bg a line. 

Svpciuposrnoip amd Eovauty. 

Axiom. Mesndwde* whiA eon be made to eoheid* miA one 
another at» ejpun. « ^ 

Ibis axfam InpiMe that acy Une, angte, or Ssme, nay Iw taken an 
6am to Mrition, and withoat oRanae A sisa or torn, laiadoWB i^cnra 
aaaoBd anim* or Sgnre, fat tWpuraoae of oompariSMi, and it 
otatae that two am amiaitwlea are eqaai when one oan he eksoMy 
p l asa d s um the other witSootorerbyping. , \ 

tUymiilteMmnedsqwveiiltow atotto first am 
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PostuuIbb. 

In order to draw feometrioal ^garai oirtain instramenta 
•re required. 'These are, fw the^purpoesi of this boolc, {i) • 
$lnu0 (ii) a pair e/ ooeqNifMa ^e fdllowiag Poetolatiee 
(or requests) |SUunt the use of those instromait^ and assume 
Ufiit with their help the prooessos menttoned hww map ha 
duly performed. 

Let it 1)8 granted : . 

1. 7ha « ttraig^ ftns may if dram from oay ens jwM tp 

anp <dher pomt. , 

2. That a ITNITI! (er temmateS) tiratght *tim map h$ 

PRODUOID {that is, prohngtd) to anjf tenpth m Aai stnijdd 
lino. • 

3. 7%al a eirde map bo ^ram isiih anp poini as mtn and 
vith a radms of any lenyth^ 


Noras, (i) Postnlate 8 , ss stated above, im- 

e M that we ssay atlsuat She oompoasea to the 
gth of any straight line PQ, and with a radiu^ 
of uiis Imgtb draw a dirole with any pomt 0 as 
oentra. That is to say* the oompassos be 
need to <raai|;^ duUmea from one part of a 
diagram to amnher. 





(ii) JTimes /reSn MB, the pmirsr (ho 
tSntght Unee, ws may cut or a part anal 
S^Oolnt. . 

Vut if with oentm A, and radios equal 
to PQ, we fraw an aio of amrole oottiag 
AB at it is obvioBs duXSX isbqtw 
toPQ^ ^ * 




Iinr{tODIKrR»Tr 

1. nuie fftmattf daali iritb tlM pro{MftiM «f infib Knat 

•ad dgawa m taxj ht d»t«gi oo a plane matan^ 

« 

i, Tbe rabjeel ia divided 'into a number eepante dib* 

/ 

PK^KMiyonB ere of two kiiida, Xlieoreaui and Froldema. 

A Tkamm ftopom to prove tbe tnf^ of acme geometrical 
Matemtot ' 

A FntdMB propoaea to perform eome goometrioai eonatruo' 
tion» aocb aa to draw aome paitioular liiae, or to oonatruet 
eome required figure. 

A A Fropoaition oonaiata of the following |[»itB : 

The Omani Bnm^ion, the FarHeular £»«nekilen, the 
CMnutim, and the Fno/. 

fo C 

(i) Ibe Oenenil Ennndatlon ia a psplinunary itatmnentk 
deaonhing in general teima the purpoae of the propoeition. 

(U) The Bartiealar Snunoiatibn repeata in ^qwcial terms 
the atatoment afaoadjr made, ana refers it to a diagram, wfaidh 
ena ble a thejreader to follow the reasoning more eaaiijr,, 

(iU) The OwiiAraetion thra directs Uie' drawing of so^ 
atmii^t lines and circles as may be {equired to effiact the 
pnrpoee of a problem, or toqirove the troth of a theorem. 

(hr) The fneof shews that the ohj*^ fropomA in a {agoUem 
^ bean aooomptished,OT that toejpn^perty stated in a theorqm 

4. Tim letters are iqppeoded Vo a theoima, and atai^ 
iw ()Bsd sitMt lleaMwettnadKia, «h^ 



ixmoooioinr. 9 

• I 

ft. A OdnUmt ii • ■titomant the fxpk of foUoni 

wdily hum Ml wtaltlidied |n»positift& ^ ft ft tiMpwftce 

•mwiMftd to the nrofNlft^ m Ji iufWMM «r <ft^a 0 tioi^ 
lAftli iiniall (7 iwiwrai no fortitor proof. 


6. Tlio fdloinnc tjmlHds 
tbe text of Ai| book 

lit But L 


«{ii^ abbrovfttioiw are need bi 


for tberofore, 

■■ „ or are^ e^al tc^ 

After Part*I. * 


t /or angle. 

A H tnanj^o. 


pt. for points 
at line „ atmight line^ 
rt 4 „ right ande, 

par* {car |() „ parailel, 
aq. • „ aquare, 


*pe(p. far perpendieolar, 
par* „ parallelogradv 
rectil. „ recUlinei^ 

O „ cirele, 

O* oirouittferenee ; 


and all obvioua eontraetioiu of eomtnonlj oceurring worda, 
auch ai opp., adj., diag, etc., far oppoaite, adjacent, diagonal. 

eta ^ 


. [For ooBTonieiiao of .anl irorfc. and to wroraat the rather oamiiNn 
ahoae of oantraotioaa by beginnera, tbe above code of aigna haa baw 
iatradiioed gradually. aoB at firat aomeurhat aparitigly.] 


In numerioal examplea tbe following abbrevfttioos will 
be used. * 


m. fat mgt^ ciq. far oentimqtoe^ 

nun. millme|ra ksa „ Idjoinetra 

^klao inohea are denoted by the^ymbol (*). 

ThtA ft' meaaa ftiodbea. 


aS 


BAa 



to cnontinr. 


OK UKV AMflOUEB. 

0 

Tbkqmw 1. fBoolid L If] 

I%$ (mgki itkiohona t/niglU Hue mim teUk anciktr 



% 

lot thtt itnigfat line CC make viUt tlie stmigbt line AB the 
•djeoent 4.*ACX^ COB. 

H ii nguind to prove that the i}AOO, COB are together egwtl to 
two right angbe. 

SuppoM 00 ii At light Angle* to BA. ** 

fMWt Then the a*AO 0> COB toother 

< -the tibeeu.*AOC^ COD, 00& 

Abo the a'AOD, OOB together 

‘ -the three 4*A0C, COD, DOB. 

.% the i.*A00i COB,together-^e /.*AOD, OOB 

—two right AQi^ 

* Q.&1X 


ntoot BT XOTATIOK. 

Bndpeee A etniiht line MtveiiW AboAt O tafw ften di* pnitian OA 
ibe «M MitMm wd iato the paritian OBi thaUii, Irt tlM 
wvebbt Ifaw Won ta eAonaiAoo thiSiih toe A*AOO. COB,, 

Mow ta yeoriat inei ita Brat WMl t iMi OA to He Bae) aeritiaa OB, 
Mwie«e t » tog lto»tAtiittlHWi*|ht^»^*"iiN»b>ADBb^ 

WMt 

Mtni* flw i^AOCh DOB tifiiiMraitwo Hgkl aeObA 



11 


unif AXB Ailoim 


OOMUAKT J(f tm Knit 

«Hf 0M metiur, iU fm ait^ $o fimti . .... 

faramnulp, ^ 

AB0^+ ^OOA^ AAOC^ 4iCOB* 4 right ii>|^w 


CSoitOU<MtT 2. JFhm anif number of 
tlrai0 Um meet at a*point, ike mm 0 / 
tie emeeentine St^kieea famed ifebnal 
tofem rif^ tmylee, * 


Fgr • immight Um ravolring •boot^, and turning in moouMlm 
thrm^ th» ^*AOB, BOC, COD, DOE, EOA, will mv« nude cue 
oom^ta ruvolnboo, and therefon tamed throng lour right uaghMi 


»BnKmON& 

(i) Tiro angles wh^ sum is two rig^t angles, ore said to 
be soggleaBentaxsr ; arid each is called the snpj^lMUKt oi the 
other. I 

Thm in tho Figf of Thaw. 1 the an^ AOC, CSOS am aupplMBaBtsnr. 
Again the 011^0123*10 the au^ementirf the ai^S7*. * 

• Jii) Two anglesVhose sum nght aaglt an said to 
be emt^memteof ; and each is called tM cwapleaent ol the 
otiier. * 


Thus in ^e Fig. of ThooA 1 theeuigle 000 is the oen^leiaant el 


doBOOLABT. 3. (i) Sttfjptomentt of the*»am on^ ore s|^. 

(ii) CbeiirisBimrii ^ tko tme aagls on sjinA, 

♦ e 


11 


{nKHntmr. 


lynmcKl [EadidtU} 


41 ^ 

% point in a ttn£^ Hm, kn other ttmijfht Uneo, on 


mimo Met of miXm the tu^nmt «n§Ut ta 0 dh» tqual la two 
onofa^ ttM Uwm two olnks^ Unit an in olw mi the tom 



At O in tbe ntnughfc lim CO let the two etni|^t lines OA. 
OBk on oi^XMtte sidee of 00^ make the edjaoent 4.*A0C, COB 
together equal to two right angles ; (that iS| let the adjeoeDt 
tyhoo, OOB be supplementary). • 

Jt it ngiuni to pnn that OB and OA on in the tan^'itrai^ 
Hne, 

Produce AO beyond O to any poinl X :'it will be diewn that 
OX and OB are tne same line. * 


PnoC Since by extraction AOX is a straight lin^ 

tbdtCOX js the supidhment of the 4 COA. 2%«r. 1. 

Bttt» by.hypothesia, 

the 4 CO 8 is the supplement of Ijhe (.OOK 

the I OCX -the 4 OOB; 

OX and pB are die tome line. 

Batb by eonstmetioo, OX ia 1% the same straight line 
vithOA; 

haiiae OB is alM to the aaine atraii^t line with OA. 

'BJtn. 



tom AND Ailbja. 


It 


ipcnoinBii 

1. Writ* dom tin mrateamti 

of • right ( aka of <«*, W* 

8. Writo^lQWtt th* «hm|item9A of tmoMOii vi • right 

obgof^. srv; Md trstTio^ 

3. If two straight Unss hltsneot foming fsar ai^^ of whioh oe* 
ia known to to a right aagW, |m>ve tiiat th* othsr thm sot* also right 
angtfs. 

• 

4. In Uia triObgl* 4 BO lb* anglai ABO, AOB at* gl*an c'lnol. If 
the side BC is podnoad both ways, stow that the •xiarior an^ •» 
formed am equal 

9 . In the irianglo ABC the anghw ABp, AOB are ^ven equal. If 
AB and AC are prooueed beyond Uie toa% shew that the exterior angiaa 
so formed aif equal 


l>BFiNrrioN. llte littM which bisect an aiig^ and th* 
adjaw^eN^angle ibade h> producing one of its arms are caUsd 
the internal and eztemal UNctoit of the given 


Thus in the diagram, t)X and OY am the 
internal and axtecM liiaaetots of the anglo 

Aoa 



1 IVove tllat the bisectors of the adjaoent endear whiah one 
straight line audiaa jrith another oontain a right 1!hat ia to 

osT, the hUmud am txUrnal bittelan & an angle arifiat right aagita 
tolmaMUkir. ^ * 

7. Shew Jhat the arq^M AOX and OOY in the abova diagnua am 
SomplanMiiw;. 


8 . dhawthat the amdes aadjDBX am sBMiaBMatsiT: aa4 
dd that dm angim AOVatd B(W am nqndesMntaiy. 

l{(lwasg|oAOBiatS*,fbdthaaagbOOY. 



u 


WOMRSV. 


tsKMun^ A. (StMljd t IB.} 


m^puL 



tab th« ttfBfglit liiiM AB, CD eaton#'anotluHr*t the pdntO 
JB it rijpund to prm tM ‘ 

' (i) <.AOC«>IB« Z.OOB; 

(ii) U«^i,008mthe 4.AOD. 

fkoot BeoaoM AO meets the straight line GO, 

A the adjftoent ^*AOC, AOO togAther«tvo right sog^esi 
that ia^ the ^.AOC is the auppieigent of Che lAOCC 

Again, because DO meets the sttaight line AG^ 

A the adjacent i.' DOB, AOO tegetHer eitvro angles ; 
that the ^ DOB is the supplement oi the a. AOO. 

tthoe eedi of the 4* AOC, DOB is the supplement of the Z.AOO, 
toe z.AOO»the 4 . DOB. 

Similatljr^tbe 4.<X>Bftthe ^AOO. 

shi-o. 


fSOOP VT BOfATIOH. 


Bsfpss the Bas 000 tesrwraivs aboos 0 satfl 00 tens Bkto On 

Jisasaw?" ” “f 

^ A^i.A00»that.00B. 



IS 


UHM Aim aIoubi. 




cxBumn mi^auM. 
{Jfwmrtm.) 


« 

I. Tbfotigli wh»fc mifim doa$ tli« mlnttto-liMid of a «look tnm la 
(I) 5 oiiiiuiet, (U) tfl mtlmtea* <iU) miont^o. (iir) 14 mitt* lOoim, t 

And bow kmf: it Inbo to torn (v) Wt (yi) Wl 

SL A tAoA it tUrtoil «i noon : Ihroogb what angitt will Iba bonr^ 
btad have titn& by (i) A44, (It) 10 mlautet paat fit And what wlU 
be tho tidlo when it hat tamed throagh 172|*f 

3* The 9frih maketa oompleto mvolation ahoot iU aatit in 24 boitia 
Throagh wKat angle will it tom in 3 hra 20 minu^ and how long Witt It 
taka to tom through 

A In the diagram of Theoram 3 * « 

(i) If iha AAOCa35\ write down (aitlmot maaeoramant) the aalaa 
of each of the L*COB, BOO. OOA. 

(ii) If the A*OOB. AOO iogaihar mdka up 850*» find aaeh of the 

4*C0A. BOD. • 

(iii) Xf thb A^AOC, COB. BOD together make up 274% find eacA ol 

the four englee at 0« * 


» {TheoHlkal.) 


A If from 0 a point in AB two straight lioea OOf OD aio drawn on 
* opposite sides of AB siaas te make the angle COB equal to the an|^ 
AOD ; ebew that 00 a^d OD are in the eamo straight line* 

6. Two etraight lincsAB, CD oroes at O. If OX ie the blaeotor of 
the ang^e BOO^prove that XO prodiioed bisoots the angle AOO. 

7. Two straight lines A6» Ci cross at 0» If the angle 600 b 
bhieeted by OX, and AOO by OY, prove that OX, OY are in the i 
straight line. * 


• A If OX bisMtotn angle AOB, she# that, by lo^dlte tlw diaipmst 
a&mt the biseotor, OA roy be mede Co ooinoide with OC 
How would OA fill with regard to 00, if 

g(i) the A AOX were greater than the L XOS f 
(ii) the A AOX #ere me than the AXOB ? 




If 


dboWKRff 


1. Iby imtiMi of • pfatM wsBtbm l»oiinM bf on* o( am* 

IbiM it Muod A pliM finna 

Vhi Mni of tbn Hfiflg |§ Hif i?y ijt» tgwoi 

Ammbt df sofliM unfilfliiWi fav tfc* narifliHittf Id oilidd ikd 

1 BtrtiithiMl ifWM an'tlMwe wliidb v» iwundad bp 
•tniglit Uma« 

3. k trimto k • jriuM) fgu» iMMndfld bp Utm ttndj^t 
lilMM. 


4. AOHifxItatoiilfotpktieflgunbotttidfldtip/Mr 

lInJMi 


3. A f«3fffni h « fignm boaiid«d bp 
man Uuta fiw ftnu^M linM 

A A netiHoed figure Is «ud to oe , 

•fdlKUnl, wb«D dl ito lidM •» equal : 
eqdufdar, wfam all ita anglM are equd ; ' 
ntaHu, vben it ie both equ^lateal aod eqitiiogiilar. 



7. Triani^ are iAui olaeaified with ngerd to their ddee: 
A triangle ia aid to be 

egeileterdi, when dl ito etda an equd ; 

Sieeede% wheniiwof iteaideeatoeqad; 
eealeieb when ita oideB are dl unequal. 


A 





• * 

ta a trjaede ABp. tto kttow A ^ ^ 


i difiiMiiitiidf -df Umi twyiMHiI MinIhMi (of 

A ap r iai i it' Mf ^ lattwe^a, A « toe ba gfa d the 

iMii lid cmmhrimI w idttlMHii iiiiitiiWMUM% df 

^ ibifctoikv 





muMOm, |T 

Aaif 0M flf lltai Minlar Mto of * Ww nguM M Iti 

mMiK ; ind Ihfi 0|i|Ni3tD iian ii tfidUM vto huMit 

In aa ketetltt triaiuteW tarn mi 4> h iniaH^ «{^(di«d 
I* wiitoh tlMMMliiiaiMtatMMali Md Um» wmM iflite te liw mgio 
iadadolfaf tkm 

£ 

8. TriMg^ant^iniAMdilwviiltMfudtotiieirang^ 

A trian^ ii nid to be 

Miht-emfed, when <»ie of ite angles ia e rig^i angle ; 
obtase>aiitl^ whenaine of ita anglea in obUiae ; 
aeiila«ntfM, when ail ihm of ita anglea aie aonte. 

[It irill be Man hoMefUr <Tlworifi 8. Oor. I)ljl«(fcwyfWr<tiaibaiiwf 
Matt at Utut tm aeatfan/ftt.} •. 



Btfftt^nfiSdTrUmata 01»f ine «mt«d Wecjl*. Mwaie 



9. In any triangle the atraight line joining a vertex to the 
middle pcnnt of th«voppeeite aide ia called a aaediaa. 


THK C 01 fPAB 18 ai| OF TWO TBIAMGUni. 

(f) The tjtibeiddea and three anglee al a triangle are called 
Ha aix vaxta. A triangle may ako he otmriderea with regard 
I toitaaaaa. 

<ii} Two triangka, are Baid*to be eqnal in all leapeeta, 
when one may he ao plaoed upon the other aa to exactly 
^noide frith it ; in whpefa caap each part of the fiiat triang^ 
ia etgial to tiie ee ar e ap widhig part (namely that wHh which 
it camdldea) of the other ; and the inatig^ea ara equal in area. 

In t4w a^ triang^emteapooding «dea aiwq;^^ hagtui 
<•8^ and oorraapoodiag aoglM are qnwiiife k 
* Triaaqiibe whid ma^ thua he ma^ to ecineide by an|iM^ 
poritienaieaaidtQlmidantiaanf evklureoavtorndt ' 


^ 18 olMaenKr.. 



Lit ABO> OEP be (wo triengles in wbidi 

AB-OE, 

AO-DF, 

end tibe inolnded enj^e BAO»tbt inohided ao^ EDP. 

n i» regvMl to pnm$ that the AABC>*(le AOEP •» atf 
r^pteU. 

E H 

PrwC Ai^Iy (be aABC to (he aOEF, 

eo (hat the pcnnt A fella on t^e point 0^ 
ami the nde AB akmg (ha side OE.^ 

t}ien beoaual AB«> OE, 

^e point B maat eohuade with the |iio|Dt E. 

And beoauM AB falls along QE, , 
and the 4 BAO- the i: EOF. 
AOntuatfallaloiigiiOF. 

And b^eanae AC»OP, c 

/. the pt^nt 0 moat edbidde with the point F. 

Ihen ainee B eoineidee with E, and C with Fv 
.% (he idde bo mtnt eoinaide with the aide Eft: 

Beoee the AABO ooiMidoB with the A0EF» 
mmA ii tlMMiora mmI to it fli iB faiiiiM i li. 



mfa|xnDrr ifiAiicnm 

(Kk In thft TiMoma we nmi* etre^ullf obicrw mhik ii 
iriknnadi whntk jwwff . 


Oim tlitt 




mwOE, 

AC- DP, 

(•ndtiie^BItO-thdcCOP. 

From etiow d«t» we jirove^tlmt the tri»it|^ea edndde on 


( BC-EF, 

the 4. ABC -the 4 DEP, 
end the (L AOB - tile ^ OPE $ 
ehm tiiat the trknglenere equel in wee. 

Notie$ that fte mifies vhvA ar^mvpedapialinihaiwirian^ 
an offoak to sides tekids tern gtVM eqffol. 


Kore The edjatning diegmm riiofii 
tliAt in ottlcur to makn two oongmeni 
imnglet ooinoidc, it my bo^ooemr^ 
tommrMf tluht i«, inni omm of yiom 
belmmpeipontlDii. 



CXSRCISBS. 

L Bhfiw ^ ike bmMr of the miieal angle qf an ieoeeelee iHaittk 
(!) kiteeie ike bAe^ (ii) ie perpemifular to ike baea 

8. Zei 0 be *the middle jmnt qf a dmight line AB, and let 00 be 
pmpmdkukrto U, Then tfP ie ang point tn OC, prove ikat PAaePB* 

• X Ammingthlt tho lotir indes 
Miglfli m eA tight angloig vrovo^tbat in tho •quara ABOOi tlia 
diagonaiaAOe BOare«q&L , 

X ABQDianiqiiara,a^U M^and N ai«t)ieiiiidakfi^ 
BOtindCOs pmmthat 

<i) LM«MN, my AM^irOM. 

I (Oi) ANwAM. ^ (iv)i6N««»DMe 
p)iww a aepaiita l^;m 

i^e 



ai^MiinEr 



TBwmm O&wlidt 1 s.) 

K 



Ltk MSO \» u iMMoalM ti<uinsl«, in whkib tlie md« AB«>the 
rideAO. 

Jt u nfpiitei h pm^ thai ilU 

SuppoM tlml AO i« the line vl)]k;h bieeete the i:BAO> end 
let it meet BO in 0. 

Set Vitoet Then in the &*BAD, CAO^ 

I BA-CA, 

AO«ie cxnmnon to both triane^ 
end the indnded ^.BAD^tiie included tCAO; 
the triengUe «e equal in all reapeota; Sitor, 4. 
eo that the 4. ABIf -the 4.AC0. 

• ORO. 

tuATmC •8hpim6ethe»AABOtobef(ddBdlboutAtl. 

Then «nee the I BAO-tbg cCAO^ 

AB nuit {all along Act 

jMkI abce AB-AQt 

B mnit had im 0|pa|^ eoiMeqiaun% m on OOL * 

A th* 4AI9 wm eoidtide with Jhe ^AOB, and ia thanfon 

M^iaik. 





* 'W 


CamUKY 1. tiual JLa Mt, A04|f 
m tMMifet AniiHi^ an fmaed^ &$ nbaiar 
EBO^ m tgm: fo^ih^ m A« 
«/ tia apHA a%fa» of ae hm. 


CoROLUmr 2. j[jf a^ri/ngU ^ epAlatml, U ii alto tfut- 


DsnsmoN. A fiEuM it aaid to be ifiuMttlMl eboat a 
line when, on l^g folded albut that line, tin mrte of ibe 
fignre on each side of it can be brought into ooiaciMnoe. 

The straight line ia called an uda of qmmetiE. 

That thic may b» poMiUa, it ia d«ar that the two parte of the figure 
praet bare the aame eue and ahape, afid moat be similarly plaoad with 
ngard to the axia. 

Theorem 5 proves thabon itoseeks tnaagUutymmetriealaliaat 
f&e hyu^ of tfa vbrtiml anglo. 

Aw^ft&atenl trian^ it symmdriaA about iho bittAer ofAAY 
0MB of m migla. 


■xrociSBB 

1. ABCO ia a fbar-rided figun whose eidea an all equal, and the 
diagonal BO ia diawn : Shew Iwlt , 

' (1) the angle ABP* the ana^ AOB( 

* (it) the aiq^e CBOstbe ai^ CDB ; * 

• (ig) the angle ABCB|he an^e ABC^ 

A ABC^ OBC an two iaoaoele^laianid** drawn on the aame haee 
6C,hntaQan><aB>aidMotitt prove (by means of Thennw ff) that 


1 Ab 6.08C an twoSiseeaelea trtan^as drawn on fihe same base 
BOeadoBthaessMeideatiti employ iMorenfi to prove that 
• « theanghgA^wtteaagbiACO. 

. C IIb, AOin the equal tldee of an (aoaeelae triaaide ABC} and 
t^JW , Wen thwndddlepoiiitBOf AB, B(% and ^ nay^v^t pem 

^ Bl LhlANhI. (B) BNwCL 

B0) Bm angle ALMmtbeMgleANM. 


OttBOMT. 


TnonM^ (lttdtldlt0.1 

tm'mgbt «/ « m tqmi h <nm. muOim’, Am A* 
Aib$plUAmi9!f mik AA»«gmtmi^mtg^AmmuAer. 



Lei ABO be e triengle in wbiob 

toe ^AB8*the jlAOBi 

Itkftgiiir«dt>frmikiUtheiideMt»th$iukAtk 

If AO e|Ml A8 ere not equal, eoppoae tbat AB «« the greeter. 
From BA cut off BO eqmi to AO. 

Join 00. 

fnot 13ien in die A*OBC, AO^ 

( OB»AO, 

Bo is omninon to both, 

•ad the inoluded £.OJKi»tbe induded 4.A0B{ 

^ die<^DBC«die AAOBiauee, 7%«ar. 4 
the pert equal to the whole; wbioh is d^jranL 
* AB » nth pnequal toMSi 
duitie,M<-AO. V 

B«.0. 

Ommumat. ITewM ^ a trirnffi* U epdanpiihr If as, obe 

■mrflifiinir ^ 




Itmomoif* pbMiUltl]' 

ilimilf^4i^tmAi0mkt^mi0pi9liitallmfMki 

V t 



C 


LM ABO^ OEP b« (wo trimglw in wbieh 
,AB«OE, 

/IC~OF, 

BO-EF. 

Ifiltngmnti loprm that Out tnai^ an tpuf in att tnptdt. 

fnci. Applytbe AABOtotib/^DEFv 

•0 (Iwt B iwi <m E, and BO along EP, and 
ao tliat A ia <m tlie aide (d EF opsoait%to 0. 

Then bepatiae BC» EP, 0 muafcjudl on P. 

Lai QBF be t)» new poaition t/f the aABOi 
Join od 

.Beoanae e6oE0^ ^ 

%*. (he ^.EDQothe £.1^0. fktar. 6. 

Agtia, beoauae PD»PIA 
the (hex. POD. 

Benee (he whole £.COP«ihe Hbole aBOF* 
that i% (he tEOP-the tBAa 

Then in tihe 

( MofiOie 
* AO«eO^ 

tad (he inelndWl a(MO w tlw i|H}i^ 
w\ iImi triiodhM wttcM^ IftMTe A' 

A>|U)i» 




^WKpBKr TRfUtOm S| 

otc III titti*niMw 4 

Hit^aHi»,AB»DE, l&0«€F, OA»PO| 
and wa WWW tint tOwi^F, 4A«>tO^ iB-tK* 

Alao the tnani^ am aqaal In area* 

J^ofiw (Ikrf <jU ffigdb ied4l w« ii^wd 
mej^mUelftidMitkikihtmgke^ 

4 

Noiv !• We hm tekeiL the we fai whioli DQ bSk erttUii th* 
/.•eOF.EQF. ^ 

Two oihi) wee might eriie t 

(i) DQ outoAio Uio L* EDF, EOF [•» in Pig. 11 

(li) OQ might ed n cfae with OF« f^G^lee in Fig* SQ. 





Theee omob will eriee dbly when the giyen trianglee ere obtnee* 
engled or rlght'engled i eii<i«(ee will be teen hereefieiT not even theiiv 
if we begin by eho^ng forwiuerpomUontheijrriea^iuieoftlie ^ ABQi 
ea m the 4iegr»m of po^jb 2iL 


Non % !Nb triengWe ere wM to be egirtengnlMr to ene meliMm 
when the englee of one ahe ree|ieoavely eqnel W the engleeof the other* 
Smuittw%Sv$ngk» hwi^ Mu 

migm me of^, the Crwegfa ore 

« The etudent Aunlhl ateto ^ oonveiee theomC nd thaw bgr n 
magram that the eonverae ta not neoetadly true 


\*sAt Mb $kig$ FniUm 1-5 and 8 [aw fag$ 70] nugr 
wwaMMoM if takfiL &e proeA pADfOang gooi iJhmntim m 
IJtiUkd^Jsgm^ ^TWt ' 


^pOMRCKITt 


Qir turn Jmmoa l«o«un mt'Two 1taAiKUi» 
TxMnUM 4 Aim 7. 

(jlftiiOfiffall. ) 

L 8tawtlw»tlwatmi|^tHm]rhk4iioiMttev«rlu^wiao««lM 
Muigto to the wMkik pout of Uw IwM^ 

(i) Uesete the veiiioel eaglet 

(H) ie petpeodieokr to Um beee. 

SL If A80D le e rliamlma, that ie, ca eqvOetaeel foaeaded figure t 
•hew, hgrdnwiog the diegoael AC, that 

(0 the angle ABC»theaagIe.ADO; 

(U) AO bhMota eaoh of the auglea BAD, BCD. 

$, If to a AMdrilaterat ABCO the qfipoeito aldei are egoel, naanelp 
ABetOO and ADaOB ; prone that the ani^e AOCvtlie angle ABO. 

4 If AEK} and OBO are Im ieoaeelee triangka drawn tm the eame 
here BO, prove (hp meanc of Theorem 7) that the eagjile ABO»the 
Migto Ado, tahtog (i) the eaee where the trianglea are on the eiWM aide 
of BO, (ii) the eaee whore tiwy are on cpipomte eidee of BO. 

6. If ABO, DBG are two iaoeaelea tAenglea draira oo^t^poaito 
eidee <d the eame haae BO, and if AO he jetoech prove tibat eaeh of the 
aaglee 6A0, BOO will be divided into twjf eqnal parte. 

fi, Shaw that the etreii^t liaoa wbioh jo|n the extnmitiee of the 
haae of an iaoeoeloi tnaugle to the middle pwta of the oppoaito aidea, 
are egaal to one another. ( 

7. Two given pointa to the haat of an iaoaoeiee fHat^ are eqnl* 

diatani from the extinmitieo of the haae : ehew (hob they are dao 
eqiddiatoat from the vertex. , 

fi. Shew that, the trhutole formed bv iaini|>g the middk potots 
of tltoiMeeoflneqnUatenuiMi|agleiedBoeq«iUatetaL * 

fi, ABO to an toomeka trtoni^o havim AS eqwd to AO; and tha 
aoi^atBandOarehtoeetwfhgrBOandOOs towwthat 

(I) ao»cot . 

fU) AO htoeole the angle fSAO. 

M. Show that the iWeipewile of % ihombne [eea Be, fi l ihii^e t mm 
mwllNr at right aa|^ 

.11. 71m M«al aidae BA, OA of an toMe B to iiiai^ BAD an W 


n 


pwmu^ 


Mxmum m i|u«auRi» 

« (J^Tamrieei^ mud Chm/MeA) 


!• Xkmw ABCi toting giyn n«8‘<ir, e»l-r. 

M«Mm the tiiglvi, mA iSml titoir wnu 

Xn tfan^ tijpuiffln AdO> i &«7*0 oiiu» and o«(d*5 <un* 
JDniw «iid^ iiiMgiv I to 

g, Diuv % triangto ABO, Sh whioli n»7 om., 6»d eni., OmW^ 

How wmdd you nmvo iheorotioaily that any two tnang^ta totilig 
th«iM» parta ara alito in^ae and ahapa! Invent aoma aaiwriadMiildl 
Uluatration* » ^ , 

4. Draw a triangle fttmi the lollowlhg <|ita : hviT, AafT t 

and meaatira «i» B, and Oi * 

Dcaw a aeoond triangle, uaing aa data^he valnaa }uRt lonttd tor «, 
6, and C ; and maaanrr h, c, ana A. V\Piat ootiotuaion do you draw ! 

4. A ladder, whom foot ia placed 12 feet from the toae of a hoaaa, 
reaehaa to a window 85 feet ahdve the groitna. Draw a plan in which 
V repreaenti 10 ft ; and 0nd%y maaaorement the leogtn of the ladder, 

0. due North 09 metrea, then dne East 20 metree. Plot mf 
eouvae (aoale I cm. to 10 roetroa), and dnd by mcacttremrnt aa nearly aa 
yon can how for 1 am Ctom i$j ataiting point* 


7. When the aun ia«42* above the horiaon, a vertical pole eiaU a 
ahidow 80 ft. long. Reigreaent thia on a diagram (acale r to 10 ft) ( 
and find by mommomont the approximate hAght of the pole* 

• 

A From a point A a aurveyor loca 150 yanja due East to B t then 
800 yards doe ifOHh to C ; fmally 450 yaroa doe West to 0. Plot hfo 
cotim {•oale l^tu 100 jrajda) ; and find roughly how far O ia from A, 
Meaame the anglr O^B, and aay tn what direction 0 bean from A. 



mto dittanl* of the T wte l iifcoiB ttw poinU 8 aad 0 , md from th* 
WMmitpotatmialwro. ^ 

fdi> 'liymrfapliK * oaric it is^oquiMit to pnd th* diatuuw bettrom 
two poMiw A wilt B} hot w « IUm interrcnes, a, diroet aHMnimwml 

S mwio, ho wide. Iho inmjmr th oro f oco takw o third poiat 0, Itmi 
M hlwtih A oad B im«aiM«MiMo, bo ioda CAuMff^puBv 
*190 ptiii, aad tlw kOBivWT Aaaaatob Irm o |daA 9m 
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Lat ABO bo o triangle, hod let BO be produeed to D. 

A U nptred 1o jpnm that tb$ «timar Lh0U m ipwkr Man 
oMor ^ tm i(^mor t*ABC» BAD. 

8ii{i|mm B to bo the middlo point cf AOi 
Join BE i and prodiroe it to F, maKtiig EF equal to'BE. 
Join FC. 

firooE Then in the A* AES, CEF, 

i AE-ce, 

EB M CP| 

and Mm) t.AES*the Vertioalljr ofqtorite <.CEF; 

r. the triangles are equal in all reapeota; Tkm, 4. 

^ •aotbatthj>t.6AE*tbei.E0F.* 

But the 4fi00 it greater than the 4 EOF; 
tbeAEOOtqgreaterMHththeABAEi 
that kb the 4 ACE) ia greater the 4 BAO 

the aame mgr, il AB k prajhieed to Q, by aupporing A to 
hi joined to the ml^te pbint <» SO; it nuqr be proved that 
WA 4 BOQ k eraaim wan t]M» Agio. 

Biri «Hi Aim^thi oppoatta aaoo, 

.% tbe aAOB iagriMtor tM& wt aABO. 


BAA. 



xniuoA Alio iim|uoK ahquh 1^* 

CkMKNUJurr 1. A *9 fw « It Im mIi m ifitttr tm 

Am MIo ^ 

PortlM 4ABOI*lM»tlHUitlM AM^i IWnL 
to M«li tdd tiM AAO&i . 

Thm UtoA'ASC, AOS m* Im* thAinMw A*AOO, AQBk 
tlMNNifamt hw thaa («» ri^t aaigiMi 



• •> 

CuBOixm 3, Emy inm^U mui ham of Imi im aaitt 
anfflm. ' 

1^)r if fa «Miim or A mht anaUt, than bgr Cbr< 1 fNwIi fil 4* 

othar aai^ aiaat ba loM Hub a cignt ai«^ 


ConoLt^RV 3. OhI^ om ferjimdimlar am Ai inmm ta « 
thmtfiit Itne frm a gum pamt oukide tl. 


If two iterpandioaian aoald ba draAfa to AS from 
P, wa abi'uM bava a tmiula PQR to ahwh aaoh of 
the A'PQf^ PRQ aouhl oa aVinht aogla, whfalt to 
Impoaiibla. a 



1 


KXntCIHM. 


1. Prova CntoQar; 1 by JomiJtg tlw vartOB A to aoy point to tba 

baw BO. 


% ABC fa a tntmgU and 0 oay pomt m/h$» 0, 
t/uintd, ikt aOii *$ 


I/BDamtCOoM 

greater tkm tAe tng(e BAC. Fwva tUa 
<i) bf prndoMiig BD to naat AO. 

(d) ty joiiung AO, and produeitog it towarda tba fanm 

A If any toda of a triafc|d« ^ prodaeod both toaya, tba axtartor 
anidayo fannad an togotbar ft^toar tto two nifat anplaa 

A lbV|drwBlai|bt1tMtbiNaoanaotbadta#B Iran a point oat* 
it innra wan two aliabiibt mn of tba OBMO glaan langlb. 

<0. B tba a^nd oidn at an fa oaea l ta tadaaSto ara pradoatd« tba 



» Tr» 


TwKmai 9. (;BBdUdt 

V * 

Ifim^ tftt Irkmifit U frttim ilm miiAm 

jMiMill* la lla MMalir li ivfiiiilM* IbMi l&a tuuM Mtmhmig lo iLi 

fillk 



Lot A 80 Im ft triftncie, iA wbiefa the tide AO ii greftter theik 
IkftiideAa 

/< If r^pninti k fme that iht A.A 8 Qi tf fUfoAr Ma» Me 4 ACa 

From AO cut off AD eqffM to aI. 

Join BO. 

MimC; BeeaoaeABoAa » ^ 

the AABO-the 4ADa fkkr- S. 

t * 

But the exterior i.AOB tA tite aBOC ie greater tlwa Mm 
IftMdw opporite 4 PCa that ia, peater than the 4 AOa 

the 4 ABO le greater than tlie 4 A 0 a 
Still nolle ihea ie thf 4 ABO greater than <Mie 4 AOB 

aaa " 


^ Me. 1 lMiiiotfo«tdmMMMlmtiwe|idtotln)lalle^^ 
li lH itt ytt ti tf ft itttrHitifclMt tit inntiift tw irWult 

RH of i m rtif u $ aiid to toi, 

lIlIRlKIfl IIiRR Is toiss IMit t 



J0llQnAUX^|l> 


•1/ 


CBBouatia [BiiKidlia.] 

j^0M m»A tjf tt Momi^ u f/nHer Om metkft, tkm tUt 
to m ffiMm' mfit gmOier Am A< «tctt ^gigpcMfi A A# 
Uii, 



• « 

L«t ABO be a triangK ia vhieh tbe Z.ABO ia greater tbaa 
the^ACa ‘ 

« 

/< U reqvind to prm Oai ih« tub Mi is gmbr than Ae 
aii 2 »AB. ^ 

froteL If AO is not greater tban-AB, 

mnat be eithei^eqiul to, or leee tban AB. 

- Now ^ AO were equal to A^ 
then Ae 4.ABO Arould be equal t</the ^AOB; Thsot^tn 
biA by bypothehu, it is not 

,Again, if AO were leas than M, 
thenthe t ABO would be leas than that 1^; Thm,%, 
bgt) hypothesis, A is not 

That AO A nnther ^oaI to^ aoi;Ies 8 tban AA 

AO is^reatw than AB. QAA 

^0heBwt<lsisonlhirii^isBsi>jflOssepsgsW.l 



iH 


IfmiiBnr. 

I 

IkKMlI il. pNlKIIIOl^ 


A<int ^iM>A iMini ^ a hiaauiM Amnili^ rthKi d ir llim lli IkUt 



liet ABO be ft triangla. 

il i» rnidni <0 mvbe M ant heo ^ Hi tiiti an knSur 
jfmkriim^tkiiMk 

H ii eiKN^b to elteir Uiftt If BO ie the greeteet aidei then 
(U^ AO ftte together greftter then BO 

Ptodooe BA to 0, KiftktAg AO eqoftl to AO. 

Jom 00. h 

Wmt Beeauee AOoAO, 

.*. the AAOOothh z.AOa IW. 6. 

Bttt the aBCO ie greeter to»a toe 4.A0D; 

.'. toe 4000 le gtefttto then toe ^AOOi 
thi^. i% then toe ftBoa 

• 

Btam Iran toe O80a> 

, BOngrestorthenBO.^ ^ Ihesr. Kh 

BiB; BO • BA end AC together ; 

,% BAfthd AO aiy togetoer gtovter thaa BO. 

OJtn. 


TMt Moef aaofntn lejhe erwtoe, tnl the tnUt oCthe 
ift new NttwMnt. Wjr ta m bm 8. to O'eloMt tot 
ilM(rtiil so In 4il|iiri||p nboftiP SmUi ft m frtii 8 to A aha t|iwi 

jjftiiiK * ^ 



as 


Dtaq^ijmll 

TmOMBf 

€f didntgMUminuH from m 
Un$ the it iit fauril 



Lot 00 be tbe perpeAdioulor, and OP an* oUioiue^ dnvn lioai 
the given point O to tbe given straight line AB, 

It if fogtiM iojmmfM 00 it tmtAm OP, 

Proo£ Inthe f60CP, dmethetbOPiaarightang^e^ 

tbe 4.0POuleaa than a right angle; TSeor. 8. Cbr». 
thati% the OPO ia less than the & OOP. 

OB is lees than OP. fheor. lOi, 

4I.D. 


i. 

jliitiijwM A piMii 


CiOROUJUiT t. Honoe eonversely, sinoe there ean he only 
one perpeiidiookr and <ftie sIxMrteat line from O to AB, 

1/ OO V ^ sAorlsif ttmghi Urn frm O fo AB, Aen 00 it 

pttimiiailar to to. . 

« * 

GobOUUKT S Mtqiut OP, OQ, ad Mti tgual 
mdatett fiem 0 Atfeot of tho forperikukor^ mt optA. 

The A* OOP, OOQ aHjr he shewn to be eongnwnt by IhsoMia 4 1 
hmeeOPwOQ, 

COM^iAKT 3. Oftmo oiAigm OQ^ OR; ^OR todt Mottho 
poaltrti d tu ut fnm O He /atr t4 tht jwywniie i dar, tkm OR ie 
preote* Am OQ. ' 

^ 4.0Q0iseeia(e, .V the 4.0QRieolMMat ^ 

* AOWisgraMerthantlto AORQ) 

ORIegteeliVthepOCh 


u 


% 

moKnoi <w tM||xrvAUTnB » a niAjrauL 

4 

^ fRMiAw MKe aoHsI 

ii ^frm lA« Mil a «Wi ^ « Irim^ Im Him m 

iMf Hmw IA# M»r lioQ ^Mti tk$ ifitmgit^ \ 

4 BO, IIhi bM ot Aa immlrn trif ngle ABO. to pnxhioed to any 
foinl 0 If riiM that AO i» gmiar thaii oiliier of tho aidio. 

4 & hi a qtiadritotml tho greatoit and toaot lideo ato oppodt# 
to 000 inothor* than oaoh of the angle# adJaiMiit to the leaat old# to 
greator than It# oppoaite aaglq. 

4 la # iHaim^ AB<X if AC to not greater than AB« ehew that 
way eiteiglit ttne drawn through the vertex A and terminated by tho 
lNWieBOtoaethaiiA& * ^ 

7. ABO to a triangle, in whieh OB, 00 bieeet tho anglee ABO» 
ADB vemeoUvely i ahew that, if AS it greater than AO, then OB to 
fiwtoer tiiaa 00. 

& The difihreooe of any two aidee of a triangle to ieewUian the 
IhMaide. 

4 The ium of the dietaneea of any*point from the three angular 
pohita of a triangle to greeter than half iU perimeter. 

lOt The perimeter of a quadrUateral to greater than the aum ol 
lie dtogonato. ' 

II. ABO to a tiiaiyd^t *<td thf vertioal angle BAC to btoeoted hgr 
a line whieh meela BO in Kg shew that BA » greater than BX, im 
CA gimder^han CK, Heim cAaain a luwof of Theoiefh 11. 

Ift The fhm of the dtofhiiM of any point within a tiiangla fraa 
tti angelar poinia to toea than tie perimetei; of the trton^e. 

14 The ium d the dia||biiala of a quedHIateral to toaa than the 
min of the four etniMt linee drawn fm the angular fointe to aaif 

14 In a avaMMitt nag mf itotoi%tu CMelher jinMifor duMilWai Att 

pProdnoe Bm medtoiii eomplate the eltea the 

tMMIMrotllMMMIll.] , 



IS 




PABALLBL8. 


Dsntntioit. FmiIUI itntiiM Ubm an at^h aa, being in 
tbe nine plsde, do not meet hoi^ever iar tbay ere (nroduoidi 
boTOiid b(m endb. 


KoK Y^lkl htiM imi«t bi m UU mm ptaue. For liMtomi two 
•tnuglit dl whioh m dmwn on o Uble nad llie oibcr on Um 

door, would naror meet il prodnoed ; hut thoy uo not for that tooioii 
nmiMurily ptndie!. * 

« I 

Axioh . Two tnUneettng tbmgU hm taaouA both ia jpanlU 
to a thud UnugU Inm. * * 


In etber worda * 

Tknagk a gtvm pomi then eua ie odly oa» Ime ponBat 

to a pum aMtpht line ^ 

Xhu aammiitioB u known M/*ita|/a«r'* Axtom. 

Dehmition. When t^o atraight Iinea A8^ CO ere met by 
e third atraight line EF, otphf an^ea are formed, to vhioh for 
the aalm of diatmotioa p^cular namea are given. 


Thua in the adjotnuig figure, 

1, 3, 7, 8 are called eztenor angles, 

3, 4, S, 6 are caMed intmior anele^ 

4 and 6 are said ^ be alternate an^^ee; 
ao also the an|^es 3 and S are alternate 
to one another, ^ 

*Q{ tbe an^oa 2 and 6, 2 is refenW 
to aa the exterior an£^ and 6 aa tbe 
interier opiWBite angle on the aaine ikle 
of EF. Sudb angles are also knomi aa eeneeponding M il bi eii 
Similar^ 7aiidCfie)>S4,laad 5 argpmra of eorreapoiidiiig 
aa^taa.' 






4 

tnmm isf 

43f « AiMfM liM 04i'<iw «(l^ il^^ 

(I) IMmimMiiNiyw ^ 

<ii) «ft M^irjpr <M^ «|mI h1k»kiMtr«fpaiU$mfltmik$ 
* $ttm tm tkt mUkitg hm, • 

«r <Ui) III* MariMT <m ^ 4MW fUi «$>«■) to two tig^ 

tmtHmt ^ 

flmhtatkomiioiwootro^lkmmfmiMil. 



(i) Lrt tlw itniagbt line EQHF cut the bfu rtdtigbt linM 
AB|00«tQudHaoMto mke'tlie aheraato z.*AGH, QHO 
equal to ouaaoofibar. 

It ii fojpwroi iajRUte Mai AB emd OOmjmrajM. 

Ikeoi AB and OO are not parandt Miev irifli neati if 
pNNbMNH^ eitber towarda B and 0^ or tovarda A and 0. 

U ]MMiibta,*ka AB and tcv wbon pradae^ meet towaida«B 
audtb at tlta point K. • 

tfem ICQH ii a tfianil^ ^ tr^li oM ai^ 

A tba MElarior tAQM ia greater uaw the interior joppoaite 
abmk i butt lyr lig'pAMA ^ te 

iU lUI ini COoaiMMibntete trite pted«oPit6^ 

Iphwrillinr it |M{y lit 4wivi tlwi ilMiijr tw irifi* ^ HMtl txif#tfdt 
^ ilanliit , * , • 

A, AM ltd OD aite PMmW. 







^ tiet «itsrf(Mr 4.E&«th« interior ofqwiite 4QHO1. 

It i$ nqtatrtd UtpMM ikat NB uml 00 anparatUH. 

• ^ 

TtooC Beoetiae the l EQB«*tbe £.QHO| 

end tb« t. EQB « the vertioall/ (iip]M«ite t. ACM; 

.% tiie£.AQH»tbe/^QHO: 

end these are alternate angles ; 

AB and 00 are parsltei. 

(lii]) Let the tvo iotei|or 4*&QH, GHD he together eqtwl to 
two right ang^. 

It u ngotrad to prow ihotAB md CD a^pareXUl, 


Jhcoofl Beeense tie 4 .*BGI^ OHO together«two rig^ 
angles; ’ * 

and beeanse ^ adjacent ifQpH, AQH togetliar«>two rig^t 
fliujjtavi I * 

tite i*BQH, AOH together-the 4*BGH» OHO. 

IV(nn4heBe equals taka*the L BOIf ; • 
then the tenainini' ^ AQH •the remamiag Z.GHO; 


and these aie alteniate aaa^ ; 
AB and 00 are parauA 


QJLD. 


DniKitiOK./A abah^liM dmmi heram a set of gtriB 
linetiioalladaaamviaM 

Ihr t ae ia ai s . to atwto Aafnai the Itoe BQHF« wUab ertoiA 

tiito MtaMMUh ‘ttsMato aft AO la gt tBAttHIMiMlL 



T)Ra(««ii^4. tKnolU t S9.] 

(1) A* tiimaU an^ mhoI to mumeAarf 
(li) At mkrier eqml k At imierior agpiiiite tm^t m At 
mtit tkk At eiM»g lim ; , ^ 

(iii) M» iwt Mtritt aaiffiti tn At tom tUk kgfittr tftti to to» 
HfUatiffltt^ * * 



]>k the etrAght linee AB» Cl) be |»raUdl, end kt the 
Anight line EQHP cat them. 

Jt it rtjmM topntt AtU 

(i) Aee.M3H«A«*att«rnafe tQH»; 

(ii) At txtoitor LBQB’^At initriar ofpodto lGHO I 

(iii) At ton totoritr^^BQH, QHD togtAtrmton righi rngUt 

« 

f!ne£ (i) If the iLAOH ie equal to the. 4 .QHO, 

Wjipoae t)i« <.raH equal to the <.OHD, and alternate tp H; 

, then ra and CD are j^ral^, , Jhtar. IS. 

Bulk hf hypotheida AS and CO are pandlel $ * 

/. the two intenMNiBnf etraight linee AO^ FQ are both perallA 
to CO: whi<h ie mtpoeiMde. Plajuj^t Attorn. 

«*. theAAOHieiHAnneq^tothe^CMO: 
that i% the altftlNte 4.*/iOH, OHO are equal 

(ii^ Ageiia Jbeeaaae* the 4l^*ibe verihnliy tqipodte 

• * and tlw 4 MH*tlwaltetMfte<.(lHO; Pr atod , 

tiA AXtHiorLSQBwthe interior oipeeiteAGOti^ 



rAiAUUni 89 

Jhmi, 

ikcid to Mdb t}i6 LbQH ! 

tlMn the 4*E08^ boh together- the engiee KH, QHD. 
Bat the adjeeent 4L*E43B) BOH together-two i^t eoglee; 
the two ioterkw z.*BQH, WO dgether-two >tgbt aiogfM, 

q.MLn. 


MHAwad iLunrRATED sir BOTATnm. 

* 

The dimtiVm 0 t * sinMghi Ime b detcmlned hy tto «ii|^ wliMi 
it moket with miM given lyio of referrtnoe. 

Tliuettodire(it«mof f8,»laMveljk>ttogit«nliM V 

the nngle APX. 

Now mkitpoMt that AB and CD in 
tha adjoining diagram art parallati 
ihanita have laarnad that 
tha eat, LAPXatthoint. opp. /.CQXi 
that ia» AB and CO make equai 
with the line of teferenoe yX. ^ 

This brings us to ike leading idea 
eonneoted with parallels t . 

ParaHel Mra%$lU Imm hem ikt saets 
DiRnGTton^ hni d^er %n vomrtott 

The same idea may be illuftrated 
thus; 

Buppoae AB to rotate dbout P through the iC, APX, so as to take the 
position XV. Thenoe let ijt rotate about Q % enpom/s may through 
the eiiital ^XQO * it wilt now take the position Cu, Thus AB may be 
bnmgiit into the Mtum of CO b|^two rotations whioh» beiiy; e^iial 
and opposite, involve no final change of direetioo^ 

HrraniBnCAi. Construction In the above diagnun let 
AB be a fixed straight line, Q a fixed point, Ctt a etniight 
Hfie taming about ^ and YQm Any transversal thro^ Q. 
Thm as CO rotate^ thele most be one poeitton in whim the 
ACQX-thollxedAAPX. 

ffme$ ikmgh oajr gvm poM «e omw assume 0 Ihie <e pose 
to fms Um,^ » 

0b$. If AB is a straight Kdh, movements from A towaids 
B, add from B towsids A si» said to bs in opposite ssbsm 
of Sm) line AB. 
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^KMitnir. 


tnnOMW^ta. {awAkll.10.] 


SSMdtilki mltfiiik AM jutnliti i § idLt jumm ait nAA# iSiui am 
JNM&Wr ^411^ MMII^V 



144 th« stn^^t tiiMt Aflit CO be cwA pmlld to tbe itn^gb^ 
UiwPa ^ 

ft k npiMt to ptom Ato hB <md 00 m pmvOd to «m 

Df»ir • fins EP cutUrg A6^ 01^ uni PO io tJto 

pdoti Cb H. MMl K. 

fMoC Umb iMOftUM AB and PQ are panllel, and EF meato 
•ham,. ' 

.\ tha«.AiQK«thaaltan»toaQKa 


And baeaMa 00 and PQ af« {la^lal/aiid EF auMto tbaao, 
.% tliaaxtorior 4 .QHO*<ibeintoriorqipoaitoaQKQ. 
.•rtlia4AQH««ba4QH0i 
aadtbaiaaraaltoniatoamg^; • 

AS and CO am panilai. 

" Q.I.I)t. 




tMAOJOf. 




Bcndm (Mt pjuuuunui 

1. ttt Mh 4iifiiui of (Im» vmkm a»tt, if tlw COB la AT, 
ai^M to 4i«ra9r«iM* tJM wqtte 

tmpttut t0 wfjfAtir^ 

% i/» atoajfto lim nmt ^ «r hmt* jawtoW atoa^ Mtoto «Mf to 

s 

4. ilitpfe* ^ to# onm a»« jMmriW, «ato to *Mto «|(« afttkar 

vfpwsi ^ 

& TwoatntototUntotoB, OOUaaat*Mi(MnotoMratQ. BkamliM 
tha atnUi^t Itnaa j«atofa(g AC aad BD «ra jMmlM. 

• » 
to Any atnUgitt Uiw dnva MvalM %> Uw faaaa of an boaaalto tof* 
ugto mtlcaa aqtw anglaa with the aUaa. 

7. it from toy petnt in the iioeetor Of an aoupto a atnigfit Una it 
drawn panlkl to tother ann of the ai^fla, tha triangie Una f a nn e d la 

iWfttO t lf ll t * t 


8. TnnX, apoint in the beae BOof an iaoaodea triamla ABO^n 
atrafadit Una ia diawn at nghf aaaiea to the 1iwn» ovUbia AS to V| aiid 
CA produeed to Z : ahaw,t& trian^ AYZ ia ieoaealaa. 

9. V ihealcai^t linetwhidi hiwetaaneuerioronglaflf atifanijla 
in pamllto to tbe^ippaaito aide, ahaw that the triangie ia hfcaealaa. 


la The etiatotot Unaa dmwn froai any noiaft to the htowtor of an 
angla paraUil to the amM of the anfdai aod terminated hp Umh, aaa 
eqnalf aadtharainlUnf Bgniaiaarbanhaa. ^ 

* 11* AB and 00 are two atmight Uaee toto iateUng at Oj^and the 
ad|iMntaagieeaoignned*rebiaaetad> if thiwaghanypototXto 00 a 
■tiatobttoie VXZiadnira pataUal to AB aito mertfag the b toee tora to 
V tin ahalr that XY to e^a^ to X2^ 


ito ^ntonigh titotoB A,aB 
“ igtotofaenlatioM pr 


TnlWlMt I2^0fg|i 

t^uttpMhkm 


i lavolto ahoni nifnta at Band Q. BA 
ntonla, and QB^nwhiM Ift Hthiy 
awiiw, howtomwitt It be hafanthto 
' ktoqrABBpotottofthnnMMwayT 


,4t 

TmKmm\€. (SndidLtl] 

^ * 

A* Ihm • irUm^ m togtHtr tgmi h IM» rlifM 

iMSMi 



Let MOM • trUngle. 

J} it rmilMi Utj)rm4iat tIU tkm l*ABO, BOA, CAB fegMAar 

Frodoo* BO to any pi^t D; and auiq^ OE to be tlM Une 
tluoiqi^ G paniUel to BAi 

fnot, Beeanae BAand CE aie paralloi and AC meeta tiiem, 
the 4. AGE <■ the alternate ^OAB. 

AgMn, heoauae BA and OE are nandleb and BD nuwti them, 
the exterior i. ECO* the intetior oppodtez. ABC. 

t*. At tMlt ttterior z-ACOotAe mm tfUnetwt itittrhr cppotUt 
4.*CAB»ABC. * 

To each of theae equale add the Z.BCA: 

OieQ the 4.*BOA, AGO tofether-tfae three 4.*BOA, CAB. ABa 

Art the ad|atont 4* BOAsAlH) together w two fillet ai^ea. > 
the4*BQA|0AB^ ABCtogeUiarftaroi^tanglee. 

(^Kn. 


Oha tn tike eowee of ^ie proof the foDoeriog nwit in- 
IWrtlrt^ | lW|Hl i 1 y fcftf tHMffil V 

ffMiUk ttm MimIi 4i maiuAAd ijU Miirjiiip gmaim 4» Aimal In 

lhpitipi^titileeB.4 



m AHaun vt AirnuuMiiA 


4». 

wmmm warn ^Anonsic 14. 

1. ff ^fl^mdo4mokUi$mmb«ri^duimiiiUumi^<i 

atrku^ 

IfanA-fB+OtlW. 

5. Iflwoirimi/UB 

to tom atiftet tf Hut eth$r, ilm tkt MM rf1h$«m to wad to 
idIkM mdt iljl fka tdm, 

3. /« am ti^anfto At to» aevto angka m aaatjgith 

wmtory. 

4. Jf one angle ofi a triangle to egad to ike earn of M.* '/that 
two, Uie triangle to riditnngld, ‘ 

6. The earn gf tto> taedea of ana qaadrilaierd Jigwre to ee^ to 
JaarAd^anglee. 


|XERCIsgs*OM THKOREM 16. 

A 

L Each cogle of an oquilatera! Irianglo l» two*tliirda of • HgU 
ingjioy 01* 60^ 

I. . .,-1 

3^ Two angles of a UiAogla are 90* and iS3* rve|Metiirely t dednoa 
the third angle ; and verify yonr 9e|ait liy measurcmetii. 

4. In a triangle ABC, the the L(f9t4lTi dednoe the ^A^ 

and verify nMaaomneiit • 

6. One side BO of« triangle ABC is pindiieed to D! If theesterkw 

ail|{ie ACDis 134*$ aiHi the angle BAOw^; dad each o^eiemalniiig 
iatcsior angles^ f 

dL In thn dgm of Theorem 19, if the ^AGO^UlT, and the 
LBrnWg flaa the 4.* A and Ct and disoh your resahs by ineaeniemeoh 

7, IWr Ihof Ifts fires ewgles (jf m lfM|^ ^ iofsAir egiiof fo Has 

rigii angfsnay ei^gmshig m (km dmm tkmi^ Ai immpmmU io tk0 
hBUML * 

A* J[femaadatolimenpnreadiealwto*matoertoi«tolUitom 



4 i faoinmt. 

Omauumi, 

4mUI miftyrtt mm mamml m hmm tff rntmuf rtmM 
4tiM/Ult 0$ if^$Jbttf9 itai iMml 



lel ABOM W • I«etfl>n6tl 

JUf l» ««|«jfwi l9 jpmv.l&tf «8 tka itftww «mte<i>4 it 4 * 

«Mft»K(i. 4 V • 

lUw MCT {N^Bt 0 wjjdiiB tbe figoit Md job 0 to etdi of 
itivwrtieM, * 

TImm ilw iigVM (• divi^ bto • 

Aad the breo 4*of Mch A togodtoroS il 4 *. 

HooM «il tb« 4* of otf tlie 4 * togothertSM H 4*. 

!ftd d} dM 4* of oU U>« A* nalni op oU the interior englee 
4dd»il8to« togodwf edlh die englee M 0^ «r1ildi«4 rt 4 *. 

/. «H the ist 4* of (he dgtuO'l-d rt i/wSo rt 4 *. 

ttlH 

IhMaifCKW. mgidar pofjrgim ii one wUeh hee eU ite 

aliitoa Mttlt iltd Ul Itl MfitOi OOttW 

time d 0 ^motee the nnnber of degroM |o eeth eqgjh» of 
h ftotfar pobgOB of 11 tXhA the ebotre Menl» auH* he Meted 

«io# 9 e(r»«.] 8 (r« 


fC/MgHM, 

#inni IPV IMMNMnlir PI IA fWipIPiP 

(h e tegolM iMtofta #iidi^ 

ul 



tm MKiuiNi w ncnii^QMi* 
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ixwoB iMi <w nyfcnii 15.. 


L Mio ii « Iriittigh ill tiMl 

moUmfly AnMi «iii tlwi «tt|b «i At M IImi immt of 

qegf mM i III tAnli of ilioio iHifIbHk 

ISi *lTf ^ 

(ii) BMflibMiwgifttofosrinacttwvwiM^ 

>. Th» him «f • to iMdttcwd Mh wajr«« *iitf th» tielartov 

an foHtMi to W 94 aad 198* } dednoa Uw vartitol anilia Oito 
toraot todi » Umii|^ aAd (diMk y(mrfa||iiU (qr intoaiintomt* 

i 11toaanoltiw«n|Mrt<lMlaHM>cdftHiriHi|^to 14fi^ wdtMr 

8. The muAm M tb* tawe «d a trialgk ma M* *ad ttP| dadoto 
(i) tlia wAioiu angto* (d) toe Mi(d» batman tha btoaatoia of too baao 
aagb*. dmkyawiaaaltel^eanatrwrtraiaMliiieoMNnMBth 

9. taatriaaclivABC, tlioamd***^^*'>*lC*'*74*aiid4S^I tf AB 
and AO are praanoed. doddto toa an^a batwaea too btoaatoia af to* 
asiarMr angkot Cbadi yoar laaid^ gmpbioally. 


7. Thtaa aadlai of a ^aadrilatoml are raapotoiaaly 114|[*, 9^, and 
7fir{ ^toafoartoai^ 

8. la a onadiilatartl ABCO. toa aaala»/4 B. 0« and D aia ta* 
apatoh^a^aalfpSA, SA« aiid4At dad aS tlw ani^ 

9. Tooraiu^af an Imgalatl^taem (8 aidaa) are 40^,78*1 ISR% 

and 198*; fold (j^ffitoaogito, , 


l^^npMfaapol]^ at a aida^ onto aiidto»aa|daiM 2^1^ 

({) IMaaatotofeaallftomtoaBBnKdatomofC^^ 

(b) Vttm ft fadapaadmtfy by iomlii^ ana wttm A to o^ of tto 
atoma (meaft toa taw t iaiito j i iiit ^ i d ia aw d to A), tom diaidfag toa 
polifgm Into ••S ttfaiq^ 

J-— — — 


Jk ttavtonitoa 
to*aa to wnn a pbwa 


4 # y w ii n i r . 

CtoMNUMiftYS. Jf ik$ fto if 9 r <Ki l9k i $d ffm^ dWA hn 
M iMuliaMl A110I& tint iKfSdueed mbr. Umi all Hi tSEkfiat 
ti[4ifa»»/ w p rf awi)y<ftr 



HAtmt SnpiWM^MlwIore^tiwt tli» ffgurft*luui«ndM; 
•ad oomoqumtly • verUoea. 

N«ir«t«M» vertex •* 

ties interior i.<f tfae exteriw a.** 2 rt. 4 * ; 
and tbere are » v«rtioea»^ , 

/. the earn of the ict. 4*^ the earn of the ext. 4 .*« 2 « rb l *. 


Bat by Corollaiv 1, 

the enm of the inb t*4> ' irtt* wSnrtb*; 

.*, the fum of the e:i^ b** 4 rtfb*. 

* Q.&9k 

ttril l^MoC 



*M»amrpoiirtChaiid1mp]^ Oe, 01^ Ot^ Od^ and 0^ *» 
Hm* fHURiwel to the aidee aened, A, h, 0, E ^md dmra 
Area O inittNi mm in which thoee aidee wen prodooedy. 

!l!lMa tlw wtterier b het#ieD th* aidea A and 8 « tto 4 ^ 
iind the other exterior tfmliim b*iO«v eOi^ iOe^ eOoi 

^^/raioimefhhoeidb4*»tl»amof tho4*«t0 « 

«lii> A*> 
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fBt ANCHittl or MKfflUIllAl g W O lUM . 

I « 1 


imDtsi[& 

• • 

If . If Oft* lid* of • ngnlir haiigM ii wodwMd, Bmw thit th* 

•xtHior li iqnal t* tiU intiricr Mi|d* M •» *Vrii**i*4 Wmn^ 

& &mii ii dwHi th* RMgniAd^ «f «Mdi laliKar mid* ^ 
<t) ft i^wr coUfoi^ (U) * ngnlir OMigcNk 

5. KowBwnjLiidMiiMftRgvbrpdygaiitf Miliinrtwioriiii^ 
0)aif,(ii)St*t • 

4. U ft ittfttght Bn* «nftt§^t«ro i»rftUet itMiidit limii lad On two 
{atorior ftiigiM «b On nan ftr* binotad, rimr Out On bineUM 
ne«t ftt rignCann^ 

& If OnhiMofftny Obrnfl^eiiprodneed bothmifi. ibsirOMtOn 
•am of On two oxtariol aagln MMiu^ln vertioO ainift u oqwd k.> uro 
right ftii|0M. * ^ 

6. In Oifttriani^ ABO On bftMftnglM at BftndO an hinoledlqr 
60 wd CO mpeotiraljr. Shaw tint O^dbgla BOOv 00* 4.^> 

7. la Oia triangle ABC. On riitai AB, AC an jproditoed, and th* 
•iteriar aagln an Unotad BO aad CO. Shaw that On aa|d* 

60C»«r>g. 

S The angle eontftined tnr thg binoton of two adjaeaat Mflea of 
a qaadnlfttonl u aqnil to ball On lum of thanmiBing aaglai. 

9. A » On aartox of an laoaoelea tnangle ABC, and BA la o^need 
to O.w that AO n aquhl to BA; if DCudnwn, OnwthatBCOlia 
right an|d*< , ^ 

Kb The itnjlht Una joining the middle point of On hypotoona* 
of a rifpktnngmr triani^ to thb right an|^ ia aqaal to Mil On 
hypotiBiiN. ' 


Mxmtmmrm. moor or trkoi^ 16. (A-tB^-Oniair.] 


In On OMIBC. AO ia pai^ to BC On 
gnatoat aula. AO ia biaaotod at right 
MMia hj ZV ; aari YP. Z4 an «iP 

If now On di ia Mded abont On One* 
doClad On V A, B. and 0 wBl Mis' 
ana with On U^tOY, W YOP| 
OMdaanniialMr'f 
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t^plMiRiai t?. pBttdKai H) 

JhNfv ftno injfai iiidi fljftfliy to 
tflicff mmA Ik iwhAl iffurf fifw ifliife o/tkiJlMMfkllkAitfMfVW 

jiPW Ipr iWi IWPfr|i Mi IrrailJ^I Wi Pfi fpIpNlIk 


lifciyM^ OSFlwtirotriw^Mhi wliii^l 
the 4 % "the A 0. 
tlMtB«>tb«tS> 

«]m» btllM lide B0<Biii4 oemipcMidfog ri4* EF. 

, i> 4i n«Mr»4 «r imiM <firf A« £i*ABC^ Oin* ow ^ ^ 

fiMrii. 

ftocC TlMwnof th«4*A| 6,aiHlO ,. 

«3rt.ju* 2W. 16. 

•■ilivwiiioftlMi A*0^ E, andF; 
md (h* iHk and COttA B inqiaeimljr, 

.*. ths40<BUiecF. 

iilMAABOt^tiiaADSF. a 9 tiwbBfidla<MiE,Mid 

Umii beeawA BO«>EE» 

,*. OittiMtnoiMidaivHliP. 


4iid b«saMa db a>4^ 

« /. 8AiiUta|fBflalM^E9> 



Aji4 baoaafa ^ 40 dba tf* 
«4ddb falli Iwtt «li1^ aidl «B Rb 




WmOmbm WIUI «|pl «»PW| 


rnm^matAnWi 

«Kil|l4llpFli«iMb 




WIMWIWf IMIMnUNfc 49^ 

f 


CMr fm iptmmMi «t VteAMM 

1« 8ii«f tiiii#tli« Mfl^ieid^ 
faMtDf Ml Tff ft t ftfi lill t0 OflMVltd tidtB 

^ fll 1119 MWiM^ %r OT fj^VIWiHMil /T^li mf mtW9 

«timlglit Mm AB, vqr «CiilgM 

“ dniDBad mdtt it Mkmi 


TIueHth 0. tlMr nMdtmittt «f » «M 
dfftWB, AM ferwMidivnSn AX BY 
§ I nSur tint aX iij^«|i»l to BY. 


9- , 

IlMtldfAWB, 

AndBi ^ 

4 If tlw btaMtor ^ tlM» vertiwl.mi^ of * triM^ ll At 
mgti> to tlid tom* tlM ulMiiib It tojiiintoi 

S. If to • triaiii^ iha fWMtowvlw fron tlM vMtm (to tb* btto 
ItoMqp tiw buto tKw fto titoai^ M MMM^ 

& II tto> bto tottoirf tto vwttotlAW^of AtmngtoiJtoblMatotlto. 

bMA, tli» trtai^ it fi tt ed . • * 

{VtaitoM tiw M tt pto r, tad *oeapi0to tlM (outnutiaa «ft«r Bto 
flMoMralllmnto A] • 

it ol^Mijr stimiglit Ufio tuMifili niMti iMfli fOiolM 
l« lamimtdl them, ia aqoUUilMit bom ilit 


7. TtoMUkUa 

ffeif ai ghi liliMi 

& A itni|A( lint ditwo betirtm tw« iHunilfato wd itototo*todi Igf 
tlwM, it UattoMti ttonr thtt toy other ttnigbt Itot ftaitof itnoMto 
too ftidcOt fotot and tetmiMiad tiy tot putUcto to ttoo M t t eted to 
totoMtoi » 

\ 

9. It toMagfc * potot tqvtohttooi inm two*Mt«ttit tt«ti|ditr UHto 
tow ttnigli* nSw an utoaira otottof toe pMi^£| tot poftkot to tot 
liltiWT tMol iamiOi|ilad mo 

• Ito ba«tototodM«l.ABOO,ifA9^AD,aad8#«i>tX}i^t^ 
tot dtogoitol AO hittato ateh to totttidtovUtoil jetox tadtotoM 
ii |Mi!|MMadU(i^^ to SD« ^ 

14 4 t i 'tyr jtotto to uft^t tot jtowdto 


CMMMf MMM^ Ol 9 jp 0fa ( | ^ MMf ttfOXlp , 

nmiMnttfy m ip oo t ft m li< rnkmimA • 

^tot^hltoKlH to • *?*?f^tot <dft 


#nto6jtoitttoi.___ -- , 

JfWPi IWfWwf w WPP W iWP ■■Wi ^ •P® 

QP^rto 


jdLgyi Muy|t||i M&Hit IMto fiia 4 


IMLd’ 
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m m nMtiraioAil wR/ojojtn » 

Ttow MM* «f the fiongmenm til ttUaudm hvn biea 6«»lt 
ia ThMiiBtt 4, 7, 17| dw nmite of wiStk nay IM 
•AmniMteMl M fotknn: 

Two triui^ oro «{akl%i all raipwta wlioii tbo lolknring 
tlueOi puna in aaali ara aavaralljr aqim : 
h fm lidit, 0 Md ilk ifdiidti Tktoretni. 

1 Tlk(km*id«$. Tktorml. 

S. fm mffiei and om ddt, (hi* die gkm fn em iriaej/h 
OOiaanNKMrDfNO to tket gkm in the ether, *Thmm 17, 

Two Maoglaa are not, hoirever» naoeaaarily equal ia all 
nepecM arban any ihm pqub of oae artf eqou to (lie ear» 
i^Midiiig puna of tile other, 

For example : 

(h When the time od^ of one are 
equal to tim ikree em^ « the other, 

•ioh to eaeh, the aaioiaing dii^rau 
ihawa that the trianglea need not be 
equal in all reepeota. , 

<ii) When heo aiee and one pitpfe in one are equal to fite 
eim «ni one oufife of the other, tiie given anslee being ogpmU 
to equal aidea, the dumm below Ihews that the tiiaiiglea 
need not he equti in au reapeeta ' 




Vhr if A6»oc, and AO«OF, and the 4AeO«tlie 40EF. it 
win he aeen that the wurtar of the given tidaa ia the 
tcilHtgb amg lie in ehher ol the potitiona OP Ar 



oamHunorr rmAmm. 
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ptmtm 16. 

Aw ilihUagItA frkaif^ tuliiek km Aelr hfftilmim 
md am tidn^mt tgital io m$ tU$ ^ Ua efiar, W ^fpul w m 
roftck. 



Let ABC, OEF be two «lglit-«B(led Jtriandee, in wliioh 
tbe £.*ABC, DEF ere right angles 
the hypotenuae AOwthe hypotenuse OF, 
andAB-OE* 

A i$ nejwrtd io prm OuAdht A'ABO, OEF are equal in eM 
ftipeete, * 

PmoC Apply the A ABC to the A DEF, so that AB fella 
on the equal line OE, and C oA the aide of DE oppoaite to P. 
Lot & be' tho point on which C falla 
Iben DEC' reiameata tbe 6ABC in ita new poaitlbn. 

Since each of the l* OEF, DEC' ia,a right angle, 

EF and EC are in one atnugfat line. 

And in the A C'DF, bemuse OP «> DC' (ie. AC), 

. thetOFC-theiOO'F. Thear.tk 

* Benee b the A*DEF, DEC, 

( the t DEF«*the t DEC, bebg right am^; 
the^.OF 6 -the 40 CE; Pneei, 

and the atdBd>E ie eonunon. 

(he AfOEF* DEC are eqnal |n«ll reepeeta; Tkmr. 17. 
IbtliAtheA'O^i ABC are iqitai in all.Teapeeta. 




OOS K^ntH tM W IttVCHRiH Vk 


Ountmitf, 

hu A* gmitt loNii It gntihr Aon A« <tM0b wMwmiI If Iht 



Lol ABC, OEF ^ tiro triangiM in wlii(i]t 
. BA»EO, 
aSid ACo-OF, 

iMit Ulo buo, BC it i^oater than tbe baM EF. 
it it ngimd toftm A« i.8AC w grmler Ihm Af ACOf. 


ItnwC If tbe 4.BAC ie not gieater tbe t.EOF, 
it nuuitbe either equal ties or leaa than tbe ^EOF. 

Noir if the ^ BAG wire equal to tbe 4 EOF, 
thMi tbe haae BC would be equal to tbe bate EF^ STtm. 4 
* lfi4 by hypotbena. It A iM»b , 

AffiOf if ibe ^BAO werwlm than the /.EOF, 
fheit tbe Mae 80 would be bm than the baaeEF; Hmw. IF. 

^ but, by bypotheaia, it ia nob 
^Hiatib tbebBAO AnAAm eqdal to, nor bMatban thebEOF; 
.% tbe/.BAOAfi«eteallMntbe/.fiOP. 

, ^ A*.». 

fbiwnNiiiiMMiailiM OK eilM^ 


u 




wmmm utm on mAmum, 

V • 

(U tk* «m of Hi intwior 
(ii} tiMioHnif ItaoictHfioriMi^ 

WIm* frapMty ourrMpoDdi to (i) in » 'ptiygoa of • okboY WUli 
lriMU«tliirflipiraidMi»trii«glodiimttepN|MMgr^t , 

S, CBiitiiy Utanglw with rofud te tivrir Ma|^ ftwM wiiiti uf 

3> Bmiwiito two TbooreiM in which frail ditoiditiag to die iite 
noimoioiloHii drown « 

In tiio triooglo ABC, if o<4*0 oni,, hwS-S mu, owS'd on., nmngo 
tao MudM io oi iiioi <b«fon aMontramot) i oad piovo thi* 
thi trionglo ii aonto onglod. ^ 

i. Banootato two tlioorOlai in wididi bom data ralatov if** 
aai^ a oonotwino li diawB adating to the ndmu 

la tin Mangle ABC, it * 

(t) Aw48* and BciSi*, find the thirl angle, aadtimme the gioateet 
ebia. • 

^ (h) A wB*A2|*, find the third angle, and arrange the ddea in order 
of their bnytha , 


fi, Worn whidi of the aondittoni giren helow may wo oonelnde that 
ttm trwaglaa ABC, A'B'Cf are ideatieaUy eanal? Point out where 
ambiguity arkm t and draw the Mangle ABB in eaah oaaa 


«*) 


fAoA'»71\ 
•{B«B'w4«*, ' 

^iKiaf bS^oid. 

t nwa!*BOom. 
4 h» h'wfi'fiam. 
I on |fn4*fiflni. 


(ii) 

( 


'•f&ofnt'fiom. fAnA'nSfi*. 

hah'n2'4em, (ili) {BnlBnl91* 
OnCnfil*. • I.CnO'nSr. 

rB»B’*ar. • • rowCBOor.* 
hmV n4*8eab (ei) 4 on e'nffom, 
[ one' etfillom. \ ana'wSoaa. 


d. fl n m aa Maetha wenitaaf thelaatmwiathmlyntaliit i wm mlly 
hliidet what oonibthMM two ttiaB(|^ 

(ftaiw rni jbam riig eaHBtaanat 



fur mumm. 




8» (t) 9f%i j ji(f fj [ifl i m ff ni ifar i$ ik$ lAMMif Iwni Uti9i$ I# tif a 

oisM Aiirtt£a4f liwft Aiom m mtii|_ 

■■ WWPP • VwVV MW^F^Ww^ti 

(ii> OitthiMt nMcA wmki equai muffle wUk Ike perpm^fyeiitr mte 
eqeal. , 

( iii) ( If two M^fueetUim Hiked wkkhfm»kee the 

^e ftfp^edicektt^e 

9. ff two 4riMfiU$ have eidee eqmi tv iwv Mee qfike 

ether^ am lo mcA, and hantwttunae the an^ee onpmle to one pmr qf 
equal mdei e^mdf then ike anqiu ofqfomte to the othia* jfMtr eqtm mdee 
are edher eepiat or euppiendMarp, am wi the former oaee tkeemap i e e aN 
equaimaamimcte. 

10. PQ in A pArpeiKltottUur (4 onu in li»i}|l.h) to a tltulght line XV^ 

Omw ihriMigh P a aerioe of obltqim ntaknia with PQ the angUa 15*« 
3(f» 4S% 1^, 7iP« Meamre the lengtlui of 4niAe obltqnes» and tabulate 
thereaulta. • 

U» PA6 ia a trianjde in whiah AB and AP have ocmatant lengtha 
4 om and 3 om If M ia fixed, and AP roiatea about A, teem tlie 
ehaogee in P8, aa tjno angle A Aoveaaea from (f to 130*> 

Anawer thie queatioii byidiawmg a aenea ol fignira inoroaaing A hp 
inoremeitU of Meaaure PB jg each caao, and tabulate the reeutta 
• 

12 fVtmi B tlte foot of 1 flanteff AB a horuontal line » drawn 
fandns two poiata C and Owhirh ans 27 feet apart Hie anglea BCA 
aad BIM are <U* and ¥f reapeotively. Represent this on a diogiiM 
(■sale I om. to 10 ft.), and«fiml by inoasarement the approximate ltn|lit 
oftlieflagitBft • ^ 

1& 9nm P, the top of a Itffhtboose PQ, two hoata A and B wa 
asen at amdior hi a hoe due south of the bghthonse. It iwhnoWB that 
PQa«t2S ft , A.PAQtfffr, ^PBQsSO* t benoe draw.a plan in wl^ 
li repreaanta 100 rt.,Vd And hy vmmrmamb the dwtam betwssn A 
andBtotliaiwateBtfeet ^ * 

14. Vtam a Hidithonae L two s)^ A and B, whUh are 000 paida 
apartk at* o h m n r ed na diiet^ma SLtr. and 10* Baat of Sooth lespao* 
tivdgr. At (ha aame time B is ohaateed fWn Awn 8.B. direeaaii. 
I)iswaj|^(aealal*tn200yda.hai>dflndlry n M w ani eaww t thadlB t a o e a 
At Bua itgaeneweeifoui eaea in^ f 




m 






iiminnoifii* 

IqrJlNrilnijglilttiwfc 

tlw lto« whiob j|otoi<>|npoaiteMf^ 

Mifoti in Ik i$ artllifOML 



^ to 

4, A ii s QUtdrilitoiit ^ 


lit mo. m |mv«l hoTMltor thm a» oraoKto 
iMwi ot 4 pjn^nttffjriiw tAk twir iiil 

«f|mtttia^«n«|*><>I*] ** 


« 


t 



t Jk Hwtujlii <• » MnUdo^ttMi irUQ(i 
lHif«w<iliti«ii#M»xlc^«Mi^ * 

(It mo t» piwMi l•(«•f(•r tiM*«i 0 tlw«»| 0 Mi«< 

»imtiiii|li^imflgmMip«>»' OwfmtM] 



Is V fwtMigle wUcJt Im tm 


«. A fiMM m i 
jiAliMOl mNi 6 MtL 

at mo W mrnm iim di th» « 4 m m 

«|tilmiOaBwiM^ right tmtttHm,} • 



iu^ A lAMnIhti k * lAtiiA 

llplitllli glim mtM ^ ^ 

Mil ifklpi iiyho. * 


Z7 

|||V g||g|m4||||Alilil VIAA llMl J -' 
iMwilllmMi iklM ^ / ' 1 





Tmotm 2O4 {Bunltt t. 

Jig ifn^uif Um tMijoin tim t xhmUiu gf kn^ tftA mA 
pofvilU shniiffit liMi i ijt f itfriif ffi$ i$tns jufti tftv i^pwil 

m4fanM> “ 



AB and CO be equal and panijlfl itraight tinea; and bl 
them bo kiined towarda the aame parte bp the atrw^t linaa 
AOendBO.* . * 

It b rag^red flefilC ead BO ere efwd end 
* Join BO. 

f 

9mt The&beoadaaABandODarepanlHeBdBOtBeetB 
theiDi • 

/. thez,ABO«theaHeniatiei.OOB; 

N<»rintlieh*ABO>pCB» 

) AB«D 0 ^ * 

BO ia eommoa to both ; ^ 
a|td<he 4 ABC-th}i.D 08 ; • Ami. 
.% the Bdanghe am equal in all raapaeta; 

MtlwtAC->PB» 

aodthe£.AOB«&DBa 
Bol titeaeVe aithmate ara^s 
.*« AOandOOare e*e««ee#*#ee*e*«*e 0) 

1% AO ind BO both 

m AfLlk 

N * - 



M 


oamumf; 


TmKMUOf 21. [Eodidl 1 94) 

T%t e ppo dt e Md«$ anti tm0itt qf aponMognMantq^tootm 
mmthtrt mdaoA iutgmi mtcU &tf(KraMigrm> 



hm ABCO 1m a paraHelognun, oifvhieli 80 it a diagoa^. 
XtUfvpmdIoprmAai 

(i) ABoCO, and AD«*C6^ 

(h> ik» 4 BAD -<&«•<. OCB, 

(hi) fiU &A 0 C-iA«^BA, , 

(iv) (he &AB0«tt« ACDB M oral. 

4 

ftooC BeoauM ABatKlOCarei»fsM,and BOmeotstheni, 
tiho4ABD«tbeutero%te4COB. 

becaiUM AD and 60 an and BD inaeto then^ 

ibe 4 *ADB»tb 6 utenute 4 €^ 

Hanca in ihefi2k*ABD^ COB^ 

. (the 4ABOa>tbo 4006^ * 

lMiam-{tbo4AD8<»the 4.060^ • 

(ana BO ia eommon to botbi 
tbe brianido* ^ ^ all'n^paata; thear, 11 

ao that AB»00k and AO»OBi (i) 

•ad tli64BAO»tlla 40011 
aiadtba/^AB8«|UwA(X>Bm«ii«a. 

ijg4b6aMaallM4A0G{»tb«4^i^ ^ Jhmd, 

aadaw400B«tiM4lMlX » 

llwiriMibAABOMtiMWb^ACn^ 

OJUA 




w 


OmuJOL'/ t 3f m ^ « pm^ M t / r m U • HfU 

flfl^fl lf>^ §fjf fff itfiftift &t$ fiMI fffyfff 

^bOtlMr ««d«: 


VorHlMminof twosoiuaottlve 4.*«Sri. 4i*( (flMr. 14.) 
if OM «ff IImnw it » It. aaklo, (Im othar mart b« */«. muIb. 

And Um OMMMtto m«M of tha par* MW aqnal t 
autiia«B|^ am light aaglaa. 

• t 

CoitOLUkY 9. f^Adhi 0 / a tguore art tgtuJ/ tmd «S 
ik anfila oip Mglet. 


CotKOiLAET S,ii 7%e diapmah tjf a poraUthgnm Mmt m 
moihtr. * , D 0 

Lat the diagonals AO^ Bfhnf tlie pai** 
kBOtf tnteneet 4 t 0« 

jarane AO sOO» iumI B0«0D 


D 0 


In the AMOB, COD, A B 

{ iba AO/!B»tha alt. t.OCO. 
the ^AOB.«vart. opp. ACOO, 
and ABsUia opp. nda CD t 
A OAbOOj andOBaOD. IBter.lT. 



S. y fla dfapwinft g^a quadrSiaiennimt mtsk ofhtr^ iktfymt ft a 

4t fM4i$|iBMa{iy«HkMibaai<MefMg«M<lar«f rj^Mipi^ 

1. If ih* tUalMiab af a panftdogmn ant aqua), aO ita aaif^ an 
lig^anglaa g 

« pamDilQfNUi wUoh la not laatangwlar <Im dtagonali am 
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Gtovmtr. 


Kxntcmn on pAiuu.nji and PARAun/wBAUH. 

« 

(%mmilry and 

I. Khvw ihfti by folding » rhombot altoitl mte of iti diagcMTUili the 
triAnglne on 0|>tirfe(te iidee of tllb ei«M« mey he miide'W eotncide 

llk*l in to, ioy, prove thet « rhomime hi ^pinm^trifal ebooi either 
diegvntal, 

t 

2« Trove thet the dtegotiele of e iK|ttere ere oive qf Kenie 

loo other Hnee eUmt whieh e eqiiere n ^vmmetnciit. 

3, The dUgoneln of e rfs^Ungle divide the Hgure iiito/<ivo tH«nt 
tvienglee* {• Uie diegon«l» therefore* en e^ie of eymmotryt Ainxit 
whet iw<i Imcw ie e ri-rterigle tynt^itetHoel f 

4 U there eny exU eh'iot whrrh en ohhr|iie perellelogrem ii eym- 
ineirim) * 0 ive roieone for yonr enew et 

A. In • qnerlifJet^^inkl ABCD, AR ^-AD end CB*^CO ; hot the eKh ^ 
era not all er|uel. Winch of iha dtegonalf (tf eithrr) » en axm of 
iymmrtry J 

64 Pixivo l»y the mathod of miperpoeftion that , 

(i) 7 ^/v pKMftUMogmm an tdetiftmlty eifUtU 1/ fioo oj 

one ore tqwU to tito o^ijattai $%fjU 9 thf other^ ern h (o tacK o.nd oiie 
anfft^ of one tqwU to oim; artgfe of th^ other, • 

(It) THao reetnng(§9 ore rt/ual \f firo oi/mrtftt 4vU$ 0 / one ore equal to 
two Oi/fjarmt Me* qf iht othtv, mch tn ta^h 

7 . Two qoadnlataralff AHCO. EFQH have the wdee A8, BC, CD, DA 
wpial ree^livalv to the aidc^ji FF. FQ. OH, H£, tfivl have alHf> liie 
angle BAU eraiaf to the angle FEm. hhew thet the tigurea may be 
mAa to cotiieide with one another. 


(JfiamfAiiiatMni fheortHcal M^mpln,) 

3, Any ttreighl tine drawit throngh the middle point of e (Uegonal 
of e iwrelfelogrem end tenoineted^ hy e |Ni}f of oppoaiie atdee* it famoted 
el timt fioint. 

m , 

In a parellelofmm the pernetiinmlara drawn from opo peu* of 
oppoaiie engiet to the diagonal whloh*i6>ina the other pair ere eqtieL 

IOl If ABCD la a Mureltelogmiii* end X, Y respeotivaly the middle 
pointa irf Iho iidea AD* BO; «hew thet the dgitro AYCX it a perA- 
Wcgiwtt. 



PARALtKUt AND PARALUELOORAXa. 61 

* 

11. ABC Aiikl DEF are two tuch that AB» BC are reafMia* 

lively eqiuil to and mrallel to OE, lEF ; abew that AC ia (Miual and 
fMirallei to OF. 

12 ABCD it a quadnUleral in whioh AB it parallel lu DC, and AO 
e<[tial hot not parallel to BC ; ahea that 

(») the iLA + the I.C- IKtr-tlie Z.&fiho Z.Dt 
(li) the diagonal AC«tha diagonal BO ; 

(ill) the quadrlateml it ttmitn^tncai alioet the straight Hue joining 
th<^ niiddie ^n»a of AB and DC. 

M AP, BQ are straigh*«^*ods of ei^ual length, turning at equal 
rates (both clockwise) alK>ut two fixeil pivots A and B respeotively. If 
the rods start parallel but pointnig in opjasiite senies, show that 

(i) th<‘y a ill always be |*aralUI ; 

(ii) the line Joining PQ will always pass tliroagh a ueiialti fixed 
point. 


(3fi*<*>//fiwrows Xurn^rical avfi Omplnriif ) 

I 

14 Calculate the atigU*H of the tiian>^lo ADC, having given : 
int LA 7 of ext ^A; «1B.*4C. 

Id. A*'yacht sailing duo Hast eha*iges her oouriK' successively by 64V, 
bv 78*, by 119*, and by 91®, with a view to sliding round an iMlaud 
\Vhat further change must be made tu si't her ont^p more on an hkstorly 
course ? 

16. If the sum of thi interior angles of > rcctibncul figute is i^pial 
to the sum of th.^ exterior augb*H, how many Hides has it, and why? 

I 

17. Draw, using your protractor, any five sided figure ABCDE, 
in whioii 

lC«U 5% Z-Dr-93*, LE^wr. 

' Verify hy a roustruotion with ruler aim comiiasscs tliat AE is parallel 
to 6C, and account thcfjrtticaHy for this fact. 

Ih A and B arc two fixed p<dnu, and two stmight tines AP, BQ, 
unbmited towards P and Q, yrv pivoti^ at A and 6. AP, stm ting fiom 
tiip directum A6, turns about A clockwise at the uijifomi rate of 7^ a 
second ; and BQ, starting almultaiiiy>a<’iy from tiio direction BA, tttmi 
about 6 o^mtitorHclockwise at thi ^mte of S{* a second. 

(i) How many seconds will elapse before AP and BQ are parallel? 

1[ii) Find gfmphieally amd by calculation the angle lietwoen AP and 
BQ twelve sMxmda from tlie start 

fill) At what rate does this angle decroajie? 



<3 


aKOMcrnr. 



Let tlie pernllels AB, CO, EF cut off equal intcrcepta PQ, QR 
from the IranaverwU PQH; niid let XY, YZ be tlie correspoaduig 
intorcepta cut oflf from any other transversal XYZ. 

Jt is requtrtd toptm»t that XY -- YZ. 

Through X and Y let XM and YN l>c drawn parallel to PR. 

Proof. Since CO and EF arc p.-irallel, and XZ meets them, 
the - XYM the ct»rresponding i. YZN, 

And since XM, YN are parallel, each being parallel to PR, 

.*. the L MXY = the rorrosponUing l NYZ. 

Now the figures PM, C|N are parallelograms, 

XM tm the upp. side PQ, and YN » the opp, side QR ; 
and since by hypothesis PQ»QP, 

.-. XM^YN. 

Then in the A'XMY, YNZ, 

ftho^XYMothCiLYZN, 
because •{ the. MXY « the l NYZ, 

I andX^»YN; 

the triangles are identically equal; Theor. 17 
XY-YZ. 


q.x.i> 


PAItAU.RI,S AND PARAtUOiOORAMS. (tS 

CtfSOlLAK'J 7n a /rwii^ ABO, ifa$^ofhws 1^, Q^, Rr, ..., 
(fratm panllmlo Urn /me, dtnde rm nde AB nuto tkgf 

aiso ibmde the other side AO into equal jmU. 



B 1 2 ' , 3 C 


Thf* of the paralltok P/>, Q^/, Rr, f , may (liua he cxprciied 

!n tA^niiH of the Utiao BC. 

Through />, and r \vt 7 >i, 7 * 2 , rZ Iky clraWn p«u^ to AB. 

Thun, by The^ironi ‘2li, th»*«o pit** divui* BC it»to tour equal parti» of 
which Pp evidently otinUims ofU^Qg and Rr ihiee. 

In other wonla, ^ 

P;»=’J .BC;, 07-. J BC; Rr J ■ BO. 

Similarly if the given par’* divicie AB into n rqtml iMiiUt 

I o 

f>p«- . 80. ^''~n * *" 

*,* ^robtem Y, p. 78, should ndw be irenked, 

, .. DEFINITION. 

m t 

If from the extremi^es of a straight lino AB per^ndiculars 
AX, BY are drawn to a straight line PQ of indefinite length, 
then XV is said to be the qrthogonal jtrojeetioa of AB on PQ. 

B 
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OBOMcrmr. 


IXKKCIR1GH ON PARAIXELR AMI> 4»AEAtL«U>01l4M8. 


1. TAe ffntifjhi lim dt^wn tkroufjh iht middlt poiai of u mde. tf a 
irkmgirt parvUtJ U> iho hit iJki rtmmmpff oim. 


[TItii in an important p&rUonlar otm oi 
Thtioram t22* 

In lh« A AOC, if Z ia tha mitldla iMiiit of 
AB, amt ZY U lirawn par* to BC* wo to 
provo that AY a YC. 

Draw YX iMir* u» AB, and then prove the 
A«ZAY, XYC congruent.] 



2, Thf Miraitjhi iint ifhich joins iht 
rnultUt fHriufs of fuH/ sidet q/ a (nantfit it 
paralltl io thi third tidf. , 

{In the A ABC, if Z, Y arvothc mkidlo 
niiiite of AB, AC, we have to prove ZY 
paH to 60, 

rituhioe ZY to V, making YV c^joal to 
ZY, and jfim CV. Trove the A»AYZ, 
OYV eotigrueiit ; the reat followe at onoe.} 



3, 7*he itroifjht lint wAifA joing the middh points of two tide* of o 
Cndftpfa is eqml to half the fhtfd sidi. 


4. Show that ths three straight lints whjvh join the middle fioiiUs 
qf the sides qf a triant^e^ divide it tmtofovr triunfties which art tdenti- 
oaUp equal. 

It. Antf dmiffht line drawn from the vertex qf a trwvrfie to the base 
is hisected % ike sfraiffht tins which joins the middle points qf the other 
eiUss of the trianffie, « 


6u ABCO ia a parallekigMm, and X, Y are the middle pmnta of 
tlie oppoaite aidea AO, 6C ; anew that BX and DY tiieeot the diagonal 
Aa • b 

7 . (f the mid^ pohUs^ssdjasefU sides cf anp quadrilatmd jire 
foimdt tksfgnrt thm forced is a parflleloffretm. 

8. Shew that the atimight linee which join Uie middle pQin& at 

0|fwmUaideaofaqttaii3hrt^^ toect one another. * 


Fi^JU|.LE!il AHP PAEAUilIXWIUICS. $5 

% Twm tmiwiuxU A imd B, «tid from O tho betwooo 

Uien^ Mro«nd)cQUr« AP, BQ. OX are drawii to a ttraight line CO* 
If AP, bQ meaeuie mpMti*Vely 4*12 cm and 5 8 em , dediK^ the langtil 
of OX, and verify >*otir rrauU by meaeuremrnt. 

Ahew that OX - KAP-i^BU) or )(AP<«BQ). acoording aa A and B 
are on the mm* aichi, or on tjfiptmu eidea^^f CO* 

10, When three paralleb vnl off e(|tta1 mteroepta from two trana* 
vereats, ahew UmiV of the three paraUvl lengths lK*tweon the two 
tranweraala the iiliddio one it the ixithmatle Mean of the other two. 

11, Th* pamlld nd** of offVaprattim art a rmrimertYi and b rra/t' 

mtiru in Provt that (kf lint ;otniiiy tht mxdiUt point* th* 

tjhlxqut *t€U» M paratUl tc th* /faraHtl ticira, and that Ha Itngth la 
i(a<rb) terUmetrt*. 

« 

12 OX and OY are two atraight Itnra, •'tid iilong OX ffve poiiiia 
I, 2, 3, 4, 5 are maikfd at ftjuai diatanoee. Thtough these points 
paraUela aio draan ui an> dm^tciton to tnm^t OY Mt aitute the lengtha 
of theiie paralhdfi take their averaKc^t ao(t (.oiupaie it with the length 
of the third parallel. Prove gtotutfru'dtiy tluit the 3'^ parallel la the 
mean of all five. 

State the oorrt'aptmdmg theorem for any <Hld iiumbur (2a-t*l) of 
paralleU so drawn. 

19. From the angular points of a parallelogram perpetidieolara 
are drawn to any straiglu. line whirh la ouUiidi* the parallelogram t 
shew that tho sum of the perpendiculars drawn from one pair of 
opposite angles is e<][ual to. the sum of those dtawn from the other pair, 

[Draw tho diagonals, and from their iHiinl of interseotion auppoae 
a perpendicular drawn to the given straight line.] 

14. The aom of the perpendioolars drawn from any point in the 
bans of an laosoeles triangle to the equal sides is equal to ^e perpen- 
dicular drawn from either extremity of the liase to the oppuaite side. 

e t foUows that %hr sum of the distanc«« of any pdint in the base 
[i isnsoules triangle from the equal sides is constant, UisA Is, tlie 
same whatever point m the isise is taken.] 

How would thu property be modified if the given point were taken 
mthebsaeprodaera? * 

15. The sum of the perpendiculars drawn from any pmnt within 
an e^uilatend triangle to the ibret sides is e«]iial to the perpmulieutar 
drawn from any one of the angular points to the opposite side, and is 
thmfm oonstaiit. 

ft. Equal and parallel lines have equal projeotioiui on naj other 
straight Itim. 


a 



oloiimY. 


«« 

OlAaORAl SCAUa. 

DihfpMUil lotln fom an important jpptkation of Th«orem 23. 
W« •hall iiluKtmto their cointraction and uso by describing a 
Ihcmai Dktgamt Seaif fo t^to Inches, Tenths, t^nd Hveniredths. 

A straight Uno AS is dividfid <from A) into inches, and the 
points of division marked 0, 1, . . The fninta^ division 

OA is suUlividiHl into tenths, these soonmlaryr divisions being 
numlwrixl (fnnu 0) i, s, s, .. s. ,We may now road on AB 
inehes and k^hs of an inch. 



luordcrtonvul Aumf'oftA’i, ten lidos are taken at any e<}aal 
intervals parallel to AB ; and pt^qieiujiculars are drawn through 
0 , 1 , 2 ,.... 

The priiiury (or uicb) diij^uu corresponding to OA on the 
tenth iNurallol is now suMitided into ten equal parts; and 
diagonal hues are drtiwn, as in the difigram, 
joining 0 to the JiiM point of /lubdivisiuii on the 10** parallel. 
,, i to the sAnwi „ ,, ,, n t 

„ rtothertiwf „ „ ; 

and so on. • , « > ^ 

Tbe'soalo is now complete, and ,iLs use is shewn in the 
following example. * 

JtSMmpk, Totahe/remtksteateathtfftinffi’tJ imehee. 

({) PImc cos point «f tfw jdindert at 3 ut AB, sad estead them till 
the other poiut leecbM 4 in the mibdivided iaoh DA. We have bow 
3*4 inohee in the divkieie. ' 

(U) To get the resuining 7 kaadndtki, man the rig^-handl' point 
•p the mi|i«ndieaUr throogh 8 UU it naohn the 7^ pataUeL Then 
csteud tte Alvidon tilt the bft pelBt mnhee the diageDal 4 alee on the 
"panlH Wehinw«nr8*«7iiiehesintheAlvid«n. 


SUOONAL OOiLEB. 


tt 

AuSOK IOR TBB ABUVR PR0CR8S. 

The fint etef) need* no ezplanHtion. The meon of the 
second is found in the Corollary of Theorem 23. 

tioining the point « to the corresponding point 
on the tenth parallel, we liave a triangle M,*< 
of which one si^ f,s is dividni into ten equal 
parts by a set oOines parallel to the base 4, a 
Therefore the Icii^hs of the jiaraliels l»ot ween 
4 , 4 , and the diagonm 4,5 are ■ of the 

hue, which is '1 inch * 

Hence these lengths are rcspooturely 
*01, 02, *03, ... of I inch.* 

Similarly, by means of this scale, .the length of a given 
straight lino may be measured to tha nearest hundredth of an 
inch. 

f 

Again* if one irich-dlvisiowin th^ scale is taken to represent 
10 feet, then 2'47*inches on the scah» will repn^sent 24*7 feet. 
And if one inch-division on thc^cide repiescnts 100 linki, then 
2 47 inches will represtsit 247 lifjks. Thus a diapnal scale is 
of service in preparing plans of ciic'loHurcs, buildinp, or field- 
works, w'herc it is ncceiwiry that Ivcry dimension oi the actual 
object must bo represented by a lino of pwporUonal length on 
the plan. 


Kom 

f he subdivision of a diagonal scale need not be dfcimoL 
For instance wo might coillstruot a diagonal scale to read oentimetres^ 
mtllimetTeii, and of a milhmotro 5 fh which case we should take 

fimr parallels to the line AE 

ITgr Ener^ 00 linear Heasnr^enU^iel the following page.) 
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OKOMBnrBT* 


fXRftcisEs ON UNKAE MEABimKirrna 

1. Brmw iHsight lltt«» vKom length* ai« 1 *25 Incbee^ 2*72 inohee^ 
606 indUM. e 

% Dmw e line 208 inoh/e long» end meMure fU length in ocnti' 
nelfee end ^e nearaiit millimetre. 

% Drew n line 5*7 em. in length, and meeeiire it in inchee (to the 
neereit hundredth). Cheek year reeuH by oelo^ition, given that 
1 om. saO'dihT? inch. 

i. Find by meaeurement the equ^alent of 3*15 nichee in cenU* 
metres and mill! met rea Hence calculate (correct to two decimal 
places) the value of 1 cm. in iuchea. 

8. Draw lines 2*9 om. and 6*2 cm. in length, and measure them in 
inebea Use each equivalent to hikt the value of I inch in ecntimetres 
and millimetres, and take the average of your results. 

6. A distanct) of 106 miles is repreeentod on a map by \ inch. 
Draw lines to represent distances of 3^ niilce and tndea 

If I inch on a map represents v kilometre, draw lines to represent 
850 metres, 2986 niHtres, and 1010 met*va 

8. A plan is drawn to the tn ale of 1 utch to 106 links. Measure in 
oentimetn^s and miUimetm a line feprcHcntiiig 417 lutks. 

9. Find to the noaroHt hundredth of aii inch the length of a line 
which will represent 42 /HK) kilometres in a^map drawn to the scale of 
1 eentimetre to 5 kilomctrea. ^ 

10. The distance from London to Okford (in a direct line) is 
66 milee. If this distance is repainted on a map by 2*75 inches, to 
what scale is the map drawn ! ^ That is, how many miles will be 
repreaeuted by 1 inch ^ How many kilometres by I centimetre? 

(I om. ss0'39p inch ; 1 km. mile, nearly ] 

IL On a map of France drawn to the scale 1 iiK^h to 36 miles, Hhc 
distanee from Fans to Calais is rcpreeenicd by 4*2 inches. Find the 
diatanoe accurately in nnlcs, and approximately in kilometres, and 
expreea the aoale in metno measure, [l km. » | mile, nearly,] 

• a 

12. The diatanoe from Exeter to Plvmouth is 67(i miles, and 
appears on a oertain tna|Ptosbe 2)''; and the distanee from Lincoln to 
Yiiirkla88kin,,aadappearsonai^heriiiaptobe7cm. Oomparethe 
icaisa of thsae maps in miles to theSnolL 

lA Dvaw a diagonal scale, 2 centimetres to lepresent 1 
shewing yasftk feet« and inehea 



PKACTICAL QBOMmtT. 
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PRACTICAL GEOMETRY, 


PROBLEMS. 

The following prohleniviere to be solvctl with ruler and 
compeawa culy. No sti>p rcquirea the actual mcaaurenent 
of any lino or angle ; that ia to aay, the ctmstrwtkm ate to be 
made without naing either a grwluated aoale of loo ’ih, or a 
protractor. * 

Tho^ problma are not merely to be (tiidiMl ae propoaitiona ; 
but tlte conatnictioii in ever^ case i% to Ih) fu'tually jmrfonnod 
by the leanier, great care being gtrnii to liiruracy of drawing 

% 

Each problem ia followed by a thfmtuMl proof; but the 
faults of the work should always be vcrifi<xl by mcasurementi 
as a test of coms't drawing. A(.ruratc measurement is also 
rotpiired in application; of the ]>rul)lem» 

In the diagrams of ,the proMpma lines wbirb are inserted 
only for purposes of j>roo/ are dotted, to distinguish them 
from lines necessat^ to the construction. ' 

For practjcal applications the problems the student 
should M provided with the following instruments ; • 

1. A flat ruler, sene edge being gpduated ht centimetres 
anQ millimetres, and tbe other in inrfaes and tenths. 

2. Two set s(|uares ; one with angles of 45*, and the other 

with angles of 50* and 30*. ^ 

3. A pair of pencil compasses. 

4. A p|ir of dividers, preferably Vilh screw adjustment, 

5. A semi-circular protracts. 
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oioMxraT. 


Pbobmem 1. 

To hmd a given angle. 



IM BAG b« the given angle to he bisected. 

Coastnietion. With centre 'A, and any radiiu, draw an 
arc ot a circle cutting AB, AC at P^and Q. 

With centros P and Q, and radius PQ, draw two area cutting 
at 0. Join AO. 

Then the l BAG is bisected by AO. 

Pno£ Join PO, QO. 

In the A'APO, AQO, 

f > AP.<‘AQ, Iwing radii of a circle, 

PO--QO, „ „ equal circlee, 

and AO is common ; , 

4 * 

the triaxiglea are equal in all respects ; Theor, 7 
so that ttip z.PAO»th^ Z.QAO; 
that is, the a. BAG is bisected by AO* 

Horn PQ hsu been U^en as the ladius of the ares drawn from the 
eentres P and Q» ax>d the inierset^on of these arcs detvrmines’' the 
poitit 0. rfdltts, however, msf he nsodi instead of PC^ provided 
{hat H is groat enotigh to aecure the iniereocCion of the area. 
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Pbobuex 2. 

T(t bitMi a fiwn tlnuffht lint. 



l^et AB Ix) tho line to be bi<4N>tc(l. 

• • 

Oonstrttction. With centre and ruditis AB, draw 
arcis one on each side of AB. 

With centre B| and rathusBA, draw two areH» one on each 
tide of AB, outtinig the fir>t otcn at P ami Q * 

♦loin PCI, cutting AB at 0. 

Then AB ih ht^c^'icd at O. 

FrooC Join AP, AQ, BP, BQ 

In'the //APQ, BPa 

1 AP» BP, being radii of •equal circles, 

^ AQttBQ, for t<io same reason, 
and PQ is common , 

• /. the 4 APQ« the L BPCt * Theor. 7^ 

* Again in the A'APC^ BPO, 

f AAP*BP, 

PO is oamIn^Il, 
and tho^j^PO»the Z.BPO; 

/, AO«OB^ * TJieor,i. 

that iS| AB is bisected at 0« 


Kofta {i) AB vas taken an the radiuB of the ar<ii drawn from the 
eentnm A and B, bat radiva may be need }m>vidcd that it is great 
aeeiure the inteFseotkOO of arcs which determirt* the {Mdiit* 

(n) Prom the ocmgruence of the A*APO, ElPO it follows that ^ 
4 AGkPa the L BOP. As these are adiaoenl angles, it follows that PQ 
WdAB as angles. 


oaoMvmr. 


Pboblioi 9.* 


To imm a riniffiU Unt jfrptmiiedar to a t/ioen linifkt Uae at 
a fim foM tn il. 

<a. 


0 * 

0 ^ 

0 % 

§ » 
# < 


Q B 


Let AB be the etraightf line, and X the point in it at which 
a perpendicular is to bo drawn. ^ 

Octaetmetioii. With centre ^ cut off from AB any two 


equal wrta XP, XQ. 
With centres P ai 


With centres P and Q, and rpdius PQ, draw two ants cutting 
Join XO. 

Then XO is perp. to'AB. 

fMOt ‘ Join OP. Oa' 

• In the A'OXP, OXQ, 

‘ ( XP-XQ, by construction, 

because I OX i% common, > < 

[and PO » QO, being radii of equal circles ; 

thel0XP«the4.0Xa 7W. 7. 

And these bciug adjacent,anglc8^ each is a right angle ; 
that ia^ XO is perp. to AB. 


Ok U the point X is near 'one end of AB, one or otl^er of 
the altenwtiive constructions on the next page sUmld be u^- 



mUBUEMB ON UNS8 ANO ANOUBB. TS 

» 

t • 

iPfiOBuof 3. Sbcond Msmoa 

CtnstnieUoB. Take Any point C 
outside AB. ^ 

Witii oentro C, and radius OX, dnw 
a circle cutting AB at D. 

Join DC, an(^ produce it to meet 
the hireuiufererito of the circle at O. 

Join XO. ^ 

Then XO ia perp. to AB. 

Proof. Join C)(. 

Because CO>CX; ttio LCXO-the aOOX; 
and because CD OX ; . *. the ^ CXD the l CDX. 
the vholo A DXO » the l XOD + the l XDO 
k of 186* 

=- 50 *. 

XO i8>perp. to AB. 


Pkoiil^si 3. Thiki) MmuoD. 

Conatmetioa. With centre X 
and any radius, draw the arc COE, 
cutting AB at 0., 

With centre 0, and with th^ 
same radius, draw an arc, cutting 
the first arc at D. ^ 

^Vith centre D, and with the 
same radius, draw an ’arc, cut- 
ting the first arc at E. 

Bisect tlie a DB^E by XO. Pnt. 1. 

Then XO is perpatoiAB 

P»w£ Each of the a*OXD,We may be proved to be 60* ; 
'and the a DXO is half of the A OXE ; 

.'. the A 0X0 is 90*. 

That is, XO is perp. to AB 
cs 




v.a«t. 
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OCQMBTftY. 


Prublem 4. 

a 


To draw a draiglU lint peqmdietdar to « gtom itreight lint 
Jnm a gatn etiemal point. 



hot X be the givefi external ])uint from which a perpen- 
divular ia to l>e drawn qt A6. 

Oonatraction. Talco any point C on the aide of AB remote 
from X, 

With centre X, and radius XC^draw an are to cut AB at P 
and Q. _ < ^ 

With oentroM P and Q, and radnia'PX, draw arcs cutting at 
Vt on the side of AB oppoMte td X. , 

Join XY cutting AB at O. 

Then XO » perp. to AB. 

fnot. Join PX, QX, PY, QY, 

In the li'^PXY, QXY, 

1 PX-i QX, being ludii of a circle, 

PY QY, for the same reami^, 
and XY is oommoii ; 

. the j:. PXY - the i. QXY. Tkeor. 7. 

Again, in t)ie 1^0, QXO, 

( PX-QX, 

boeaose f * * XO if common, 

land the luFXOf-Uie .lQXO; 

the ^XOP-the <.XOa TaAt. 4. 

And theie being adjaioent angles, eaeh is a right angle, * 
mt XO k perp^ to AB. 



PKOBUCMS ON UNB AND ANOUBl 
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0b$. WbAii ^the point X is nearly opposite one end of A8; 
one or other trf tne alpamative eoustructioiit given below 
should be used. 

pROBIACX 4. SBCON& MBTIIOD. 

OoBstmetiOB. ^Take any point D in 
A6. * Join DX, ahd biMsot it at C. 

With centre C, and radms CX, draw 
a circle cutting AB at D ana O. 

Joio XOi> 

Then XO is pern, to AB. , 

For, os in Problem 3, Second Method, the a XOD m a right 
auglo. 



PROBLiiM 4. Xinui) Mkthod. 


OoBStmetion. Take any two points 
0 and E in AB. * 

With centre 0, and radiu.H DX,Mraw 
ail arc of a circle, on the aide ut AB 


opposite to X. 

With centre E, and radius EX, draw 
another arc cutti/ig the former at Y. 
Join XY, cutting AB at 0. \ 
Then XO is perp. to AB. 



(i) Prove thev^'^DE, YDE equal 
m all respects by Theorem T, 

so that the l XOE the l YOE. 


(ii) Hence prove the A'XOO, YOO oipial in all respecte 
by Theorem 4, so that the adjacent a* OOX, DOY are equal 
That is, XO is perp. to AB. 



OBOHRRY. 


PROBt.nt 6, 

I ‘ 

Ai a 9iiyw poitU m a given riraight line to make an an^ egvai 
to a given tmgle. 

C, ‘ . 




OB F O 


Let BAG he the given angle, and FQ the given atraigbc line; 
and let O lie the point di nUich an angle is to be mwe equal 
to ^e 4. BAG. 

OcOiatinctioB. With centre A,< and with any radiua, draw 
an are cutting AB and AG at O and E. " 

With centre O, and with the same radius, draw an arc 
outting FQ at Q. < 

With centre Q, and with radius DE, draw an arc cutUng the 
former arc at P. 

Join OP. > 

Then POQ is th^ required angle. 

Vroot , Join ED, PO. 

In ^he A'POQ, EAO, . . 

TOP -AE, being radii, of equal circle^ 


because 'j OQ-> AD, for the same reason, 

IPQ m ED, by construction ; 

the triangles arc equa^ in all respects ; 

so that Me uPO^o the 4 EAO. . 3%eot.1, 



rUORI.KM8 ON UNSb AND ANQLR8. 
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PROBLKIt 0 . 

Tknmvk a gwmfoint to draw a straight UaeparalM to a gkm 
UroiglU lino. 



Lot XY be the* given itraigbt line, and 0 the given point, 
through which a straight line is tu be drawn par* to XY, 

Oonatraction. In XY take any point A, and join OA. 

Using the construction of Problem b, at the {loint O in 
the line AO make the l AOP equal to the a OAY and idtemate 
to tt. , 

Then OP is pirallcl to XY. 

PtooC Bec&use AO, meeting the straight linos OP, XY, 
n^kes the alternatf a' POA, OAY equal ; • 

OPi8par‘t«?XY, 


*#* The oonstmetions of Prohleins 3, 4, and 6 aft not vaveMg 
/Motoed m practual appliaUtoia. ParaUdt and jmjmdicvlaft 
mag ^ mage qmddg drawn bg the aid squares. (iSiiss LbsboNS 
IN EzraUlfXNTAt GBOHITBYf fp, 36, 42.) 
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QBOMXrRT. 


Pmoblui 7. 

Te dhride a gbm tbttAghi Im Ma number r^vpuA pmU, 



Imt AB he the straight line, and suppose it is required 
to divide it into Juv equal parts. 

OoBStmctioii. Fruni* Adniw AC, a straight line of unlimited 
length, making any angle with Aa 
From AO mark off Jiee equal 'parts of any length, AP, PQ, 
QR, ftB, 8T. • . 

Join TB •, and through P, Q, R, 8 draw par** to TB, meeting 
AB in p, q, r, s. •• 

Then since the par** Qq, Rr, at, cut off five equal parts 
from AT, they ali>o cut off five equal parts from AB. 
(Theorem 22.) 


FltrOND METHOD. 


FVora A draw AC at liny angle with 
AB, and on it mark off four equal pasts 
AP, PQ, QR, Ra of any longth. 

From B draw BD par* to<AC, aiyl on 
It mark off B8', 8'R', R'Q', Q'P', each 
equal to the parts marKnif on AC. 

Join PT, QQ', RR', 88 mnltittg AB 
^ ft it *' bB is divided into 

ire tMioal parts at these points. 

[Prove % Uteorems 20 and 22.] 




FROEUdca 


7 » 

xxKnoiSBs on una and anoubsl 

((/fttpAtcdf 

L Cksmimtt <wilb niUr »nd oompaitiKfft owly) iin tingle of QKf, 

By ropeatod lufl&stitm divide this angM mto^oiir eqtml parU. 

2 By rnfaiM of KxorcMio 1, iitaeH a rttfht arnffU ; dtvtdo U 

into three e«|ual paiy. 

Bi^t iMM^h par)) and hence nhev how to tri«t«c i nn angle of W. 

(No oonetruction m inown ^ t xactly injecting rtny aiigK) 

3. Draw a* line 6 7 cm long, and diMdt it into jire c^tual paita 
Maaaan^ ono of the nai t#* in inch* « (to th< n* areat hundridth), and vmfy 
3 our ami hy oalculatioiu |1 cm 0 luvh ] 

4 Ktotn a ftiratgUi lim* 3 72* tong, < ui ufi ome Meaauie 

tho part m (>entinietrea and the iicanat iiiiTltmrttC) and M*n(} yoor 
VI ork hy calculation ^ 

6 At a )K>irit X in a straight line AB iliraw XP tH*r[>cndH iiUr to AB» 
making XP 1 H m length, hrom P dt tw an ohlti)iK) PQ, 3<f long* 
Ui nil et AB in Q Mitumre XQ. * 


(Pro6fm«. State your ronefrucfian, and (jtif a thoretn,al proof ) 

6, In a straight hue )?Y find a {yuiit a huh is iquidiMaiit from two 
given poinU A and B, 

When IS thw impoMihlc * 

» 

7 In a straight hne XY Bnd a point which i» cquidmtant from tWo 
mierseettng lines AB, AC 

When 18 this impossible * 

* « 

8* From a mvep jmint P diaw a straight line PQ, making with a 
giv6n straight line AB an angle of given nitfgintude 

9 From two given points P and Q oa the same side of a siratj^ 
hue AB, draw two lines which meet in AB and make equal anjfdes 
with It s * 

I Coneirwiton, From P draw PH perp to AB, and produce PH to P', 
making equal to PH Join PQ «9utdlng AB at K. Join PK. 
Frove that fK, QK are the Feqatre| lines.} 

10.* Through a given point P draw a straight tine such that the 
pstfcndioulara drawn to it from two points A and B may be equal 

Xa this always posstblet 



ao 


OBOHITitT. 


Tm OoKSTROonoN ov Tbunol|& 

« 

PROBUCK 8. 

fo imt a trurn^U harntg gUm the kngthe effU thm tidee. 



I<et 0 , (, £ Ite the lengths to which the sides of the required 
trienglo are to be e(]Uiif. ^ * 

OoBftmetion. Dmw any straight line BX, and cut off from 
it a part 8C equal to a. 

With centre B, and radius e, di^w an arc of a circle. 

With centra C, and radius b, dra^ a second are cutting the 
first at A. * ^ 

Join AB, AC. ' 

Then ABC is the required triangle, for by construction the 
sides 8C, OA, AB are equal U)a,b,e respectively. 

s 

0^. The three dati^ a, if e niay be understood in two 
ways : either as three actual lines to which ^e sides of the 
triangle are to be equal, or as three numben expressing the 
lengths of thdse lines iia terms of inches, CenYimetres, or some 
other linear unit. 


• • 

Norm, (i) In ondor thnt the oooBtrttOtkm my be poeiible it is 
neoemry that env two ql the niven eidee should be together gmter 
then the third etde (Tbeoreni 11); /or otherwise the nres^rnwn troin 
the eenirei B end C wouht not out * 

e 

(ii) The erce wfaioh oat nt A would; il oontiimeda cut nguin on the 
ether eideoIBCX Thaethecooetruotaoii gim two triai^^leeotioppolite 
ehihe i/ n ecNtncMi buMt 



tu <xw8ntucnoN or tbukoua, 
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ON ;rRB GONSTRUCnoi^ or TRIAKai,Bi. 

It bfti been seen (page 50) that to prove tiro trisneUw 
identically eqiii^ ihrte parts of one must bo fovon equal to 
thiT corresponding parts of the other (though a»jr three pi^ 
do not necessarily serve th( purp^). This amounts to saying 
that ft> detemine Ou sh<t^ and rtV of a triangle we mvM AnoHr 
three of Us parts : or, in other wurtK 

To oonstrvef a triangle three indtpendeni data are reovirtd. 

e 

For example, we may conihtnict a tr^nglo 

(i)*When tm sidat (ft, c) aud the inchuUd mgU (A) are given. 

The method of constraotion in thin cam ie obvittue. 


(ii) When im angles (A, §)* and one /ulc (a) are given.. 


Here, finoo A aft! 6 arc g^veii, we at ofioe kn<»w C ; 


for A + B + C«180\^ 

Hence we have only to# draw the ba«» wjua! 
to a, and at iU ends make an^^lcs t^qual to 
B and C; for wc know that the remaining 
angle must necessarily be equal to A. 



a 



(iii) If the titree angles A, B,^C are given (and tin side), the 
problem is Indetenninate, that is, toe number of solutions 
u unlimited. > • 

^or if at the ends of any base make Angles equal to 
B and C, the third angle is equal to A. 

This construction is 'indeterminato, because the three data 
are nut indeptndd^ the third following necessarily from the 
other twa * 


KS.O. 
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OKMicimr. 


PSOBUDI 9, 


T» temrinui a tritmgh tamg ffitm two »kfe$ and an aagk 
e^foiiie io cu Um^ 



Let f bo the given Video tind B the pven englo. 

Oonstraetlon. Take any otnijght line BX, and at B make 
the t«XBY equal to the given 4.B. « 

From BY out off BA equal toe, ^ 

With oen^ A, and radiuo b, draw *an are of a circle. 

II thia arc cuta BX in two points 0^ and C^, both on the 
aame aide of B, both the <^*ABC„ AB& aatiafy ^ given eon- 
ditiona 

This double solution ia known aa tBe 8iab^|pioiui Oaae, and 
will ooonr when b ia leaa tiiwi c but greater than the peip. 
from A on BX. 


BXERCISB. 

Dww flgVMe to iSnatmto the natan and aambar of aotatioM to the 
faOeartog cam : * 

(I) When h i» ipreitotuthan e. 

(hi Whan t ia equal toe, a 

(Mi) Whan tie equal to the pwpaadlenlarfrBeiAen flic 

(iv) Wheat to kM than thtoperpendlenlar. 


IBt OOK$TftVimON or TMAXOm. 


ss 


Pboblkh 10. 

To eowtrud trim^lo having ghm the kgp^mm 

mdoMtide, * 



Let^B be tbe bypotennse and P the given aide. 

OourtmtioiL Bisect AB at 0; and with centre O, and 
radius OA, draw a semicircle. * • 

With centre \ and radiiA P, dmw an aic to cut tbe semi*' 
oircie at G. * 

.Tom AC» BC. 

Then ABO is the required triangle. 

Proot Join 00. 

, Because OA-i 00; 
tbe aOCAVthe ^OAC^ 

. And because OB»00 ; 

, the i. OCB - tbe z. OBO. 

(*. the whole 4 ACBa> the z.i^AO'f the 4 OBC 

’ - 1 of 180* Theor. 16, 

-80*. 
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OtOMSTEY. 


on m immxxfcmn ov TRUNoua 

$ 

1. DfftW • tHMigle mrhoM ftidM aro 7*5 cm.* 81S and tf*S am. 
Draw and mmure tba par^ndbolari droffied on tlieta aidea from 
ftha opipoalte fartiaaa, 

Tha periiaiMflaalara« if oomotly drawa» will meat at a point, 
aa witll^ aeen mtar. Sea page 207.] 

SL Draw a triangle ABC, having 6»2'5(f» 

Biaaot tha angle A by a line whioh meoU the baae at X, Meaanra 

BX and XC (to toe nearaat hundredth of an/neh) ; and hence caUnilata 
oy 

the valiMi of to two placet gf deoimalt. Compare your ratolt with 
Urn value of 

E Two tidca of a trian^tar field are 315 yardt and 2G0 yaAt, and 
tha Included angle in knnWb to be 39*. l>raw a plan (1 inch to 
too yardt) and find by meaanroment the length of the remaining aide 
ol the field. • 

• » 

4, ABO ia a triangular plot of ground, of which the baae BC if 
75 matrea, and tha angfea at B and C are 47* and 68* respectively* l^w 
a plan (soale 1 cm. U* 10 rootrcA), «Wrtte down without meaauremcnt 
the atae of the angle A ; and bv meaeunng tha plan, obtain the approai 
mate lengths of the other sidva of the field ; also the pcrpoodicular 
drawn from A to BC« 


5, A yacht on leaving harbour steers N«R. sailing 9 knots an hour. 
After 20 minutiw she goes about, atoering N.W. far 35 mioutaa and 
making tha same avepige speed al before. How far is she now from 
the harbour, and what coa^ (approximately) must she set for the 
run homaf* Obtain your results from a chart d the wheda oonrae, 
scale 2 em. to I knot 

a * # 

A Draw a right-angled triangle, given that tha hypotenoae 
a» 10*6 cm. and o ne sid e a:|5'6 em. Maahure tha third aioe 5; and 
find the value cf Compare the two reaidta. 


7* Oonatmet a ttiaode, having dven the foQowbg parts : Bas34*> 
5ai5*5cm., «»8*5cm. Stow^that there are two adutiona. Measure 
the two valttsa of «, ana also and ahiaw that the laUar*‘aie 
siiTinUiiniiinfarT v 


% In * ABC, the uaffiit Amtlf, sad hmft am. IHiutnte 

S Apoee the oeete «hwh eriae in eowet ni e tin g the trieade, «iee 
rnm^rnk dS*"**^ (Hi) saiSeK. (ie)»«K4e«. 



TH« OOKSTRUCnOK OF TKlANOUa. 
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% Two mdi, whioh catm oi Hght ot A, mw oiurHod 

ow ft ftUftiffht o&mI by bmgM ftt B md 0. Tfaft aitUnoft bftiwMtii iltft 
bHdgae k 4/ti yudB^ 9M Uift diatanoe frc»m tha oroaii] 

B k 861 vftfdft Diftw ft pkii« and by m«ftMirattiaiit < 
distftnoe tnm A to Ol 


t A to th« lnidgft 
iiftftoortftln ula 


(FroMtma^ BM€ your e^nuiruciim^ atid giiit a iAioreiM prpqf,) 

IQ. Draw an jdMoetea triangle on a Ikaae of 4 cm.^ aiul having an 
altitude of 6*2 etil* Prore ibe two aides equab ttxl meaanre them to 
the neariMit millimetre. ^ 

11. Draw an isosceles (riangle having its vertical angle equal to a 

given angle* and the perpendictilar from Ine vertex <m tiie bate equal to 
a given atraight line. • 

Henoe draw an equilateral triangle in*u Itich the itertwiiciiettlar from 
one vertex cm the o|»|Kisite side is n cm. Mdhsure the length of a aide 

to the neareet millimetre. 

• • 

12. Construct a triangle ABC tn wlucA the i>cr|wndtoular from A on 

BO is 5*0 cm., and Uie aides A6» AC are 5*8 om. and 9*0 cm. natieeUvely. 
Ileaaore • 

*• • s 

13. Constmot » triangle ABC having tlie angles at B and C equal 

to two given angles L and Id, and the pcr]wnaicular from A on BC 
equal to a given One P. a 

f 

14. Constmot a triangle ABC (without protractor) having given two 
angles B and C and the side 5. 

15w On a given base construct an isosceles triangle having its 
vertical angle equal to the given an^le L. 

16. Construot a right-angled triangle, having given the length of 
the hypotenuse c,*and Uie sura of the remaining sides a and*6. 

If cec5*S om., and^ o4-6 at7*3 om., find a and b graphically; and 
caBulate the value of ^ 

17. Construct a triangle having given %he perimeter and tlm angU* 
atthebftee. For example, ciHh6-resl2 cm., B«70^, CabO*. 

e * 

i 3. Constmot a triangle ABC from the following data : 

» « 5 4- ess 10 cm.', obd Bsfgf. 

Meeanre the lengths of h and e» f 

19. Cbnatmet a iariangle ABC from the following data : 

* u»l eoL^ e-*5«lcm«^ and 8^55*. 

Ideaem the lengths of b atid c. 



oioiiBinr. 


8 « 


tax oonmtvonoK or xD^oncumUiA 

It liiui been eheim th«t tbe ehepe and eiBe of • triaitrie are 
OMDidetdy detemioed vivin the Imgtha of ite three aidse are 

S fven. 4 $oadrilatml«howerer,iaiioteoinpletel 7 detemined 
f the kHi^hi of ite four eidee. Prom vW followe it will 
anpear that;Ew indmendent data are Mooired to oonetniBt a 
qnadrilatei^ 


Problem 11. 

0 

To emthvd a qwiiriiakial, gim, the lengike of the four eielM, 
tt$ui one angle. 



liOt a» II, ^ cf be the given ^gths of the tides, and A the 
angle betMreen dte mdee equal to a and d. 

« « 

OosatradUM^ Take any strught line ^.and eat o8 from 
it AB equal to a. * * 

Make the 4 . BAY equal to tbe lA. 

From AY out off AD equal to d. 

With centre D, and radiuac^ draf an are of a circle. 

With centre B and radius 6^ draw another arc to cut t{ie 
fffinnefBtC. ^ • 

Join ot; Ba 

* » 
tlteoABOO is the required quadtilateral; forWoonataniction 
the aidaa are equal tioa,h,e,d, and the 4.OAB la equal to the 


OOKffmVCttON or QOAORILAmAU. 


m 


la. 

To oomtnut ttpmtOelogrm haxiM given two eub'cemt sidei <mi 
Ooindvdeierngle, 



4 

Let P and Q be the two given etdoe, and A the gi\ta angle. 

• 

Oonstraetifln 1. {H’ilh mler ami cmnjm'^fg.) Take a lino 
AB equal to P ; and at A make tho l 9Ab equal to the L A, and 
make AD equal to Q. 

With centre D, and radius 9, draw an are of a circle. 

With centre B, and radius Q, draw another arc to cut the 
former at C. * , 

Then ABCO is thp required par*. 

Ftoo£ * Join Da 

In tho A* DCB, BAD, 

1 . DC = BA, 

CB^.Ap, 

and DB is common : * 

• the ^.CDBr-tbc lABD ; • Theor. 7. 

audjthese are alternate angles, 

DC is par* to%B, 

Also DCnnABy 

DA and BC are also equal and paralleL Theor^ 20. 
ABCD is sfpar*. 

dSnstnidUoB 2. {fFiA ut •mares.) Draw AB and AD as 
hefMjB ; then witii set squares fnroug^ 0 draw DC pai*to AB, 
and throuj^ B draw BO par* to AD. ^ 

Bjr oonatructhni, ABCO is a par* having the required part*. 



88 


OKMiRKT. 


PROBLIM 1$. 

8 » 

To eooalruet a ifimre on * given eiin 



Let AB be the given side. 


Odnetnietion 1. (Iftthmli^ttniempasiifn.) At A 
perp. to AB, and cut uiT from it AD equal to AB 
With B and D ae centreis and with radius AB, draw 
cutting at 0 * 

Join BC, DC. 

Then ABCD is the required square. 


draw AX 
two arcs 


Proof, As in Problem 12, ABCD may be shewn to be a par" 
And since the l BAD is a righC angle, the figure is a rectangle 
Also, by fonstruction all its sides are equal. . 

.*. ABCD is a square. 


Oonstmetion 2. (/TtM eei eqwtm.) At A dnw AX perp. to 
A& and out off from it AD eousl to AB. 

Through D draw DC par to AB^ and through B draw BC 
pel* to AD meedog DOnn C. *Z 

Then, by eonsduotion, ABCD k a rectangle. (Def.Xp<8eo6.] 
Also it MB the two adjacent' idea AB^ AO equsL 
.*. it is a square. 
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snaotstBL 

On mm OonmMvnon ot QuAratLAtsiutA 

1. Draw rbogAbiu mh of whose sidee ii CKUUk! to e giir«m itreighif 
line PQy wliioh is also to be one diaguna^of the ngure^ 

AieerUin (without meaeuirtiieni) the nutnlior of de^WM in each 
aagley giving a reaeon for your answer. 

• f * 

2. Draw a •qtOkte on a side of 2 5 inohea Prove theoretioally that 
iU diagonals are vqtial ; and ^^mt'tafinrtng the fiUannaU to the iieamt 
hundredth ol ioeh test thtAorrcc^tness of your drawing. 

3. Construct a i^nare cm a diagonal of 3 (f, and nieaaure the lengths 
of each side. Obtain the average of 3*our rt^sults. 

« 

4. Draw a narallelogram ABCD« having given that one aide 

AB^5 *5 cm., ana the diagonals AC, BO arc 8 cm. , and 6 cm. respectively. 
Measui^ AO. » 

% 

5* The diagonals of a certain quadrilateral are f^iiual, (each 6 *0 cm. )» 
and they liiseot emu another at ap atiglo of (S0\ Shew that yfrv Inde* 
pendent data are here given. ^ ^ m 

Construct the quadrilateral. Name its 8|K*(‘ieH i and give a /ormol 
proof of your answer. Menhure the perimeter. If the angle between 
the diagonals were increased to 9(l\ by how much per cent, would the 
perimeter be inoreased 1 • 

6. In a quadrilateral ABCD, 

AB«5'6 cm., BC:&2'5 cm., C0«=4‘0 cm., and OA«3'3 cm. 

Shew that the shape of the quadrilateral is not ai^ttled by these data. 

Draw the quadrilateral when (i) A^30% (ii) Asfiff . Why docs the 
construction fail when A 1(KF ? 

Determine grilphically the least value of A for whidh the con* 

ftruotioD fails. 

• 

7* Shew how to cfinstmct a quadrilateral, having given the lengths 
of the four sides and of one diagonal. *tVhat conditions must hold 
among the data In order that the problem may he fMMsible? 

Illustrate yonr oietiiod by (Ibnstruoling a quadrilateral ABCD, when 

iU) BC«1T, CD«^*5^ pAf^2*8^ and the diagonal 

B9ssp 2*3'^, sMeasure AC. 

(ii) AB»3*d em.« BC»77 cm,,JCD^Zii cm., DA»5*1 cm.f and tha 
diiqflna) AC«8*3 cm. Mesaure tie angles at B and D« 
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<aK>iinKi. 


UOCl 


tmmrm. Tb« locos of a point is tbftjpatli trared oat 
hf it when it movoii in aoconiance with soine^ven law. 


JSjeat^iU 1. SnppoMt tbi* {Mint P to liave m> 
thAt Its dinUmoe fnmi a fixed mint O » cmHant 
imy I eeiitimetiv). ^ 

Then tbe Ickiiia tif P jc I ha otr<«um- 

(ertniee of it oirolu wh<i(ie centre ix O ami radiui 
1 om* 



JfoofM/iff* d. the fititit* P 

0 movcfi at a eonsUnt chwtaiKHt (my 1 cm. ) 
from a fixed xtraight lino AB. 

tlien the locuA of P i» ime in' other of 
two atraigtit Iuum {wirHlhd W AB, on 
either tthlet and at a diatanoe of I cm. 
from It* 



Thus tbo locus of a mintp/noving under lomo given con* 
dltioti* ooiiaiata of*thc line or lines to which the point is 
thorehj rwttrieted ; imvided that the condition is satisfied by 
eveiy point oasuch line or lines, and by np q^her. ^ 

When we find a series of points ^^biefa satisfy the given 
laWp ami through which therefore the nioviiig point must pum, 
tre are said to plet the looiui of the point 



wa. 


•1 


PfiOBLKK U, 

111) JM Ihe heti «/ a point P vAH mem m (hat ^ ditlimu 
from tuo fyudpeink A am B ar« aiwapi tgml to om aipillur. 



Here the point P moves through all poMtions in which PA - PB j 
one position of the moving point is at 0 the middle point 
of AB. * • ^ 

Suppose P to *be any qther position of the moving point : 
that IS, lei PA- PB. ^ 

, ^ Join OP. 

Then in the A* POA, POB, 

PO is common, 
beei^se- ' OA-OB, 

(and PA- VB, hy hyfiothcsis; 

, the^.POA--the^POB, ,Thear.1. 
Hfnce PO is perpendicular to AB., 

That is^ en»y feint P ^th is /^ilsstantfrm A and Bhee m 
etraiffht line UMctiny AB at right <tngle«. 

Ukevise it may be proved that every point on the perpmi' 
dinlar Uiroagb 0 is equidistant from A and B. 

^ '^Thit line is therefo^ the’ ro4uired locus. 
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oaomniY. 


PSOBLKK IS. 

^ To find the loeiu of a feint P uMA mone^K that U» parpen- 
Heutar dtimmees from im metn straigM linet ABl 00 etre eqnal to 
monoth*. 



Lot P bo any point such that the perp. PM «• the perp. PN. 

, Join P to O, the in^^ction of AB, CO. 

Then in the A* PMO, PNO* 

( the L' PMO. PNO are riahl angles, 
tho liypotenuse OP is^ionimon, 
and one side PM >-oue side PN ; 

tho triangles are equal in all rospeots; Huor, 16. 
so that the L POM « the L PON. 

Hence, if P lios within the^ BOO, it must be on tiw laaeclor 
of that angle ; 

and, if P is within the^^AOD, it must bo en the laseciqr of* 
that angle. 

It follows that Ihe required locus is the pm of Unss vhkh bisset 
the angles Uttcesn AB and CQ. 



INTD^UCTION OF LOCI. 

TkB metbod of Loci may be u$ed to find the position of n 
point which is anbjeot to two conditions For correspondioff 
to each condition there will be a idritn on which the required 
potnt must lie. Hence all points which arc common to these 
two loci^ that is^^all the wants of intersei^tion of the loci» will 
satisfy both the ^ven conditions. 

Ksjiui>li To find a point f^uidinfant from ihm ffitHin poinU 
A, Ot which arenotin tht same tUnwjht Itm. 

(t) Ths k)cus of peunis eqnUhAtaiit ftqni 
A and 6 is the straight lino PQ, wlurl^ 
biseuis AB at right angles. 

(ii) Similarly, the loeus of ]> 0 }nts f<riui* 
distant <roin d and C is the straight ime * 

R8 which biseeta BC at right andee. * 

Hence the point eommoti to PQ and R6 
must satisfy Doth condt turns: is to .. 

•ay, X the point of intersection of PQ and A 
R8 will lie equiilistfut from A, d, and C. 




Exami*l.b 2. To couMmet a tKmgk, having giwn the boH^ the 
altitudCt and the length of the median wkirh Ineerte the base, 

Ijot AB be the given base, and P and 
Q the lengths of the altitude and median 
respectively. , 

Then the trianglp is knoara if its vertex 
is known. % 

(i) Draw a straight line CO parallel to 
AB, and at a distance from u equal to P ; 
then the required veper must he on CO. 

(Ii) Again, from O^be middle point of * 

AB as centre, with radius equal to Q, 
describe a circle : • 

then the required vertex muet lie on thie circles 

Hence any points which ai% common to CD and the circle, satisfy 
bcjm the given conditions : that is to say, if CD intersect the circle in 
EyV, eaw*of the points of intersection might be the vertex of the 
reqalrod triangle. This supposes Jthe length ol the median Q to be 
gresAsr than the altitude. f 


P- 

Q- 


it may happen that the data of the problem are so related to one 
another that the resulting lod do not intemoct. In this case Ihe 
prohieai to impossible. 
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mman. 


Ok, In on the Inteneetkm of lioei the MudeDk 

•Iiottid maho a point of invetttoattinc |lie relatiom which mutt 
exiiC 'ainoi^; the data, in order that the problem may be 
poMible ; and he moat obaerve that if under certain relations 
fico aoluttona are poaaihle,«and under other lulationa no solu- 
tion exia^ there will always be eome wltmeiiatt relation 
under which the two solutions combine in a single sedutum. 


ZXAUnJCS ON uioi 


1, Find the locus o{ s uchnt which inov^os so thut its distance 
(tteasured rndtally) from the eircumff^rcnoe of a given circle is ounstaiit. 

2* A point P moves along a straight lino RQ ; dnd the position in 
which It IS eqttidjstsnt froth given points A and B. * 

A A and B are two fixed points within a circle ; find points on the 
circutnfercooo oquidistaiii from A and B« How many such iKiinta are 
there! ^ ^ / x-' 

® 9 

4« A point P moves along a straight !ine RQ ; find the positiem in 
which it is equidistant from two given straight lines AB and CD. 

A A and B are two fixed points 6 cm. aj^rt. Find by the method 
of kwi two points which are 4 cm. dinuiut from A» and 5 cm. from B. 

A AB and CO arc two given straight lines. Find points 3 cm. 
distant from AB, and 4 cm. from CD. flow many •olations are there ? 

7. A straight fta| of given length ahdee between two straight 
rulers plaoeil at right angles to one another. 

Piid Uie iocus of Its middle |x>int ; and ahew that thia looua is the 
fourth part of tlui circumference of a otrc*le. f8eg Problem 10.] ^ 

A On a given baas aa hypotenuse right *ai)gled triangles are described. 
Find the locus of their verti<a*s 


A A is a filed point, and Uie point X moves on a fijced straight 
linaBC. w- i- I 

iH«i the loens of P, tha middle point of AX ; and mm the loci^to 
Imaetcaight llnepsraiMloBC. . ^ ^ 

lA A Is a fixed potot» and the X Mvas on the oiioumfeiwiioe 
of a given olrole, 

jpfioi the ioeus of P, the middle poiat of AX; end press that tws 
koiMi is a eirdli. (Bee Kjl A P* fid] 



XXAMI^LIS OK LOCt 


11, AB it « gim ttrtigbt Uii6« tnd AX i« tlio Mmudiottltr dr*iim 
ffom A to tny tmiglit lia« tMMiiing through B. If BX rtvolv^ uUmi B| 

th« Ictmt of m middUt of AX. 

12. Two tlmigbt Ilnet 0X« OY out at right tngh)*, tfid from f*, m 

S jitiit within the wogle XOY« ptr(M»i<lit*uUini MM, PN are drawn to 
X« OY m|ieotively, Plot tiie looua of r when 

(i) PM ^ PN it oonitant ( 6 om. , «ay) s 
(U) (JIM - PN it ct»iittant ( rm*, nay). 

And in eaoh cate |ive a theoretical proof of the retull you arrive at 
experimentally. ^ , 

13. Two ttraight lines OX, OY inU>isi^t at right aiiglet at 0 1 and 
from a movable ptnnt P pcrtioudiculart PM, PN are drawn to OX, OY. 
Plot (without proof) tlie loouiK of P, uhru 
(i) PM-.2PNn 
(ii) PM*3PN. 

14. Pind a point which ta at a given diiAanro frcan a given 
and it e^iuidittant from two given fiarallri Itrntght lincH. 

WL4<n does this problem admit of two aolutioiiH, uhrti of one only, 
and when la it imp<Msaible? * * ^ 

15. 8 ta a fixed> point 2 iiiclica diatant fnmi a given straight line 
MX. Find two pointe whioi/ arc 2jf iitohea diatant from 6, aiul alao 
2| inohea diatant from MX. t 

10. Find a aerioa of points oi^uidiatant from a giv<m (loitit S and 
a given atiuight line MX. Draw a cuivu fi'^ hand losing through aU 
the points so found* 

17. On a given Jbase oonstrnct a triangle of given altilude, having 
Its vertex on a given straight line. $ 

» 

18. Find a point oquidiataiit from the three aides of a triangle. 

19. Two atraiglv^ lines OX, OY out at right anglcfs; and Q a*id R 
are ^inta In OX aM \)Y respectively. f%>t the locus of tlie middle 


point of QR, when 


(i) OQ-f OR constant. 

(ii) OQ- OR » constant. 


» 2pi S and 8' are two Axed ^inU. Find a aeries of pointo P such 

^ (i> SP+S'Pwoonat^t (say 8*5 inohea). 

(Ii) 8P«8^P»oana(|Mil(8ay 1 '5 inch). 

Zn each ease draw a onrve Awelmiidf passing through all the pelutc 
sofWid. 
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OaOKSTBT. 


ON Tm cosaawmtm or mnuioar unss hr a tmanou 


L TA# perpendifu/ars draum to tke suJUs of adriangU from Ouir 
middle }Hdni4 art wnturrmU, * 

Let AB(Mk» ft A, And X, Y, Z the miildle 
poinU of ite ftkies. 

From Z and Y draw perpa. to AB, AC, 
meeting at 0, J^oin OX, 

It M rcuumd to prow thai OX h jSrp, 
to BC, « 

Join OA, OB, OC. 

feoof. Ihrauee YO jnWta AC at riglil anglee, 

/, it i« the looUB of pointa ociiiUiiatant from A and 0 ; 

.. OArOC, 

Again, Wauee ZO hiadlrta AB at rigiit angles, 

•*. it IS tlio locus ofV>ii)ts eriuulisUiit from A and 6 ; 

OA- OB. 

» Henoo 06t»0C, 

,% 0 is on the h»cus of noiitts A|uulistant fr^mi B and C ; 
that is, uX in |ierp, to BC. 

Ilenoe the parpeudioulars from the mid-points of the sides meet at 0. 

« Q.&D. 



II. Tkt himtort qf tht onp/fs of a trianpfe are concurrrfif. 


Let ABC bo a A. Bisect the A* ABC, 
BCA by straight lines which moetiftt O. 

Joift AO. 

/t u retired to prot^ that AO bimcfe the 
4» EiAO* • 

From 0 draw OP, OQ, QR perp. to the 
•Ides id the A. « 



froof. Because BO bisects the /.ABO, 

it is the liigpa ol points enuids^tant from BA and BC i 

OP--- OR. ^ 

Similarly CO is the loans of points muidistant from BC/md CAJ 
*\ OBs®OQry 


Hence OI|fOQ. « 

A 0 ia on the loctis of points equidistant from AB and AC t 

thatiii OAisiliebumotor of the abac. * 

Henoe tlm Idseotots of the anglea meet at O. 



rm COKOUtUUENCE Of LINKS IN A THIANaUL 97 


m Them^dirnst/atriaifgftmre e4mrurnmi. 


Lot ABC bo a A. 

BY and CZ be two of its mediane^ aiul hi 
thorn iiitorw^t at O. ^ 

Join AO. * 

and pnidiiri' it t<i moot 6C in X. 

// M re^Aim/ fo aAfU^tAo/ AX nr th* >ymn</intr/ 
medwi<^ tke 

Though C draw CK paraUt I to BY ; 
produoo^X to nu't*t OK%t K. 

Join BK. 



Proot In the A AKC, 

bcK^auflo Y ia tho iiiiddh* iMntU of AC, and YO la ptirath^l to OK. 

O 18 thr* niiddlr* pun.l of AK. ih*or* lii 


A^^ain in tin* '.ABK, 

« ainoe Z and O an* th** middle of AB, AK» 

, *. ZO in ptiruUW tr» BK. 

that 18, 00 IH fK’italh 1 to BK, 
the BKCO * * a i»nt***. 

But the djiitfoiialH of aawu-*** om ‘iiiolher ; 

. . X iH jKiint oi BC, 

That 18 , AX tH a mrHhiin of the * *. 

Hencre the throH nir*r{miH at the {Miiid 0 Q,K.U* 


DicriNmox. The point of iiiteriK'etJoii of the iio^drariH la called the 
Mitroid of the tniuigh^ 


Corollary. The thrfe medintts of a trian^t ht on** nnothrr ai n 
pohd of trmciUniy tW gnaltr mjm cut in ^nrh tonurda thf witjvhr 
jMinL ^ 

* m For in tlfe Obove fi>;ure it \ui» fN>en i>iove<l that 

AO-OK, 

alao tha\ OX in half rtf OK ; 

.% OX IK half 4ft OA ; 
that 18 , 0)^8 one tVynl of AX. 

SitntlarW Oi ia one third of BY, 

and uZ is one third vf C^. q.e.i>. 

• e 

By meana of this Corollary it auy lie ahewn tliafc in any triangle 
the jhtirter median bieecta the greatfr side, 

NPbTR. It will be proved hereafter that iMa perp^ndi^^u/ar* draim 
/fvm the vertieee of a triangtt to the oppoeUe Mee are concurrento 
1 L 8 .IL D 



oBonny. 


lltiiCEtLANfiOUS FiiOBUmS.. 

♦ 

(A (Jwritkal proqf i$U>he givm m mch am,) 

1. A if a giv«*n |)ohit» fnd BC a givaii ftraightfline. From A dmw 
a iftraight Hue W mako with^C an angle equal to a gi%'eii angle X« 

How many «uch linew oati tw drawn ? 

il Draw tlio tiiiHWior of an angle AOB, wiiho&kafing the vertex 0 
in your rotistniction. * * 

t % 

S. P is a gi%*eu point within the angle AOB. ll^w through P a 
straight line terminated by OA and OB» aad bisected at P. 

4, OA, OB, 00 are t]ir<*o strai^t linos meeting at 0. Draw a 
transversal teniiinated by OA and OC, and bisected by OB. 

5. Through a given pnnt A draw a straight lino so that the part 
iuterocpied txitween twogij^en ]4iraIUds may im of given longtru 

When doi^s this pixiblem admit of two soiiitioiis? When of only one? 
And whvii is it imp<»Hsible? ^ 

d*. In a triangle ABC inscribe a Rhombus hav^g otic of its angles 
coinciding with the angle A. « 

7. Dso the iNToperties of an d^ttilatera| triangle to trisect a given 
straight line. 


(Obnafruefton qf TViangfea) i 

s 

k. Construot a tManglo, having given 
(i) The middle points of tlis tliroe sides. 

(ii) Thu lengths of tw^ sidec and of the nlbdiSui whieh faisso4t the* 
thlixisidu. ^ 

<Ui) The lengths of one side and the modians which bisect the other 
two sides. 

<lv) The lengths of the three inedia!is» 



ARXAii. 
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PAET IL 


ON ABEAa 

OKFINITtONH. 


^ 1. , The altit])ile (or heiglit) of a {utnilMograin with refer- 
ence to A giveif side ah ‘ base, ie tiie pi<r{H*iuIu’iilar (iititance 
between the luen and the#p{)oeit« sido. 

3. The alUtude (or height) of a triangle with refurenco to 
a given (side as base, io the pcrwiidieitlar diatance of the 
opposite vortex from the l>aiH\ , 

Notk. It IB clear tliai pf%raihfogram9 or whuh art htimm 

the tame para/ft U have the mme ulfUudt* 

• 

Koi let AP and DQ Ito the altt 
tudtts of tlko A* ABC, DEF, whioh 
Hre betwoeu tho same iNtrdllclB Bf , 

OH. ^ 

Then the iig. ARQO is e> ulcntly 
a rectangle ; • 

/. AP^DQ. 

9 

3. The area of a figure is the amount of suifoce contained 
within its bounding lines. , 



a P C Q E F 


4. A snuate inch is tht at-ea of a 
square drawn qn a side one inch in 
length. 

4 



5. Similarly a equate oftntimotre is the area of 
a square drawn on a side one centinmtr^ in length. 

» 


rs,:i 

cm. 


Tl» terms »guare yard, tgvare/^, tquare mtn are to be nndentaui 
m tlMT taino aensc. * 

8. the tmit of am is the area of a square ou a side 
of unit lengths 
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OKOMKntT. 


TuiiOfunf 23 . 

Atm of A netutAo. If the number of units t'n the lenyth of a 
reelonyh «? multi/^ied by ike number of units m Us breadth, the 
ffodvet yim the number of snuare untit m the atha. 



Lit ABCD ropivscnt a rectangle wIkmo length AB is .5 feeU 
and whose bieadth AD is«t feet. , 

IH vide AB into .*> equal ptirts, and BC into 4 equal parts, and 
thn>ugh the points of division df each line diaw parallels to 
' the uther. * #• 

The rectangle ABCD is now divided into compartment^ 
each of which represents one square foct. 

Now there are 4 rows, cai‘b containing 5 squares, 
the rectangle contains 5x4 square feet. 

iSiniilarly, if the lengthen linear units, aiijl the breadth <■( 
linear units • 


the rcftanyU eonbitns ah units of area. 

« • 

And if each side of a square a linear unit^ 

the sf/uarr \ontatns ti? units of\ren. 

These statements may Jie thus abridged : 

the area of a rttkenyle » length x breadth (i), 

the area of a (ii). 


. ‘ t 0.1S.D. 

CoROLLARlKA. (i) Jteeiangltd whtdt have egual kngthe^ and 
efual breadthe have et^uit areas, 

(ii) Beekmefiet vhieh home ejpiaf areas and egual lengths Kan 
atea egual hsuadthsL. 




ABSA or A TRUKQLS. 
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NOTATION. 

The rectangle ABCO is said to l>e eoatalned by AB, AO ; for 
these adjacent si les fix its size ami shape. 

A rectaugle whose adjacent sides are AB, AD is denottal by 
net. AB, AD, or simply AB x AO. * 

A equate drawi, on the side AB is denoted by .y/. on AB, or AB''. 


KXER('tM5S. 

{Oil Tahhn oj Lfittjtk t^nd 

1. Draw a figiiro to nhow why 

* (i) 1 H<j y4nl-'3®8Ki. 

(ii) I w\, f<M»t iiu h*‘M. 

(iii) 1 Hq. cm. ‘ mj. mm. 

2. Draw a to that the Hc|uart on a Rtiai^'hl line iS four • 
tiniea the mjuaie on half tiic hue. 

JJ. Us« M{uaml paper to hHcw taat ihc 8([U.in* on 1'^. timoii tlm 
ftquaro im (1*1". 

4. Jf V repn^FientH 5 rnilo!), nhat an area of U lujuarc inches 
represent ? 


EXTENSION OF THEOKKM LM 

The pro«)f of Theorem iKf here gi\en Hui>i«>HeR that theVngth anil 
* hres^lth of the givefl r«t;tangle an* expicsHcn whU* nhtnhrrH ; l|Ut the 
formula ht^cls giKid w'hen the l(*iigth and hreaillh are fr<if*ttonal 
This may he illustratod thus : • 

Huppnse the iength and hreawlth are 3*2 cm. and 2*4 oni. ; we shaU 
shew that the area )s (<3*2 -f 2*4' *Mp cm. 

For length a 3*2 om. - 3*2 mm. 

breadth ss2*4 cm. -24 mm. 

/• areasK (32 x 24) sq. t im. =r «q. »*m. 

sr(3-2x2*4) sq. cm. 
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OlDOIIKniY. 


EXKKCISK8* 

« 

(On tki Arm a Heelanfft€,)i 

Draw on tquAml pnper iIm mUnglen of wlitoh< tho trnigih (a) and 
briMidtli {b] «ro gtvim t)«low. UilouUto the *m«, and verify by the 
oetuel oounling of equaroe. 

I, % a-A' 5 \b^ 4 r. 

8, a-O-ir, b^sy. 4. «:r2y*tsl-4*. 

». a * « 5r, fr = j y. *«i a r I -e-, b^'i-v. 

OalnuUte the Jir**aii of tlio recUnglee in which 

7. o 1ft tttHroe, &*-ll motrtsf, 8. oa. 7 ft*, ^=72 in- 

9. a *1 2*5 km., 5-4 m<»treii. 10* u - J luilo, 62-! inch. 

II. The ert^a of a rrulariglo le 90 eq. cm., ami it» length* ia 6 cm. 
Kiml the bread til. Draa tk« icctanglo oti m juarod <{iaper ; and verify 
your work by counting the iic|uarea. 

12 Find the length of a rcctadglc whose area ia 8*9 aq, in., and 
bmaath 1*5^ Draw the rectangle on equared pa|g)r; and verify your 
work hy ooiiiituig the squares. , 

18. ii) When you treble the length of a rectangle without altering 
Its biemhh, how many tiince do you niuUtpiy the ana? 

(ii) When you tn'blo both length and breadth, how many times do 
you multiply the area ? 

Draw a figuro to illustrate your answers ; and state a general rule. 

i 

14. In a plan of a rectanguCar garden the length and breadth 
are and 2 5*, one inch standing for 10 yarda Kind the area of the 
garden. • * • 

If the area ia increased by 900 sq yds., the brfadth remamiiig ihe^ 
•ame,^wliat will the new leagth licT And bow Ihany inches will jApre 
eent it on your plan ? » 

• 

15 Find the area of a rectangular enclosure of whieh a plai^ 
tseale 1 cm. to 2tk metres) moassres 6 5giiii. by 4*5 cm. 

1ft. The an*a of a rectangle is 1440 sq. yda If in a plan the sid(*f 
el the reotangle are 8*2 cm. and 4*5 oin.» on what aoall is the piar 
dmwnT j 

17. The area of a reotaiigular field Is 52000 sq. ft On a plan ot 
this, drawn to the scale of T to 100 lt» ths length » 8*25*. Whdt 
thebf^th! 



OH ilHCTAN<U.Bii. 


10 $ 


OblotiUtci the areiui of the etieloeureit of whif h ihIaim nre given Uelrtw 
All tfiglea nre^ right angle b» and the dunonautim an* troirkcvt tn f«*et 

w u [ 1 « 

‘ -"g - y ^14 


r-' 


'Ft 

5 r- ^jT 


3 


40 - 


34--* 

-54 fi 


CaUulate the aieae n pniMmUil h^ tin Khmiul luiU <»{ the hiUoatug 
plana 1 he dinii iihiudh ai n mai ked in f< 1 1 



I 


WWlh • f a)i» IH \ior 1«t 

ik * 


a lit! )f •»» 1 1 »tl Wdw 

tiutf Tll» 4 (t 
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CSONn-RY. 


’ Tmrorrx 24. [Euclki I. 30.] 

PonlklMfntm m ike mm ham attd hdvcem the mm pwraJkU 
an rgwti hi ana. 



the fmr^ ABCD, EBCF be on the same base BC, and 
between the mine {ku-** BC, AF. 

H u rrqnirtJ tojmtrf that 

the jHir^ ABCD the jmr^ EBCF t« ana. 

t 

Proof. Ill ihe.'*FOO, EAB, * 

f DC -» the opp. aide AB : Thrar. 21. 

bccaiiRC I the ext l FDC - the mt. ui>p. _ EAB ; IView. 14. 

(.the iiit tDFC»-the ext ^AEB; 

.-. the (' FDC -the EAR Them. 17. 

Now, if from the whulo fig. ABCF the APDC is taken, the 
remainder is the {lar" ABCD. « 

And if from the whole fig. ABCF the A EAB is taken, the 
reradindcr is the |)ar* EBCF. ^ 

.'. thes^h roiuaindors are equal ; 

that is, the par” ABCD - the par” EBCF. Q.E.U. 


KXKRCiaK. 

Ib the atnwe the «d«« 1 d, EF oveiUp. Draw diagrams in 

whieh (i) three sides de not overlap ; tii) the ends E and D ouinoide. 

(to through the proof with these diagrams, and asoertain if it applies 
to them witoont ebaage. 



AIUU8. 


105 


THK ArRA of a rARAlXEIAWlUlf. 

liOt ABCD be a {mrallelo/inAin, 
and ABEF the reotAtii^le on the 
same Imuh< AB *an<l of the eaina 
altitude BE. 'Fheii by Theorem 24, 

ann of A^CD = aroji of reefc. ABEF 
** AB X BE 

CtBKit.l.iUY. Since thn area »)f a {uiralleloj^nin depends 
nnlFOn ith liaxu and aitUiaie, it followa that 

faritlUlo<j»am on oqual ami Aj >i(mil aUitndts hn x^nal 
tn ami, ‘ 



nXK^'Isjx 

* (iViiwtCaa/^ond <{ritj,hirat ) 

» 

L Find the ait'a of ju nhw h 

(0 tlo' hi8<‘ K) «1 tin , and the h«Mg)it 4 cm, 

(n) th(* 2 4 , and the ht'i^hl^ ] o*. 

2. I>ruw u }iarant<]i»}jitim ABCD having Hivm AB 24 ", ADs**lJ", 
ant) the ^A >Cr»*. l)ra>A and iiitaiturv the |k t(»4 iidn uUr fioiu D oft Ad« 
ami hem‘C calculated he a^ipioxirnate |in?a. VV hy apfirorimate ’ 

Apfdin cal(‘uUt<' the area fioni the length of AD And the pei*j)t'n<in ular 
on It fiom B. Ohtujn the ot ihr nsuiU, , 

» Two ml jacM^ntf ^ I arallelogranyre 30 ineti en and 2*'> metres, 

and the iiKludtHl angle is 50*. Draw a plan, 1 out. roprm^nting 
5 and hy rncaHitrftig each altitude, make two iudf*pcndeut 

oalculationB of the area. (li>e the avrragi**reKuii. 

4. The area of a parallelogram AB6D is 4*2 wp in , and the liase 
AB 18 2'H". Find the height. If AO *2",, draw the paiullclograin. 

• • 

5. Each side f>f a rhoinhus is 2",aiid its area ih 3 SO sq. in. (Jalculata 
an altiittide. Hence draw the rhoi^bus, and measure one of iu acute 
angles. 


n2 


BJkO. 
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aHuMrmv. 


Thkiikem 25.^ 

. ' 

Th« Thearfaofairkmffiei$hatfthewm 

i>f thf trttiintflt an the Mine bast and hanuff fht ,^nit aiHtwit. 




ABC br* u triniijtlf, and BOEC a rectangle on t}ie same 
baac BC and with the urie altitude AF. 

!t $g tffinrnt to {awt that tbo /k ABC is half the redangk BDEC. 

9 

Itoof. Since AF is p<>rp. to 6c, each of the figures OF, EF 
is a riH'tangIc. 

Hecaiise the diagonal a 6 hist'cts.thc rectangle OF, 
the A ABF IS half tho rot'tangle OF. 

Similittly, the A AFC is half the rectangle FE. 
adding these results in Fig. 1, and taking the differenee in 

Fig. 2. 

the A ABC is half the rectangle BDEC. 

Q.B.P. 


CniuiLURT. J triangle is half anp paralMoffrm on the same 
im and brtuwp the same paralUh. 

FerthsAABCishalfthsrMtBCEU. ^ ^ 
And Ihr n*ct BCEO ^/iny pur* BCHQ 
0n the wme htumit and between the «ame 

the AABC is haU the pnr^BCHQ. 


G HO AE 


Auua 
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Tmt A«CA OP A TMAMOUt. 

If BC And AF rospectivdlf contain a units and p units of 
length, the rectongle BOEC contains op units of area. 

the area of the AABGn^af units of area. 

This result may 1 m stated thus : * 

Arfilof c Triangle ■> } . base x altiiude. 


BXERCLS1» UN THK AKRA UP A IRJANUUC. 

(S*vmfricaf and 

1. Ctflculato the ar>*M of the triantB^hifi in whteh 

* (i) the bMo^24 ft., the huifflit . 15 ft. 

( u ) tho*baf»o 4 ‘8*, the li* iglit - 3 '5''. 

(ill) the beae A KiO metric, the bi*igiitn I *25 metreit 

2. Draw Inanglest from fJltowiog tiatn. In each canr clra\f anri 
meaaure the altituae with re^oroitce to a given hhIc hm hoao t hence cal 
culato the approximate ari;a. 

(i) a ' S 4«ein., 6 ^ ^ 8 cm., r 4il cm. 

(n) b- 5*0 cm., c-s-tt'H cm., A .(tV. 

(ill) a~8’5 cm., C - 78*. 

3. ABC is a triangle nlf/fbU’anffffd at C ; Mh<*w that ita area ^BO x CA 

Given as:6 cm.,%A5 cm , calcula^ the area. 

Draw the tnangie and mcaauro the hypotemw/r ; draw and meaatire 
the perpendioaSar from C on the hyp<»teimbe ; hcuoi cajeulate the 
approximate area. 

* ^Aito the error in .i^mr approximate nxvilt, and cxpiesa it ax a per- 
centage of the true value. ^ 

4. KsMfieat the whole process of Uic lalt rptc^tHm for a right-anghid 

triangle ABC, in Which as;2irazHl bssi l}*; C being the right angle 
as before. • * 

5. In a triangle, given t ^ 

<l) .ArA-ROsq. in., base si ft. 8 in. ; ealcnlAte the altitndfs 
i^i) Areae;10*4sq. altittAiea^l'6 cm. ; ealculatt^ the Iamc 

6. Omstroot a triangle ABC, having given aa3*<r, 5 j:2*fr, 

Draw and measure the perpendicular from A on BO ; benoe calculate 
the approximate area. 
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QBOMICmV. 


k TllKOKfiai 26 . (Euclid t. 37.1 


TriangU* m thf »am bm and fttfwivn thn fame para!lii$ 
{keiace, of tfu wtw attttndf) are e<iml mi 


arm. ^ 

Iitit the /’ABC, OBC W on the 
lumc h»M> BC ami hotwmi the mune 
I»r*’ BC, AO. 

It M U> jrrare that ^ 

the \kBC' ihe.\QBCtnarea. ' 



Proof. If BCED ia the r(H‘tMni;le on the iNwe BC, and 
liotwcen tho Mtine iMrallcIa :i>< the triaimles, 

the ABC i* half the mt. BCED ; Thew. 25. 

almi thu .',GBC ia half the KH-t BCED; , 

the , ABC the.'.GBC. . QK.D. 

SiiniUrly, tnamjks m t<iml Ixms and of equal alHtwlei are 
, equal tn area. , 


' Tiieorkm 27, {Eucliifl. 39.] 

If tw triattfiles iu« tqmil i» ana, aiul tiand on the mine hose 
auii an thi aanu. nde oj it, fhitf an Utnyen the same paralleU. 

Ia‘t tho .'.’ABC, GBC, stanhiig on 
the aame haao BC, Ih' ectnal in area; 
ami let AP and OH Ih’ their altitudes. 

It tt’tfutt 'ed to jnort, that AO and 

BC are inti*. B F C H 

Proof The NABC ia half the reetangle contained hy BC 
amlAF; ' ‘ 

and tho .’'GBC ia ^aU tho roetanglo contained hy BC 
and OH; * 

the root. BC, AF |> the nx't. BC, OH ; , 

.*. AF"GH Thm. 23, Car. 2. 

Also AF and OH are par* ; 
bonce AO and FH, that is BC, are pat*. o.it.Di 
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XXEItClsks OM THE AEM OF A TRUNOUt 

1. ABC 18 a triMigle ftiidl XY w drawn iwmllo] to the 8C» 
cutting the other cMes at X an<i Y. Joit^ BY and CX ; and fthow that 

(i) the A XBC the A YBO i 
(iOtheABXY theACXY; 
the A ABY.-the A ACX. 

If BY and CX cut at K» shew that 

(IV) thi> A&KX. thP ACKY. 

2 Shew that a mcdmo of a tnangle di\td«‘H it iiilo two iwirta of 
equal area. ^ 

llow would you dixido a ttiiiigle uitojArr^ equal parte l})r atraight 
linee dtawu tnirn ite vrrl4’jt * 

3. Vrtnc that a paralleUigtatn ta diMihdilty iIk fli/igunnla into four 

triangles ol e<^ual grea. • 

4. ABC iH a Inangle wIioho \itu^ 6C is hindul at X. If Y ih any 
point in the median AX, sheu thau 

the ABY = ilie /' ACV hi ana* * 

5 ABCD IS a pimllelogianK and BP, DQ arc the |>oi petidieulars 
frtirii B and D on the diagojuil AC * 

Show ih.it BP - DQ 

Hence if X in any jsiuit in AC, <»f AC jiioilint'd, 

pf ovo ( 1 ) the A ADX - the A ABX ; 

^ (u) tlio A CDX - the / CBX 

6. Prove by mrana of Theoietti«*26 ami 27 4hat fhf ntmvfht (iw 
Joining fhf muiw* potuU of two ^id^s of a triangle is j^wnUrl u> tht third 
wh . * 

f • 

7* The straight Infb which joins the ncfldle iKiirits of the obltt{ue 
sides of a tra]H'/ium is paraUel to oaeh of the jhirallel Rules. 

• 

8* ABCD ts a miraUclograin, and X, Y are the middle points of the 
sides AO, BC ; if Z is any point in XY,«or XY produeed, shew that the 
Inaugle AZB is one quartet of tne parallelogram ABCD. 

9. If ABCD ts a parallelogram, and X, Y iiw pfiiiits in DC and AD 
respocturly : shew timt the tnangl|s AXB, BYu are eijual m area. 

10. * ABCO is a parallelogram, and P is any point within it ; shew 
that the sum of Uie triangles P^B, PCD is equal to half the paralleb* 
gram. 
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omwmr. 


tXEECISES ON TEt AEKA Of A TRIANOU. 

{yumeriecU tmd * 

L Tli«» »idfHi of a tnangulftr fi«UI m 370 ydi»» SX10 vds., *nd 190 
ydfb Draw a plan (wsala T to 100 yards). DraSr and moMHifo an 
altitude; Iteooa calmilato th^approxitiiato araa of tlin Held in sqtiaro 
yarcU 

2. Two aidoa of a triangolar enolostirr ar« f|^24 mattes and 144 
matm mtpeotivoly, and the inolodrd an>()r is ofaeivod to be 45*. 
Draw a plan fseale 1 cm. Ut 20 met n*a). Maks any iieosasary measure- 
mcnt, aikd naleulato Ute approxunato a/ea 

S. In a triangle ABC» given that the area*s- 0*6 sq. cm., and the base 
5 '5 on)., fhid the altitude. IfeiuH^ determine the lueua of the 
vertex A. ^ 

If in ailditttm to the ala/vo data, BAa 2‘6 cm , construct the in- 
angle ; and ineiuiun* CA 

4. In a triangle ABC/given fH|. in , and a • 3*d^ Find 

the altitmle, and the hions ol A. <jiven 6H*, oori^ruct the triangle ; 
and meaann* K 

5. ABC IS a triangle iu ahieh 60, BA have constant lengths 0 cm. 
and o om. If BC is Oxmb and 6A rclolves about B^ tracts the chunges 
in the area of (he trmiiglu as the angle B increases from 0'^ to IH(F. 

Answer this question by drawing a sories of triangles, tncreastfig 
B by imiremenUi of 90*. Find tho area in saoh case and tabulate the 
resulUi. 


( Jlteonfifal, ) 

0. If two triangles have two sides of one respe<Ltire)y equal to two 
sides of tho other, and the angles oonUinfHl by those siues ftuf/jtte* 
mrsMry, show that tfie Inaiigles are equal in area. Can such triangles 
sver he «(/m/ica//y 4N|ual ? 

7. Shew ho4r to draw op the base of a given triangle an isosceles * 
triangle of equal area. ^ 

H. If the noddle points al the tides of a quadnlaieml are joined in 
orchnr, prove that the pamfiffogram so formed [soo Kx. 7, p* 64], is hall 
the qmrilaterai * % 

9, ABC IS a triangle, and R, Q the middle points iif the sides 

AB» AC ; sitew that if BCt and CR intersect in X. the tnangle BXC 
is equal to the qundrilaierai AQXR.i ^ 

10. Two trlaugles of atnial area stand on the same base but on 
o|)posite iidss of it ; shew that the straight line joining their vertices 
IS tHseotod hg tha base, or by the base prc^laoeci 



TRfC AK&A or A TBUNUUL 111 

fTho method given bo)ow may be imiiited from a firei smarm. Ii» 
any cmmi H muot be pcMrt|KHH'd till has hern ixMul.J 

The Area ef a TslasiiAe. C?trr9i tht thm aidts of a (mn^hr 
to calculate the arda. ^ 

ExAMrr.a. Find the area a inam/U suieu Pierre 21 m«^ 

17 m., and 10 m. 

Let ABO repreiygtl the given 
tniin^le. * 

Draw AD perp to BC, anj} 
tlcnou* AO by />. • 

We shall first 6 ikI the hngth 
of BD. 

BO inotros; then 00 
c 21 - x nn-tres. 

F«»m the I ight -ai\g!s*<l AOB, 
we ha\e h> Thm'etn 29 

• AD^-AB** BO^ 1<*“ I* 

And from the right singled / ,ADC, 

AO-’. AC^ -0^ -ir (2i 4)»; 

/. I(s« x* 

100- 4*’ t 42r- t*s 



or 

whence 

Again, 


or 


' C. , 

AtJ* AB» BD=; 

Hf-O* ftJ; 

.% />-». 


Kow A rea of trivgigte . ) . hatt > alfttudt 

^ ih x21 X H) aq. m, -84 m. 


EXRKCISKS. 

s 

Find by the above methiid the aiea of the triangles, wIkmm sidee 
are as follows : • 


\, 20 ft, 13 ft,, U ft. 
3. 21 tn., 20 m., 13 m. 
5. 37ft.«30ft, 13 ft 


2^ 15 ydH., 14 y(h . 13 yda 

4. 30 < Til. , 25 cm. , 1 1 cm. 
e *r>l fn , a- m , 20 m. 


7 . 


If the given sides are n, 6 and e umf ^ m h-ngth, prove 
• rt* + r»-fc*, ... , jnNf»- »Al*. 


(hi) ^ ® i^{a + 6 4 f ) ( - rt + 6 + f) (o - b ¥c}ia ih • c)* 



iia 


OBOltCritY. 


TRB AlUU OF QTTAORIUTKBALB. 

Thborkm ms. 

To fi/iA iho ana of a traptzium. 

(ii) an^ tjuairilnttral. 

(i) l4)t A8C0 1m> s trapeaum, having 
the AB, CD parallel. Join 6D, 
an<l from C and 0 draw peqiendicvUra 
CF, DE to AB. 

Let the (Mrallel tides AB, CO measure 

a and b units of length, end let the A F B 

height C^ coiitam h unito.' 

Then the area of ABCD » /v ABO 4- .1 OBC 

*-Ja 8.DE + JoC.CF 

4M Sb 

That it, 

the area of a iraj^sium « ^ heigh) x {the i>hm of the. jHimlUl eitles). 



(ii) Let ABCD 1w any quulrilateml. 
l>ra«r a diagonal AC; and fr«>n) B 
and D draw perpciulirulars BX, DY to 
AC. These perwndioulars are called 

oflteti. ' 

If AC eontMns d anita,of length, and 
BX, DY p and g units respei'tively, , 

the area of the quart ABCD A ABC ■¥ A ADC 

-Jac.bx+^ac.oy 



Hiat it to tay, 

tha arm of a gaadrUateni!^ 


^diagonal x («itm ofe^fiets). 



IXBRCTSSS ON QUADRlLATCaALS. 113 

CXERCIRICH. 


I (A'vmcHra/ and OrofikieaJt,) 

L Flm) the area of the trapetuim in which the two perellel eidee 
are 4T and 3*3*, ahd the height 1 *5**. ^ 


2. In a quadrilateral ABCD, the diagonal AC >*17 feet; and the 
olTeete from it to B ^nd 0 are II feet and 9 ftM't. Kind the an*a. 

S. In a plan 4 bcd of a quadrilateral enrioaure, the diagonal AC 
meaaiircfi 8i2 cm., and the offtnga from it to 8 and D are .'I '4 crn. and 
2'6 cm. rtmpectively. If I dm. in the plan rt*preeoiiU 5 mi‘trea, find 
the area of the eneloaure. 


4. Ilraw a quadrilateral ABCD friim the ad 
Joining rough plan, the diniemnona htnng given in 
\nehcfi. 

Draw^and measure the nffiwaa to A and Q from 
the diagonal 6D ;,and henoe calculate thg area of 
the qui^r I lateral. 



5. Draw a quadrilateral ABCD from the 
details given in the adjoining plan. Tin 
dimeieufins am to lie in contintetut^. 

Make any necK^ssary nieaaurcnienU of your 
figure, and calculate its area. 



fi. Draw a trapezium ABCD from the following data : AB and CD 
are the parallel sides. AB ^4*^ ; AD^rBC >2" ; the lA - the 
Make any necessary mcoauremenla, and calciilslc the area. 

^ 7$ Draw a trapdzi^m ABCD in which AB and CO ’are the parallel 

sides ; and AB a. 9 cm. , CD * S cm. , and ADTjs BC ' «5 cm 
Make any necessary measurement, and pakulale the area. 

8. From the formula orra qf f/ua/U^i eftap. Kfawm qf qfieU) shew 
that, if the diagonals are m riglhl angfes, 

^ ar€a « ) {product of cAkip/pia/^). 

9. (Ktven the lengths of the diagonals of a quadrilateral, and the 
angl«^ Uftween them, prove that the area is the same wherever they 
intersect. 


ir.9.0. 



lU 


OEOMBTRy. 


THB AWUk or ANY KBCnUNEAt flOOXX. 


1** Mkthoo. a rectilineal fi^ro 
may U* div tiled into triuigliit wncne 
areas can bo separately calculated 
from sniulde ineasutemeiita. The 
sum of them anms will be the area 
of the ipveti figure. 

Hxamptt. I'he m«iwramurat« re 
quirni Ui find thn arra uf the fianni 
ABCOE an< AC, AO, ami the (•(>■«(# BX, 
OY, EZ. 



i”* Miprnoi>. The area of a mdiltneal figure is also found 
by tohitig n baseline <a 0 in the diagram Ttclow) and offsets 
from It Tlieso ditulc the figim' into rtf/hlanffM triangles 
and nifhl-oniileii tnip('/,iums, wbny* areas may 1 h> foutfd after 
measuring the ufTsets aiuf the t ariutm sectiuiis bf the bobo-line 


JSxntnfift. Find tiu' nmt of tim imulosure ABCDEF from the plaa 
mmI ainuHrementa tatmlatml ix low. 

Vantm 

AO »• 

VC-ial AV 60 

AZ 40 |ZE -IS 
YB'-SWl AY IS 

AXxlO |XF-t.<l 


Tlie meaaaromoiiUi arc mad)* from 
A alonK the lique Ii«m to the {xnnts 
from whiuh the ofiiwta tpriiig. 



Here A AXFai.AX xgp 
AAV8«i,AYKY8 
AOZE.-l«OZh(ZE 
ADVC.*|.0V*VC 
tnp- XFEZ i . XZ X (XF V ZE) 


Sq. rSi SqTila 
».ixl0xl5°r is 
»|xl8xa(>s> ISO 

a|xlfixl8a 

^ix 6x12^ 38 
|x3nxa8« 4«5 


trap*YBCVvi.yVx(YB+VC)«ixS2H8a* jn 
, by addition, the fig. ABC0EF«: 1442 sq. yda 



nCRCISBS ON RKTIUNKAt ritiUREa 


U5 


xxncmKS. 

1. CSftlotiUtto tV# ami t4 the Rgurea (i) and (U) from the pUum lod 
dimentiovia (in emi) given below* 



AC«6cm*, A0M5cin. AB BD»DA -6oiau 

XiOiigthe of offeeU figured EV CZ »! oii» • 

in diagram* DX 51! cmj 


2. Draw full the whcwo pligis mt\ dimr^nMionA are given 

below ; and calc.iilato the area in earh awie. 



The fig. ia equilateral : AX * J X Y - 2}*, 

each Hidr U/i»e 2J'* Yo If^ 


S* Find the area of the fiiotre ABCDEF from the following memre- 
^menta and draw a plan in whudi 1 ein. n*pTe*H*nti Si<» rnrltcv. 

* • • Ttt» Plwi 



lie 


OSOMmY. 


KXKRC1HK8 OK QUAPRlLATXBALGk 
« 

1. ABCO ii * mtUinicle, Mid PdKS thn 6gttre krmed by Joining in 
order the middle poiuU o( UiftAiden. 

Provo (lUbot PQP8 » o rhombut ; 

(it) timl tlio on** of PQRS m bo)f that uf ABCD. 

IfriiPO ohow thot area qf a rhumbus %$ haJ)1itht product ^ ti* 
iiuig^md* 

U tIuM tru#i of Miy ^uAdrilAtera! whctiM^ im^unalM rut «t right Mtgtc»* 
lUuiitnitv )(»ur umiicr b} a diagram. 

2. thiit a ]oinilb logi;nm i« bmerti^l any atraight line ahtch 
piifuu'a thioiigh middle fMilnt of otiv of \i* diagoiuia. 

uhvw how a |>arall<dogi«m ABCD may bo bisected by a 
stiaighl litu diawfi 

(n ihAitjgh a gnni pi»mt P ; ^ 

(it) udtcular U* the snle AB ; 

(ni) t*araUcl to a {jivofi line QR. 

3* In the irap*7ium ABCD, AB m parallel to DC; and X is the 
middle fHMtil of oC Tlinmgh X draw PQ patallcl u> AO to meet AB 
and OC pitxlMcMx) at P and Q '1 prove 

(i) tnipcviimi ABCD -iiar® APQD 

(ii) tia{N«itum ABCO “-twice the .\AXD. 


{OraphtCid.) 

4 Tttr diagonals^ of a quadrilateral ABCO cut at right angles, and 
measure S-tr and 2 iT resiieclively. Find the area 

8lu«w by a ti^uiv that the an^a is the same wherever the diagonals 
etd, so long as fliey are at r^ght angles. * 

5 In the parallelogram ^BCO, AB=-6it em., AOs-^ 2 cm , and the 

pcrpemlieular distance lietwoen AB and 00% 3*0 om. Draw the par 
alleiogram Calculate the distpnoe between AD and BC ; and check 
your n^sult by miMumroment. * 

4 * 

6. Due side of a padLllelomm is 2'5', and its diagcittla are 3'4* 

and 2*4**. Cnnstrocl the paraflelogmm ; and^ after making any neoea 
iary mesaurciiientt oaleulatc the aim t 

7. ABCO is a parallelogiwm oa a Axed base AB and of oonaUnt 
aim Find the kmwi of the interseciton of iU diagonals 



BXPRRiMXNTA.L EXERCIRRH. 
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KXKR('I8B9 LBADINU T(> TUXOKRM 29. 


In the •djiriiuft^ dinttram, ABC in ^ tiinit({l« 
right au*tifd at 0; luul an* di.ian mi the 

thifT* Li»t tt« ihr aw»ii of t ho 

u» tha h\ ptitomijM** AP anth tho »um of tho tu)uaiii<i 
on iheaidi'a AC, which miiUiti tho right Htiglo. 



I. Draw.tbc attovc clMgram, niAkiiig AC 3 mu , and BC 4 cm t 

Then the an*a of the rtpmto mi fC m i» v«| • iit \ 
ami th< MiuurtMMi BC 4\<»i * m | 

* thi* sum of the on AC, BC J.'* • ’u. 

Sow laniJirMr*' AB ; hence mlculutc ihc ar*Niof thi B(|uaic on AB, and 
CHMiijMiri* the n'HuUiWith the auw alicail,\ obtaiiuHl 

•i Krf‘ix>At the nrcKM'SH of th< cxciuhc, nuhul^i; AC 1 and 
BC-- 2 r. 

3 If 0^15, L S, r tT, sticw anthnu tiOiilly that e'* 0^4 h* 

Ntta draw on a tnaivh ABC, mIcim aidi n a, />, am! c 

an> ifi, H, am! 17 umta ot h n^lh ; nnd m*a<*ure the au'jit ACB. 

4 . Take any tuanglc ABC, nglit* 
aii^U**! at C; nnd <^iiw k^^uuch on AC, 

CB, and on the IvyjMilcnusi AB , 

Through the iiitd jaunt of Iht Hquaie 
on CB (i,r, the intcraMtion of th*' dia 
gonala) draw hnca iiaraltcl and 
^icular to thn h> amc, thaa dividing 
the huuait* into four roi/vnnu/ i|uiidf}« 

Utcraia. Thewj, togr t Ik s h h h t hcmjwara 
on AC, will !>a found exactly t 4 > lit into 
the «<|ttaro on AB, in the way iriduat«*d 
, by outrvaponditig i»undK*r«. * 


These experiments point to *ihe conriusion that : 

/»*any rUfht-angled trianyU thfs »/mrf on thf hifj/ofemvie w njval 
to tho mm oj the squares m the other two mbs. 

A form^ proof of this theorem is given on the next pogo. 




oioiueniT. 


lU 


' Tawmioi 29. * [Euc^d L 47.1 

In a riffht-anfled irUm^t Vu dtterSttd iyn fh« h/petmut 
U tjud U> the sum of the la/uaru aemiM, on ^mther two tUst. 



liOt ABC bo A right angled having the angle ACB a rh ^ 

It if miuveil to frropf that thi square cp the hqj/eittmse AB » the 
mm of the stfuares on AC, CB. 

Oh AB <leiK'rilie the eq. AOEB; and on AC, CB describe the 
«(((. ACQF. CBKH 

Through C dr.w CL iiar* to AO or BE. 
duin'CO, FB. 

Proof. BevauM each of the jJ ACB, ACG is .a rt. i., 

BC and CQ are in the same'st. line. 

Now the rt. i. BAD »• the rt. l FAC ; 
add to w*h the lCAB ; 
then the whole ICAO^asthe whole /.FAB. 

Then fti the ,&*CAO, FAB, 

f f CA-FA, 

AOwAB, 

Mjd the induded <.OAO*>ti)e ioeluded 4FAB ; 

the A CAD ■•the A FAB. Tkeetr.h. 



TRKORKlt or rYTHAOORAa %19 

f * 

Now the rect AL i« double of the i!^CAO, being on the 
same haee AO^ and betw^n the eame par** AD, CL* 

And the sq. ^ is double of the A FAB, being on the «ame 
baBe FA, and hel|^'een the same par** FA, OB, 
the recL AL-»lhe wi. OA 

Similarlj by joining CE, AK, it ran be ehewn thaff 
the rert. BL^wthr ei|, HB. 
the whole aq* A£««Jlhe eum of the QA, HB ; 

that is, the square on the hy{KdenuH6 AB « the sum of the 
squares onnho two sides AC, CB. 

Q.E.T>. 


Obs. •This is^known as the ThroreiA of Pythagoras. The 
result estabUstuA may be stated us follows : 

AB^-QCHCA*. 

That is, if a and b denote tlte Irtigtbs of the Hides oontaifting ' 
the right angle ; and if r drnoten the l»yjH>temi 80 , 

Hence a® , and «=i r* *• a*. 


Nuts 1. The following important resulto iiboQlcl hti noticed. 

If CL and A6 iiiUTsrct in O, it lAn lie<*n showp in tlu cxmive of the 
proof that 


thr sq. GA the rri^t. AL ; • 

thifct IS, AC^s-the n^rt. r(iittaiti(*d by AB, AO (1) 

Also the sq. rect. BL ; * 

tliat is, BO^ - the reet. coiitHinod by BA, BO (b) 


Nora 2. It cm be proved by sttporposition that $gmre$ iUaiM%g m 
tqywi sides art tguai in area. » * 

Uenee we oonolude, converrerly, ^ 

^iwa sgfiduYs are agwaU m area they ttand 
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OtOJOTEY. 


nrsKiMraiAv. phoofh op rrraAooius's thcobih 


1 Hi»r« ABC 19 th«f jnvrn 
ri MigliKi Af Mkd ABro it 
Ui« tquAiti oil th« h> |Mtu tiutt 

A8 

By (Irtwing lm< « paH Ui the 
•i(|et BC, CA, \% It mmiK fi«<n 
that the «q 80 te diMthd 
into 4 rt anghsl ■ « ach 

k(i< iitioally rMj[ual to ABC* to 
gethi r with a oiMiltat t(|uare* 

»i onh>pottrsu8<fr 4rt 

t lilt to itral fKjitaie 
4 4 {a f )* 

» 4 a* Jkthi-l/ ^ 



[£ ill rt ABC iH the gi^en 
rt angUd and tlu 
CF, HK art the iwpi on CB, 
CA |)1 ued aide l»y siao 

FE iH niotio <H 2 ual to OH 
or CA « and thi two tinii 
CF, HK are lut along tlio 
hma BE, EO 

Thtn it will he fdund that 
the ADHE niit ho plated 
io aa to till up the apace ACB , 
and the ABrc ina\ be in^e 
Ui fill the apace AKO 

Honor the tuo aqq CF« 
HK may be fitted toother 
a<> aa to form the aingiu fig 
ABED, whuh mtU U found 
to be a per{i*ot iH|uare, napiely 
the aquare on the hypoUmoae 




fUB»RRK or rmAOOK*& 
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KXKRCI8BI. 

(4Vi»i)i(*nrei/ awl Orti/tAtoiL) 

1. Dnw » truuigl« ABC, right aiigled at C, having gi\en : 

(i) a.M.3cfnM h leiu ; 

(ii) <1-^2 5 rm I 6 GOcni ; 

, itti) a- 1 ‘jr, h a,r 

In each oaaa c&lmilato tht* It^ngth ol thr h\p(>tcniiad an<i varify 

your roKttlt by maaauietni-iit 

2, Draw; a triangle ABC» right angle<l at C, having gi\en : 

(i) a 3if; lN>c Problem 10| 

(it) r 5 3 <m , h -4 5 <m ^ , 

la each rase oalculate the triniuniiig aide, and nf> ^ mi reault by 
mia4»urnnient. 

^ » 

[Tht Jitihwtng aramptn art to ht iotttd^by eaffuhtvm hut in tarh 
ca4te a jilan nhovUI ftt draim m mmt mitohU ara/f, ami tht taleulvUtd 
fuult **er\fi4d />y imiMunmeiU ) 

* 

3 A ladder whoao foot li 9 bet Iron* the fr»»nt of a liou#»c teaohea 
to a viiifdow 0 ill 40 feet aUiVi^ the ground VN hat ik the length of the 
la«ld«»r ^ 

■» 

4 A ship aatla 33 imbs due South, and then 30 niiha due Weat 
How far ib it then from it«i ntartin^ |iouit * 

5, Tao ahiiM are obaerved from a aignal Ht itioii to Iw ar reafn^ctively 
X K 0 0 km. diHU'vt, and X 11 km distant lion far are they 
a|>ai t ’ ^ 

6 A liwlder 65 feet long remhca to a point in the froe a house 
^03 feet above the gnmnd. How far ih the foot from th»; houiw* 

7. B IS duo East of A, bpt at an unknown di^tame C is due South 
of B, and diataut 55 metros AC in know to U 73 mettoK Kintl AB. 

8. A man travels 27 miles doe Soyth; then 24 indcB due West; 
• finally 20 miles due North. HOw far ik he fioni his starting point ^ 

j 

9. From*A go Weat 26 nietrfis, then Ndrlh 60 metres, then P'luit 
80 metres^ finally South 12 metres . How fai are y(*u then from 

e ^ 

10 A ladder 60 feet long is plaeed so as tr> reaeh a w indow 4H f<*at 
high ; and on turning the ladder ovei to the other side of the slreett it 
reaches a point 14 fiset high. Find the breadth of the stteet 



183 


OBOMCntT. 

TBKORitll 80. [Euclid I. 48.] 

if ih« $pian dfmrihed m one tiilf of a tnaiuit i» to the 
turn 0^ thf »/mre» dtmiiml on the mtiler f«v erne, thm the aagU 
oonUuned t>if theee two ndts ts a rtgfU angle. i 

r 

D 


8 C E f 

IiCt ABC )m« h triiin^lc i/iVhtoh 

th<' sq. on AR » Ihfl sum uf the sqq. on BC, OA. 

It in iftpiimi to firitrt Jh»t ACB i« « rviht amfk. 

>fak?> EF equal to BC. 

I)mw FO p«*qi' to EF, ami niaki* FD equal to CA. 
t •Toin ^D. 

Proof. IWatw EF -OO, 

.*. the ati oiFEF thj sq. on BC, 

AikI Ikhmusc FD«"CA, 

/. the »«t|. ou FD-the s»i on CA. 

IIoiuH' the sunt of the M]q. ou EF, FO» the sum of the sqq. 
on BC, CA 

But since f FD is a rt 4, * 

the sum of the on EF, FD '■ the sq. on OE : Tluor. 2d 
And, by hypotimsis, the sqq on BC, CA« the sq. on AB. 

• . . the s(). on OE the 8<|. on AB. 

OE AB. 

Then in the A* ACB, DFE, 
f .AC-DF. 
because | CB-’FE, 

.l«id AB>DE; 

.’. the i.ACQ*tbe i.DFE. Tkeor.l 

But, by construction, DFE is a right angle ; *' 

the «. ACB is a right angle. 
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Kxiotctsm ON tudomois 39, SO. 

{Tkwrtikat.) 

1 . 9 h«wtiwtt'^WM)ou»«BtfwdMgDB»l«f »giTwiqMr«i»dkmkUi 
of the given equere. 

2. In the i^ABC* AO if drewn |>erpeiidioitl»r the lifkte 6(X U 
the eide c la greeter then 

•hew that r» OC», 

3. If from an}* point O within e trietii.de ABC» per|>etidio«ibire OX« 
OY» 02 are drewn Ui BC, mB ree|ieeti\fdy * ehew that 

A2*+BX*^-CY*r AY»h-CX» ^ B2*. 

4. ABIC it a triangle rtght*engle<l at A ; and the atdtw An. AC •!«« 
intereeoted by a etreight line PQ. anti 6Q« PC aie jotnedv l*rovo that 

BQi+PC*- nC*^ PQK 

5. a right angliKt tnangle four tinifMi ^he mim of the Mf|uaroM on 
the nuniiena drewra from the atmte angU it equal to five timee the 
iM|uare on the hy]>«»t«naee. 

6. Deeerihe a i(|uare equal to fho aum of two given R4|tiaree. 

7. Deeofili*^ a equare e<|ual to the %1ifferetuse lieiween two given 

wjuarea. * 

8. Divide a tiraight into two pArta mj that the ai|iiare on one 
part may lie twice the tqtiare on the other. 

^ Divide a etraight line into two {lartR euoh lliat the turn of their 
•quaree ahall l»e equal to a given trpiare. 

(A^Minericci/ amd^ Graphtral,) 

10 . Determine which of the following tnanglee are right •;angled ; 

<i) as 14 cm., ds4Hcm., f-- 60eni. ; 

(ii) a 4(i<!in.» 41 '*ni. ; 

(ill) as2()cm., hr>{glcro, ra tOl cm. 

11. ABC ie an ieoeoeiee triangle right 'anghvl at 0; deduce fr«>in 
Theorem 20 that 

A3*s2AC*. 

llloitrate thie reeolt graphically hy d.awing linlh diagonala of the 
equare on AB, and one diagonal of the equare on AC 

ii ACsBC»2*^ find AB to the^nearevi hundredth of an inch, and 
verif/yuiir calcula^on fay aotual cooatnsotum and meaeurrmnit. 

12. Draw a equare on a diagonal of 6 cm. Caicolate, and alao 
aMMMttre, the leogtli ai a mda. Find the erea. 



tS4 


OBOMaraT. 


Problem 16. 

To'irwm tfwm v^ime areas Ml he rapeetMjfimee, (hm4ime^ 
fonr4imes, ... , fhat of a ffiven mptart. f 

Hence find grtgfhicalljf ajfroamaU valves of -^2, <J%, -Ji, ^/5, ... . 


VI 

Take OX, OY at risht angles 
to one another, and from them 
mark off OA, OP, oaoh me 
unit of length .loin PA. 

O A B C X 

Then P^'»OP* + OA*- 1 +1-2. 

*. . PA x'S. 

Prom OX mark off OB i‘<|n.d to PA, and join PB ; 
then PB’«OP^ 

. PB">/.\. 

From OX mark off 00 «‘<)uakto PB, and join PC; 
then PC*> OP^ + OC- =- f + 3 ^ 4. 

.*. PC s'i. 

The lengths of PA, PB, PC may now l»e found fry measurement ; 
and by continuing the process wo may find .^5, >f6, s/7, ... . 



F.KK1U'ISRS ON THEonEMS 29, SO ^Continued). 

19. Provo the following formula : « 

Dtayon^ of v x'i 

Hvfioe (iiitl to the neareat cjntimvtro the diagonal o! a square on a 
aide of 6d metres. * • 

Draw a plan (soalo 1 emt t<i 1(1 metres) and obtain the result aa 
nearly as you can hy measurement. ^ 

14. ABC ia an equilaterai tnaii^Io of wkieh each aidesShn 
and the perpetidieolar from any vertex to the opposite side asp. 

I*rovQ that ps m\!k^ 

Test this lesolt grapliioally. when aaeli sidesS om. 



TlfBOREH OF FYTHAGOftAa 
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15. li ill » tmng)« as* m* * h\ 2mn» c a n»<<f n* ; proTa ttlgcUroto* 
ally that c*«a*+i»*. 

Hcnott by gnin, various nummos! vuluca to m and Hnd tvU of 
nuotbers raprvs^mti g the sKles of nght angled tnaiiglvs. 

16 In a tnongla ABC, AO is drawn ^kt|k nflmolar io BC Let p 
dr note the length of AD. 

(t) If a 2«^ cm , /) *1 12 f^n , BD 0 r m , fitnl h and r. 

(ii) If 6-4C» r fWr, BD- , fmd y* and a 

And prove that \V p*-* a 

M ' 

17. In the ti tangle ABC, AO is dtawn |mu jn ndieular to BO. 
Vtove that 

c" BO»-.f« CO^ 

ll a -51 cm., &r 2() cm , < :t7 cm , ijiid BD 

Ihtnoe find p, the length of AD, and tht an a r»i th< tihii >^lc ABC. 

IH Fibd hy the method of the last cxuinnh 11 k an as of the triangles 
ehriH Hides an anlMlows: 

(»)a--17', 5=rKr, r-9^. (ii) « i>'i ft , 17ft, <- 12ft. 

(iu) a^sdiom , c -15om« (iv/a 40vfl,^ 37><liC 13 yd. 

19 A straight tod PQ slefts Ijctwmi tn iMirm^ht tukrr OX, OY 
If! wed at right atighs to <m< aitntUt In one of the rod 

OP 5 6 cm , and OQ- 3 3*<tu If in ariotlwi piaition OP 4 0 cm , 
hid OQ graphically; and Ust th< aicuiar) of ^otit dtawing by 
valuilationu 


2(1 ABC 18 a triangle tight uiighd at C and p is tht length of the 
fw rjandic uher from Cam A6. li> i.xi»n sHiitg tfio atca of the Itiangle in 
ten ways, shew tliat * 

jjr-ab 


^ Henoo deduce 
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OaOMBBT. 


PBOBI^MS ON ABEAS 

* 

PnoBUOf 17. 

deie.ihe a fttnlUlo^tm tqual to a jvm kvm^, tmd htwing 
<mo/ lit angles ejnai lo a gtvm angk. 



\st ABC be the given triangle, and 0 the given angle. 

U u ngmed lo deeenfe a pgndkhgram egmU to ABC, and 
kamng one of Us at^fies egnal to 0. 

OoBatrnetioB. Biewt BC at E. 

At E in CE, make the ,.CEF equal to C| , 
through A draw AFQ par* to BC ; 
and through 0 draw CQ par* to EF. 

Then FECQ ia the required par*. 

Proo£ Join AE. 

Now the A'ABE, ACC are on equal baeea BE, EC, tuid (d 
the eame altitude ; . ' > * 

the£^ABE->the AAEC. 
the AAOC ia double of the AAEC. 

But FECQ ia a par* by eonatnietion ; 
and it ia double of the ^AEC, 

being <«i the aarae boae' EC, and between Un aeme par** EC 
and AO. , 

the BM* FECQ-the A ABC ; * 

and one of ita atif^ea, namely CEF, «■ the given 4.0. 



FBOBEJms ON AKEi^a 
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^EHClSSa 

I< Drftw a square (ni a stdc of 5 cm , and itiahc a naraltdo^m oi 
equal area on the aanto bastf, and ali angle ol !•>. 

Find (I) by calculation, {\i) liy tiiaauurcnient the length of an oblique 
tide of the (laiuUtflograiu, 

# 

Z, r>iaw any miallclugrani A6CD in which AB -21*" and AD ^2” i 
and on the liaao AB draw a rle^^us of iM|ua1 atea. 


Definition. In a iMnalleln^Min 
ABCO> if through any {loktit K in the 
diagonal AC {laraUeU £F, HG arc druu n 
to the aides then the figure« EH, OF 
arc calltKl paraUelograma about AC, ana 
ihe liguiea EG, HF are aaid to be their 
eomplexaenta. 



8. In thi^ dtanram of (h intern ait^wht/ Thturfm 21 (hat 

the eomi^imtTiti jbQ, He ar ^qua/ tu vtta 

Hem^e, given a ]>arallclograin EG and a stiaight hie HK, deilucea 
eoustfuction for dmuttie uii HK wn one Hide a [laialh logtam <H|ual and 
equiaiiguLir to the paialichigrum EG 

4. Construct a rvcUngle equal iii an a tu a gocii reuUiiigle CDEF, 
and having one side fH|ual to a given lino AB. 

If ABs-6 cm , CD 8 cm , CF- im., hnd by mrasuunient the 
reniiiiDing side of the coui»tructi*ri lectangle. 

• • 

5. Given a pmlklogiam ABCD, in which AB..2-4*, AD-s 1 and 
ihe LAsfj^. Construct an equiangular i>aralh li>giani of equal ai^ 
the greater side meaeiiruig 2 7* MeoMurt the shor ter side. 

Repeat the fwoeess giving to A any f ther value ; and compare yimr 
resulta What ouoolunon do ydh draw 1 

6^ Draw a rectangle on a aulc of f» cm. equal m area to an 
equila^^Mral tiiaagle on a side of 6 cir. 

Measure the remaining side of the rectangle, and oalcnlato it* 
approximate area. 



m 


G£Oiiin*nY, 


rnOBLK3A 18* 

To dtaw a immjk e*j[ual m area to a fftren qufulrdatcral. 



A C X 


Li*t ABCO ho the *j:i\er. qiifwlrihtoral. 

// tA reoHtvtl to ih>inhi u (najoilf c^jual to ABCD in aitn. 

Construction. Jctiit OB. 

'I'hrough C dirtw CX par* t<» DB, AB pro(lu<*e(l m X 

•loii/ox. 

Then DAX the requuoil tnanglc 

Proof. Now the * XDB, CDB are on the siimo Iklsc OB and 
between the Kunie {xir** OB, CX , 

.• the * XOB the COB in area. 

To ea<*h tA these eijualw aild the ' AOB; 
then the A D^X - the iig. ABCD. 


Ci>m»Ll.\uv. In the^siitne way it is alwa\^s possible to dnu'* 
are<*tihnea! fignto equal t<o a gi\tsri rectilineal figure, and 
having fewer snles hy«Gne than the given figure; and thuN 
step hy Rtep^ any rectilineal figure niay In* reduced to a 
triangle of equal area. ' 

For example, in the a<ljoining dia- 
the tixi^sided 6g. EDCBA equal 
in area to the four sided fig. EDXA. 

The fig. EDXA may now be retiuced 
to an 6c|ual A OXY. 




rROBLRMH ON ARKA 8 , 


13» 


^ PROm.KM 19. 

To dra\o a pnrolUhffram etjmti ui ^nrea fo a tnvf^n rtrtilinmi 
figure^ aiui having an angL rgual ta a giitn angU. 



Let ABCD be the ^iven rertil fi/,'', and F tli(‘ given angle. 

It Us ffguntfl to drain a jmr”' •// to ABCD and hanug^n 
•vigle equal to E. 


Construction. ^ dnin [fB, 

1 ’hrough C draw CF par to OB, and nH»t‘ling AB j)roduc 4 *d 
in F. 


fT<iin OF. 

Thi'n the OAF tin* fig. ABCD. 18. 

I>raw the par'“ ^fCHK Otpial lo •the * ADF, and liavirig the 
w KAG equal to the 4 - E. 17 

Then the par"* KG the ' ADF 

^ the lie ABCD ; ’ 

and it hiis the *. KAG e#jnal lo the ^E. 


Sien, If the given mliluif'Al tigup* imn nufi* Hi in four fneiefl, it 
muBt Hrst be reduced, step by stc^, until it is replaced by an efjuivalent 
'riangle. 


W.S.O. 


M 


ISO 


OSUMKTltT. 


CXKKriHKf. 

« 

{Rfduft%m of a Rfct%l\wal Figurt to an e4juitajent Tnanffle.) 

1. Dmvt a <iuiMlrilaU'rat ABGD from cho following data : 

AB BC 5 5rfii;b0 DA 4*5cn:;thrLA 75*. 

Etsduro tin* rjiuflMlHt4'rA) u» a tn4iri>:l<* of C4|iiil art*i Mraiiure the 
tMUta^and aUittul of ih* triangle; ami iniKc r ikuUu tbe approximate 
area ot the given 

l! Draw H tjiiiulnlaif lal ABCO hafttfjir given . 

AB-- 2 s\ BC a *r, CO a ;r. da a O , and the iliagonal BD=3 (T 

t>MiHtruet an opovahMit triangle; and bonco find the approximate 
area of tht 4piadrti iteiah 

3 fill a Iraat AB, 1 rni in length, deMPtil>e an cH^uilatcral pentagon 
(5 aides), iiavirig t.ivli ol tin angks it A and B MS'* 

Hiniucr th • ti^un to a t/i indent npial viea ; ayd h^ iiuaHunng ita 
tiaiK> ami altumh , i alruLiti tie appioxinute atea of the pcutagou. 

4, A <)uadritaU lal field ABCO ) ai the folloviing nieaMiieiueiitii : 

AB -45(1 mot ren, BC ahOniTCD a:K) m . AD mm., 
and the diHgonal AC <U»0 in • 

Draw a plan (in ah I (rii to ,*>) mttroH) Uiduee ^otir plan to a«i 
e<|iitvaleiit tt laiigh « and rii< umuk ita Ihuh! uiitl altitndi . Hence estimate 
ihe aixNa of th< field 


{Prvbirmft Statf your covstrurfim, and yivf atHhfortiiral proof ) 

t 

5. Ki^luoe a timngle ABC to a triangle of (t{ual area having itn 
haae BO gum length. (0 In a in BC, oi BC pnaiuced ) 

6 ('‘onstruet a trjangl« etjual in aroa to 'a given triangle* am? 
havin^* a given altitude. 

• 

7. ABC IS a gtviMi (nangle, and X a given fvcnt Draw a tnarigh 
•equal m anvi to ABC, having lU verte| at X, and lU liaso lo the same 
straight line as BC 

B OcmatrucC a inangle equal in area to the quadnlateral ABCO 
having its \ertex at a given poiiitf X m DC, and its base m the saim 
straight line as AB * 

9. Hhew 1h>w a tnangle ma> be di% ided into n equal parte by straight 
iinee drawn through oue of its augular points. 
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10. Bmei a iriansfl^ 6y a $tm%ght hM dtxium thrmgh a 
,noHfQjU 0 mde*. 

(Ijot ABC \if* thf givi»u A, Aud P the 
iwvu in the AB. 

Biflect AB at Z : and join CZ, CP. 

Through Z draw ZQ ftaraUttl to CP. 

Join PQ 

Then PQ hieeota the /».] _ 

^ 6 Q C 

II* TrMtrt a trtangU by Atra\ff.t hnut tfmu n /rowi a (/iiyn ptnnt ta 

/» t€ of StdiM 

[I>rt ABC*W the gj\en and 
|>oint in the bide 6C 

TM‘<er*t 8C fit the {KiiiitH P, Q j 

.finn AX, and thtmi^h Pand Qdniu 
QK lairalhd to AX 

* Join XH. XK 

rih-HM Htraiffht h.ie*» tn^it iht A ; 

10 * atiewn b> joining AP, AQ ] X Q 


X Uio 

PH and 


ah niAy 




\*X Oit oiF fnnii a given trianj^e a founh, tdth, hixth, or any part 
leijuirtd hy a Hiiuiglit line dr.iv»ri fiom a gi\( i> in one of iIh mdee. 

$ 

1 X Bum cl a qwvlribit* raJ by a tifratghf h n* tjrfitm t b t ouyh an afigitlar 

pOlJii. 

jKrdueo the quadiiUKial to n tnungle cd etjual aiea, and join the 
oilex to the nnudlo |>oint ot tht ] 


14 Cut off from a given ({ualrdati ml a thud, \ f*»uith, a hfth, or 
on. put lequirud, by a atraight hue diaau through a given angular 
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GEOHKTRY. 


AXKS f)F IIKFKKEXCH CXX)KI>1 NATES. 


KXhKriHKs rOK SQVAUKh I*AI*KR. 

If Ht* Ijikt* two fixrii jitrai^uht line^* XOX\ YOY cutting on«* 
w»otlu»r at right ,iu;'h h at O, the jwi'^ilion (»f any j)iniit P with 
refer emr U* Iiiicm ik krnmn when w'c know its ilistanocs 

from caih oi them Sueli lines are calied .axes of reference, 
XOX heing known ah tht* axis of X, and YOY 2 u» the axis of y 
Their point of inter mi 0 »ndu»d the origin. 



The lincH XOX\ YOY arcru^ually lii.iwn hori/ontally ami 
vorlieallv '' 

In pr.Ktico the fl}ht,rn<H.s of P from the axes are estimated 
thus 

Fioin P, PM iv drawn perpemln ular to XX; ami OM and 
PM are measured 

OM IS railed the abscissa of the point P, and is denoted by i 

PM . ordinate „ „ „ y 

The al>H(*ijss.i and ordinate tiiken logeth*‘r are called 
coordinates of the pomi* P, and arc denolM hy {x, y). * 

We may lliu.s find the fKwition of a point if its coordinates 
are known 

Kxamii.k r' •t th iHjiiit \chmt arr (a, 4). 

OX maik off OM, 5 unit» in length 

At M <)faw MP tKTp. to OX, making MP 4 unitti in length. 

Tht‘n P is the j>oint wlyiiKi e<K>ra)n»U‘8 are fo, 4). 

The axes of refenuiee divule the jdane into four regions XOY 
VOX', X'OY, Y'OX, known resi)eoti\ ely as the first, second 
third, and fourth quadraats. 



AXW OOORniSATKS 


1S3 


It is ol<Mi tint III fputlrutt tlioio m a jK>n»t yAhmn 
d HtarKYN litmi the a\^s 41*' to <jf p m tho iiho\o 

am, ninitij, (irnt> and I lantH 

Tin' cu»oi»imaUM of tln'-t points au* (iistiii:;\nslnMt hv the tm* 
of the and Ufoatt** a(|oniing to the following 

•i}hlvm 

\lw(iHse im isniod along the 1 nxi^ to tin nght of the 
origin aie positu/ tho^' itu Hnit«i *!» th»* li ti ot ilm oitgoi 
ire netritt\e Oidinates wliah li«‘ a}»o\e the / ixis (tint ih, in 
tn^t 'Mid SM ond qnadi u* ilnise whnh lie 

'll low th(^ ^ «ixis tthii IS, in th< thud uni foiiith (piadiants) 
’vn» negalne 

t 

iMJStl)! ( (n>rfljnU» R of tin {xtintM Q R'Sio * 

\ '>,4) ( \ 4i iTifJ ■» ti i< |H 

\(*Te *I hf» uK>idinftt« s n! th» iff ^O (f| 


In p’Utne it is (onxninnj to jund pipM llwo 

iiitf rse( ting luus should he tho'^ui iv*-* find «hglitly 

thnkMud to nd the *ve/th 11 oik or inoi« ot tin Inigth 
fiivisjons in iv hf t do n tin luA u unit 1 In pip*i n^d in 
the following evamph - is rnh 1 to t* nths ot an un )i 


hXAMnw 1 Th* 0 Kii (** t ; I A /m/ B or » 7 , H) row/ 
( 7 'I vht (hf an / / thf tiinian r fnlu tu 'A m 


Ati« r plot ting the p »nil ^ ih 
n tlif fh igt im w(* ini> tiiul 

AB i| 1 1( xim Lt< W h\ diTitt 
«i|iXKur m nl • 

• « 

< ir w I nm} pi 01 r t d thii« • ^ 

I>iiw 8 1 hie pi*^* 

XX to m< t i ti oolin Ui 
f A i* C Thi n ACB 1 1 a 
.Tt / inwliuhBC iliS, 

w»d AC *) 

Now AB^ W-* AC* 

12*4 rP 
r ]44 + 25 
=-109 

AB=I 3 
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OmMXTRY. 


KXAMrf^is 2. Th^ ^r^ordtnni^^n of A, B. and 0 orf r<5, 7), ( - 2), and 

(3, -5) ; fJof (he$^ jmiU» and find (he urea of (he tnan^e oj which thcH 
<!>*« ike irrticee 


lUvinf; plntted |K)int8Afi in 
th<> clmj^rAm, Wf^ may mmKun AB, 
ami draw Hud in<*n«iiirp th«» 
fmro Con AB H**m'r* tin* apiirtm* 
mate anuk may lx* cAioulattii 


Or wo may prcM'<NMl thii'^ • 
Thmiitrh A and B thuw AP« BQ 
|)ar* U) YY 

Thnmjh C draw PQ lu^r* to 
XX'. 



Then the /.ABC il.i* tia^r APQB tlm two rt ai?«1ed A*APC, BQC 
-iPQ(APrBQ) 4 AP.PC 4 BQ QC 
4 • i3 . l<» 4 M2>2 - 4 a7xU 

‘ 73 inulfl <»f area * 


KXlilKMhES. ^ 

1. Plot the following snih of pointf. • 

h)(6, 4U( ti, 4), 1 6, 4K id, -4); 

In) (S. (H, iO, 8), ( 8, tl), lO K); 

un) (12. :»), (5, 12). ( 12. on ( f, 12) 

2 Plot fho folKming points, ami fhew ex^xTi men tally that eaeh fti * 
he in one^alraight line. 

0) (9, 7)^ id. (»J. (-9. - 7); OU ( -9, 7),.(0. 0)» (9. - 7). 

Explain these reeults tl^fviretieally. » * 

8 Plot the following pairs of points ; join the points in each ens. 
ami ineaauie the coonlinat^'s of the innl point of the joining line. 

(I) (4. 3). tl2. 7) ; . j^ii) (5, 4), (15, lU). 

Shew why in each ease die ooordiimtcfl of the inid point are respe ^ 
tWel}[ ha{f (he mtm of (hf afieewi'xr aiul half the eum of the ordtna(*s 
the given pointa. 

4. Plot the foIh»wing jwlrj of points ; and find the ooordijtateH i 
the mid.point of their joining hnos. 

(I) (0.0). (8, 10); (ii) (8,0). (0, 10); 

(lit) (0, 0), ( - 8. - 10) ; (iv) ( - 8^ 0), (0, - 10), 
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* » 

$. Find the ooitniiiuiUui of the poinU of trierotion of the line joining 
(0, 0> to (18. 15). 

■ 

6. Plot the two following of : 

(U OK (5. 21, {5. 5K (5, is /f., 4); 

{i\\ ( - 4. 8). t - 1. KK (0. 8^ 

Shew that thoy lio on tHo linrft n*ft|«*i*tivcly |wrallr! to (he axie of |f, 
atui the axiH of x. Find the ccxirdinaWii of the luVhtoh they 

mtcriwKit. 

e 

7. ri<»t the following fiointe, and calculatf* thnr dietancee from the 

origin. 9 

it) (16, 8) ; (ii) ( - 16, - 8) ; (ml (i 4^ T) ; (iv) ( - T, 2*4% 

Chock youT rcKultB hy meusun lumt 

H Plot the following paira of in each cium^ calculate the 

distance ladwH-n thorn. » 

(i) (4. 0), (0, 31 ; (11) lO, S}, (6, 6) ; 

(lii) (i6. 0). (0, 8) ; (»% ) • JO, 4K ( - 6. 12) ; 

(V) (20, 12), ( • 15. 0) ; (vi) iiM, 0;. ( - 15. - 3). 

Verify your cah^ulation hy nieahifn»nicnt. 

9. Shew that the jMunla ( -3, 2), '3. lO), <7, 2\ arc the an^plar 

potnitf of an laoacelea Irianglc. CVlcii)at< mid innooito the IcngUia of ^ 
the equal BuJea. • 

10. Plot the eight [xmila (0, 5)1 (3, 4), (5, 0), (4, 3), (-6, 0)» 

(0, -5), ( - 4, 3), ( 4, - 3), Slid Kheu that th »7 all In* on a cin’h* whoHe 
centie is the oiigin. 

11. Kxplatn hy a diagram why the di^taiiceii. lH*t>5een the following 
jiairs of fxujita aic all tHjiial. 

(i) (o, O), (0. 5'g; ,11) (5, 0), (0. «) ; im) (0, 0), (a. 6), 

12. Draw the ntraight hnea joining 

(i) (a, O) and (0, a) ; fv) (<K (J) and (a, ft); , 

|nd pr^m’' that theae^linos biet'ci each other at right angJcH. 

13. * Shew that (0. A (12, 9 ), (12, - 4 , aif the vertices of an isoaoelee 
tn Angle whose IxiHt* le hiRcettid hy the iixi’^ of x 

14. Three vertices of a rectangle are (14, (»), (14, 10), and (0, 10); 
lind the coordinates of the fourth verten, and of the intersection of th© 

• dmgi>nals. * 

15. Prr^vtfthat the four points fO, 0), ((s, 0), (18, 12), (5, 12)ait^the 
angular points of a rhombus. Find the h*ngth of each aide, and the 
'^rdigatoii of the intersection of th4 diagonals. 

15. Plot the locus of a point which moves so that its distances from 
the points (0, 0) and (4, -4) are always equal to one another. Where 
does the locus cut the axes? 



m 


«i;i>MnaY. 


17. Stif Mr that thf' fr>ntiMirt|;r ffiou|»ft of fK)inl« ar(« the vertiooe ol 

toeiaofjli ]>MM thr litfitn s, Atwlral* ulate thtor Art*ttJi 
U) U. M7, ,1s (17, \2u i\ 12). 

(n) i,1. 2u «3. 13*, < «, 13). ( - 2) ; 

<iu (3, J), (-H. ( -8. S', (3, H). 

IH ,Toif^ in hmI»t th»‘ |>oifit« U , Oj, ((», I j, / 0), (0, - T). Of 

what kittd iH tin iju nit il it* t«il m» form* P l*iml its ana 

If a HrfontI tv'iin h fr*iiin*l by juintiig Iht mnhlk jKjint* ot the fiini, 
iint) Its Hrei 

4 

19 JMot th» th*» following wlij of jKnnts , nndtmd 

then an .IS 

(1) (10. 10). (1,0.). (H. 0); ^ (Ji) (10, 10), (4.0), (18.0); 

on) ( Itl, no ( 4, 0). { IS.Ot; ,ivi( 10, 10», (-4,0)( 18,0). 

*20 lhau t)n ttiiM ^ ^ ),ivi It h\ tin )*< ,o(s 

(i) (<» 0 , (3. ;o, 0), (II) Ok oi {.1. (M. (0, 0); 

Kind thoir aPMh , and im« imui thi angh‘s ♦»( tli* tirnf timngh^ 

21 I'lut till tnan di •» K»\»n 1> tin* fidluwmc mIs ctf iwunts. Show 

^ (hatpin r,u'h r i n out* h 1 1 » orn ot tin* axes lit not* find the 

art'A 

(I) (0,0), (12, I(»), (12, 0); m) lO 0). (3,8), ( 13,8); 

<ui) (0, Ol. ( l'->. 12.). ( l‘.>. - 8)! (I\l.'it, (I). ( -6. - «), CJO, - 8) 

22 In iho folloMiiiijf tiiinjfUa t-lu w that two hidos of «*a(h are 

paiulU'I to tho uvos 1 ind tin ii ateas 

(i) (3, 3), (13, 3). »13. 13), (11) (S, 3), (8, IS), (0, IS); 

(in) (4,8). (- Iti, 4), (1, -4); ^ (n) (1. 13^, (-11, 13), (1, -7) 

23 Shnw thit ( 3, 3S »7, lo\ (It), 0) ( 2, 1) arc the an^niUi 
piiinta of tt'ixvialh lo^riani I nd O', -.id* s aod area 

' 4 ' • ‘ 

24 Sh« w that < aoh of tin tolloMin^ s« ..*>ot jvnntH givca a tiayn riuni 

Find iiic ttic.i of inch ^ ’ 

(1) (3, 0), (3. 3), (U, 0), .9. 0); (u) (0.3), ( - 5,3), ( - 2. 3S(0.-3 

(III) (8.4). (4.4).(M,^ l).(3.-»; (iv),(0.0). ( - 1, 5). ( - 4, 3), ( S, •») 

25 FiihI tin art a of tkc tVianglea gi\cii by the follow lag iKiinta . 

(i) (3. 3), |20, 10), (12, 14); (n) (7, 6), (- 10, 4), (-4, -3); 

<iu) (0. - Ol, (0. -S). (14. 5)i * (ITJ (6, 4), (-7, -6). (-2»- 15. 

25. Show that (-5, 0), (<, 3), (19, 0), (7, -5) are the anguW' 
poiuU of a rhomlnia. Find I'a KuUa and lU area 
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in Join the pinnte -5), (12, (h, (4, du ( -M, -3), m tho ord«« 

linen (^Iriilate the Icn^rthn of the tin»t thne kuUh and nieaaure 

fourth. Kind th© ol tW© portion© of the tigun Ijinj; in th«6rii 
Anil fourth qua<lranta 

2ft Th© coordinate© ot f<»ur !»• until A, B, C, 0 are n ©jioctivtly 
(4, 4) ( 10. 41. ( ifl 1.^), (,*1, ;.1 

('ihulat© thi 1( njilh© (»f AB BC, CD, ami nii#i**uf< AD Alao (ahulal© 
tm area of ABCO l>;><on«m{enng it n© tht d tl* m iki t>t tuo tiiangloii 

129 Draw the lignic uhn»<* aii;ul u uii given hy 

(0, 3|. 31 ( t SI, ( 4, 3), (0, 0) 

K lid th* hiigth© of Its Mihs, th* iio.ntn in (he id>*»\e older. 

M**o divide It into ihrci right aiigl *l iniMg.h s, ind h< in i timl Uft a^*a, 

3(1 A phn of a tnangiilai tnld ABC i iTiwn im s«ni tml iiaix t 
Mile 1 1(K) \d« ) On (hi pi in th* (isudinitis of A, B, C are 

I** (3 . 4*) ( 5", *2^) r*Hpc(ttVf 1\ 1 ui ( tie aiiaot tin. tiulcf, 

(h hngth of the hith r(pnH*ni d hv BC, find tht dittim* fiom thia 
hi of thi oppieite < lint I of th« In hi 

31 Shiu Out tht iHJint© (fl «), (tfit Bk, (H, 2(t), dh 14) ar© th© 
vtit tHofas<|'ttii Nit isuit i idt ind n n find the appioximat© 
vr a CdleuUt* tin ana ixjfttlv (i) hv driuing a i in umw rihing 
Hpiin thnuigh its viitutH. (ii) hy Hllxhviding the given sjimr* a*» ia 
1 1* hist figure on pagt 1L*<) * 


Hs.a. 


i 
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MlftC£f.UNlK)t'H RXKRCIflRR. 

« 

1 AB and AC uti'* unis^ual of a tiianglo ABC; AX it tha 
median tliioui:h A, AP bim-(U tin* ancrit* BAC, and AO in the ]M 0 ipt*n 
duitlar ffom A to 6C Ptova that AP in intenuediate in itonition aud 
magnitiith lo AX aikI AD < 

2 In a' tn »f a jm rp« iidif^uUr in clraiin fioin un< #*xtr<*iuity of 

tho 1uin«* to thi hmi'tor of tin* icrtical anglv, (n it a ill make mtih 
niUoT of the* niiU*H tin* \«*tttval anpU* un ani^h Mjual to half 

tho nuiii of tin an>r)«M at th« Iviwii* ; (ti) it aiFl inakf* uuh the lane au 
angle to halt the diflen lire of thf angh*H at tlie l»uHt* 

3 In am In ingle the angh (ontaitoH) l>\ the hinctor of thf 

lertioal angh and the ular ftotii tin xritex to the l>ase in 

CNiual to |iail th< ditlen ru< of Ui< atighn at the 1 ^ 0*0 

4 <\mntfu<t A rn nt tnghd titangk* h«i\iTig gnen the h}|)oteDU$e 

and the ddlertiK < of th« otlot huhv ^ 

5 (\»nHl rur I H tiiiiuh ,*]mvitig ii the Uiw, ttie diOori nee of the 
angleit At the huM , and (i) the dinettiee, (it) the num of the remaining 

(f (VmntMKt an le Heeh*n tnangl^, having gtien the him* and the 
aum of ikiic <d tin eidi*^ and (he iav|Hiulnular fntin the itrlex to 

the luuH^ 

7 Shew hov to dmde a givtn atiiught line so that the 6(|uarc* on 
one part tuu\ he dotilde of the fnijuaie on the otlui 

8 APCD ih a |iaialIi>]o|;rani. ami 0 i« aiiv |H>in( Hithrint th«< RnKl** 

BAD or ilH op})o<tit4 veitK a 1 angle shi that the ti tangle OAC is e<|Uii] 
to the sum of lh< IriAfigh h OAD, OAB • 

If O IK mithin the angle BAD oi its opiM>mte veitical angle» ahea 
that tin* (Mangle OAC la etiiml to th« ({ifhrttict* of the tnanglef 
OAD, OAB 

• » 

9 "ilie area of a quadfiliteial ik tijnel to Vhe ati*a of a triaiigh 
haviM/ t\4o of itA i>»ide>4 Mptal to the dtagsnals of the given tigiite, am 
the iiutudt*i1 angle cMpul to* *ith( i of the angles heti^ecn the diagonals 

1(1 Find the lu us of the onteraectum of the mediana of tnangh 
deMriUnl on a given liaae and of given*aroa 

U. On the bane of h given triangle coriRtruet a 8€^Dd trtangl 
•qual in aroa to the and having its vertex in a given straigh 
hue. • • 

ISL ABCO IS a parallclognini made o4 rods connected by hinges. 1 
AB It fixedp find the hicus of the middle point of CD. 



PAjiT irr. 

THK I'lKCI-K 

pKPINniONS AM> Fin'll *1'H I SMTirM 

1. A* circle is a plain* fi^nro l»y a !uic trarf'd out 

I'V a ]K>ir)^ \v}nr*l) irui^i^s so that its distanu^ fiotn a cnriain 
hxnl point ih nluayh the satin* 

'Iho tixod [Miint is <*all<*rl th^ centre, and thn Ixmndinii; fine 
14 ( ailed the circumference. 

Nim* Afooj<lin>{ to thts (Miiiitioii th»» U mu i olu NtMcUy appliM 
*it (<ti)tainMt t»\ thu fiiiu ut»nn ♦ , it is ummI however 

In lilt" < mumf« M'lKf If hIjmi II » onfu^ion i, hki 1 > touiisi*. 


2. A radius ol a Hn*h* is a simiwjfit lint' <Irawii from the 
(nntro to the eirolimfi Jem t It. follow , that ail radii of a 
ir< Ic are m[ual. 

• 

^ .*h A diameter, of a etrele i« a t^trai^ht line dinivri thnnigh 
dte (%utre and termfnated both ways the ein'iniifercnce. 

1 A semi'Circla is the fi^'iire houmled l»y a diameter of 
a circle and the ptiit of the cinuinference cut otf hy the 
* diameter. * , 

9 

It Will provisi on pa.g« 142 that a diamUer Uividen a oiru]<» into 
two ic^ntmlly equal piirtH. ♦ 

o Circles that have the same centre are said to be 
concentric. 
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From these rhfiMilKiiis we draw the foliouirip inferences 

(i) A cirrlc 1 ** a cur\r so'that if the < in nmferoricf 

iH cioHml |»v a straight line, this line if i)i(»dn(iMl Hill (ross 
the ( ireiimfenjiin aX a hceoiid fwnnt 

f 

hi) Tljc dif^tune of a jH»ini fnmi the (iMitie of a circh 

greatu or h*SH than th« rulius ju cording as the ^ 

witlkout oi uithin the cm umii t( nc < % 

fin) A p»»int Is ont*4ide or iiwide a nnle arronling as its 
tlisUnt* fr*»m tin m iitt< is gnateror 1» ‘-s tluii th<» i.ulms. 

(i\) ('inles <*f e<|ni! i.idii are i*hntnall\ • [O il For h\ 
snp« rposiMon of oin on the otlni tin i mimifi'ieiiCi.' 

inu-Ht idi at < \ « » \ p n* 

^\) <\»n(»ntri( (ir^i^sof nnnjnil ladn (aniiot int/f si 1 1, foi 
the dihanii from thi%iritre of Mir\ jxaAt on the smalki 
cinU is If than the ladiuft of the Ingfi 

*(\i) If tin (irdiinh rcines <if two <orl«s ha’d* a conimoi 
point tiny (anma had tin same /i ntn, nnh ss tiny cuincid 
altogi tin i 


6 An arc of a t ireh is aiiV jurt of the < ircumference. 

7 A chord ^>t i < nh‘ m a straight line joining any tw 
points on th(^ (iinnnifKmf 

XoTB ro>m thev fiditntioiH it mm iti 8<Mn , 

that a i hord nf 1 1 itdf , w I|K n d k s not thimi/h 
the o#»Un\ ilivifltH the tnvuii Icon t tni* luo uii 
fH{Ual » of them lh» irfutf i < ilhd lh» malor 
arc nut the Ifws the minor arc Ilui^ ilu tnaj »r 
aie m naUt and the inm )i arc /fM ^han the «u iiti 
oircutuff retuM* 

The major and mitioi ire«» inl<» win h a tir 
cumhomi ni ilividid h\ a chord, are aaiJ to l>e 
MMdttSmtc to one another. i 



S\MVrrKY A (IMLK 
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S^MMF 1 U\ 

« 

SoTno < I4 mont II \ ptoju itu < t (inl»K t ihiU proxt^i by 
lonsKbrationH (tf ««\fiiin(lt\ tot iotiM hm iKt th< (h^tiiiition 
until on pcigt* Jl IS hi n n peitul 

DniiMMON I A n iu\ to h<* symmetncar about a 
Une uhin on hoijig fol Inl iboi* tint Iiim tl» pitts of tho 
on euli suit* of il 1 ui l»o InoUj»iil into (otm jiKmo 

The sti light luu i» ( iIImI ui axis of symmotry 

Hut thn ni*L\ H pis U it t U o tt * tl tu potK it the h^urd 
r i4<it iiiiM thi * lint -i7( iitd ship! , in i }i^ t ti iinnUiU plarul Hilh 

r to th* (IXM * * 


I>f*HMnnN J * lA*t A 8 be 1 4iu/J\x lun *in<i P i iMiuit 

t It 



From P ilrnv PM pdp t 1 AB, in I f» otiKt it to Q/mahing 
t^iul ti^ PM * . ^ 

Ihdi } tin ti/iin i about Ap th* print P may lie 

"I vie tti (oiunh wrli Q for thi ^AMP th< ^AMQ, and 
^MP-MQ . 

I he {Hunta P uid Q ire h<ui} to be'symmetnrally opposite 
With reginl to the ixis AB, ainl i nh {Hunt is lanl to be iho 
^siagesii tiu other 111 the axis * 

Nevir \ |M lit anU itn imag* aif eqnifb t nt frt»ni t\rr\ jKnnt 00 
' n axis Sc 4 » Trob 14 , pigi, <)l 
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<;jfi 03 fBrrBY. 


SOMK SyMMKTRICAL PuorKUTIKS OF CiRCLCS* 
1. A ctrde u aymnuhtcnl aUmt nny diamier. 



liOt AFBQ Ik* acinic ot wIimIi 0 i» the ctntrc. and AB anv 
dtani('($*r ^ • 

li lA rrptuui Ui pKfi* iha! Hif* cirth n v/mm/'inml AB 

« 

Proof l/<it OP hikUOQ Im* U<» ladn making any equa' 
*.*AOP, AOQ nn ojipositc 'lulcs of OA. 

Tlicn li the tigun* i^ ioldt^i about AB, OP may be made V 
ihfi along OQ, muko the AOP ^Ihc u.AOQ* 

And thuH P \ull coincide with Q: mum* OP OQ 

Thus cM‘iy point ui the «i1e APB ynist coinnde with ^K>nu 

i ioint in the iiu AQB tint i^, tlie two jiaits of the uicun> 
oroiice on cadi Hide ot AB (an Ik* made to coiinnie 

ihe cinle is Minmolrual about the diameter AB. 

COKoM.AIt^ If PQ 18 (Jiawn cutting *AB at M, then oi 
folding the tigine about AB, Miue P falls on Q, NIP wil 
comcide.with MO, 

• MP MQ 

and the ^.OMP'will coincide^ with* the ..OMQ, 

. tlu»se nngk*H, lieing a<ljiu*ent, are rt . 
the ivurits P and are Hymnieti leally o])|)oaite wit 
regatxi to AB. •* 

Ilonce, conu'rsely,*i/*fi arcl€ pui^ses thmtyh a votni ! 
if o/jfo /wjuvfcs ihioutfh ihi s\fnm€ir%taUy opposlu potni mth rtga^ 
to any dMmier, ^ * 

Dkfikition. Hu* straight line passing through the centr 
of two circles is called ihe line of centres. 



sYMM^rrniCAL rKorKUTiKs. 14S 

II. Two art Ju*ulvd it^metruallt/ ht^ thev ltnr of mdru^ 



Lot 0, O' b<* th<* centn‘R of two % and lot the »t. lino 
through 0,0' cut the at A, B urnl A, B 'rh(*ii AB and 
AB are di.iinotors and thorofoio ayi's of M*mni«‘tiy of thoir 
r»‘»yH.*<tno cjrolos. That is, tho !ni(**of oentro^ <!♦» each 
cirrle symint'tni'ally. 


III. If tu'o ntrhs rut at on^ ihrtf notyf nho eui at a 
i*r/onJ ponit , ati^l ihe rommon fhoii hiMtlni al ntjhl aiujlethy^ 
th lim of U!iitts» • 



I^et the circles whoso centres are O, O' rut ai the p/>int P. 
IVaw PR jwrp. to 00', and pHnlnce it to Q, m that 
RQ= RP. 

Then P and Q are HvnjTn<*tric;illv opiKisjtn pointa with 
r»*Kard to tllb line of ceutrus 00' : • 

/. siiye P is on the 0“ of lyith circles, it follows that Q is 
also oil the O'* of both. fl. Cor ) 

And, by construction, the common chord PQ is bisected at 
f»ght angles by 00'. 
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OX ClW)liI>S 

« 

Thkokm! 31 [lAUhil III 3] 

If u Um dinw^i from th* tjudn tf a ri?(V a 

e/iifrd /* </>*" md f/i vm;// %i <u/s th chard al 

naht (in ft* 

Conn I ^ hff ij li cuts th fh t* / at ivjht anffh ^ ti hsuts iL 



Proof. 

l>ccaUM 


lA*t ABC 1 m a whosi ((iilio O aiifl let 00 bistcl 

achoid AB \>linh il(»ts hol jwss tliiou^h tlu (uitic 

Ls fi (uuni ft that 00 A /M?/ h AB 
floiii OA, OB 

Thc‘n in th( * ADO; BOO. 

I AO BD, bj h\ poth< ''is» 

I 00 IS common 

[and OA OB, b» ing i ulii of the circle; 

the _ ADO tlu -BOO*, Thear 7 

and llu si au «idjuont ini^hs, 

ODi*>{Kip tt> AB ^ QKD , 

Cl ui'^rh Let 00 fu* p'lp to tlii» chord AB 
It tv iitiuift i h p i fh it 00 hiMcts AB 

Proof. In the 'ODA, ODB» 


Jth( *>0C5 a, OOB ire mfht anqh% • 
because th( ]iV]><)tonuse OA the hjjMitenuse OB, 
land 00 IS (om*moii * 


DA-DB, 

OD bl^ccU AB at D. 


4 

Thtor 1 
QBn 


that is, 
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* t 

Corollary 1. The ^ravjhi Jim which himU a chml ai 
right angles pa&m ihrougfi the centre. 

CokoUj\UY 2. A sitvigU line cnnnof mtet a cirrlr ai more 
than tm jmnU. ^ 

Fur 8up}>f>iso a st. liiH^ a O , 

circle whose centre is 0 at the jkmius 
A aTj<l B. * 

Draw OC to AB. 

Then AC -CB A C' b'*“5 

Now if the cin le were to cut AB in a thinl })onit D, AC 
woul(i he erpnil to CD, which jinpussihle, * 

CuK^liLAKY 3. A chord of a rmlr hts trioAUj tnihin it» 


^EXKurrsKS. 

{Nu^ieri/'ift aJtd (hrjjfhical.) 

1. In the fisfure of ni *{J, if AB H mu., anrl OD 3 cm., find 

OB. Draw the an<i \miI\ your Uy iu»' t tiu uu iit. 

2. QVlculate the hinvjth of a cfioirl wliiHi blamU ai a rhrtlsinw .V 
from the centre of ilcircie uh«»He ra<iiU4 i- 13". 

• 

3. In u f ir''Ic of 1" ratiiti.s tlraw two chords 1 c," aud I li" in length, 
t'aloulale and iruN'i^sun^ th»’ distance <#f lacli iioni tin- cf ntre, 

4» Draw a circfe ydiosc diameter is H'O <•»», and pTacr in itaehonl 
6'f>cm. u\ len^'th. (''ah ulate to tlie n»*ar(%t in lUne*ire i i»e dixtanee of 
the chord from the centre ;*and veiifv voiy^ r^ siilt l»y mcuLsureinent. 

5. Find the distance from the eenlre of a chord 5 ft. Ki in. in length 
in a circle whose diainetor is 2 yds. 2 ifi. VeriD the result graphically 
hy drawing a figure in whmh 1 cm. lejirejjents lif . 

AB is a chord 2 4** long in a circh' whose centre is O and wh^iBo 
raiti^ ib 1 ^ ; find the area of the, triangle 0A8 in «f|uai*e inches*. 

7. Two points P and Q are 3" afmrt. Draw a circle u ith railius ] ‘7* 
to pass through P and Q, Calculate the distance of iU centre from the 
chord PQ, and verify by measurement. 

H.8.0. • 
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OfOnMBTRT. 


Thkoiiem 33. 

< 

Ih* rtrrh, tml /wi/v OM, rm through any three i)oinis nm 
t7j th natnt ^tunghi hut.. 



lA'it A, C bo thioc p»biit8 n<»t in the saino *Rtniipht line. 

/t L^ teptiud to i^oic that one nr<k, anJ onhf {/fj/, can 
^huiltffh A, B» and C • 

ABf BG| 

Lot AB and BC bo biHeitert at anirlo'^ by the lines 
OF. EG. 

Thon Hinco AB and BC are ii(»t in tin* same st. lino, DF and 
EQ aro not par’ 

Ii<>l DF and EG moot in 0 • 

t 

Proof ^ IloiaUM' DF bin ots AB at light angles, 

o\orv T«>iid on OF ih oquidistant fr<vn A and B. , 

pjob:U. 

9 

Kimiluly o\ory point tn EG is equidistant from B and C. 

O, the only coniiuon to DF and EG, is e<iuidiRtant 
fiYini A, B, and C , ^ 

and there no other point e<iuidistant fitim A, BJ and C. 
a ciiele having its centre At O and radius OA will^pass 
through B and C , and this is toe only circle which will*pass 
through the three given points. Q.E.D. 



CHORD PROPRRTIFA 
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Corollary 1. Thf nzc awl )uuiium of a mrlf are fully 
determined if it is knou*nt to jhlss thunajh three tjuen }mnh \ for 
then the position of the ceiilro and lenj^th of the radios ran 
bo found. 

t^IOROLLARY 2. Tiro dtihti ntjiihf cut oar nuothet ir more 
*hdn iux) jfointa inthovl anuadimf for d thov rui ai 

rhroe points they wouM havo iho sanu* oontro and nuiniv 

nvrOTOKTJr\L CoNSTUrp'ION. Tunt Thdofiu it 
(kfJ we viay eopiHi<e a md to h duurn ihtomjh uttt/ tlnee pottih 
iu4 in the sttue dnodif Inu. 

K<»r rv tmjtlo, a eitolt* oaii Ik» AsmiiiM'd*to ihn)ii};;h Hu* vi'tti u*h of 
tny tiUKiglo. * * 

I)n-IJ*IT 10 N. The rindo whuAi ]kihsi“» tlw» \otiiros 

of a lrian{j;U‘ i^ oallod its oircum^circle, and is said io ho 
circumscribed about iho triani^lo. 'Ida* lontto of tho cirolc is 
c.dIo(l the circnm-centre of tin* triangle, and iln^ radius is rallod 
the circum-raditiB. • * ^ 

KXKHfM'^KS €)N THKOULMS .'U AM) .dj, 

* {7'h*or^firnf ) 

1. Tho of a stiai^ht liu*' iiiOi • i j>t« ti tho oircuni 

iVivnci^^Hf two oom*nitijo ciirh‘s tto» uju tl 

2 . Two arccit A«iihI B, »T»t» r«*M at C, 0. and 

M iH ih»* middli |)oiiit of lJu* f*»iijiiiion Miojil. Mm‘vv that AM uiid BM 
w in the same Atrii>cht linu. • 

• llfurr f/roi'e (hattthe hue of centra tt h^rfM the toiuvoio fhotd of light 

» • 

3. AB, AC aro two ^^qudTl rh^inlM of n mp I< , do w I tint tho straight 
hno nifhioh hisocU tho an;xh* BAC jki«-h*h t}i*ou^'h th<* <j< ntii*. 

i Find the loriut of the cmirtH of ffd nrri^A whirh ihrmUfh two 
Qtfyn points. * 

5 . lkscf%e a circl* (hut t*halt /xx-m through tiro gii^i jxdntH and hav* 

a lUre in a giiYu rtraight tine. 

Wbeu ia this imiHKwthlo ? * 

d. DeserSJht a circtr of giren radiUfi (o pasu through two gti'ttt jmiUe 

When is this impossible? 



14H 




♦Thiv»ufm [IvsMhIIII 9.*) 

If a fi ru*^h^ than /?/v? *'ival shniqld 

liu*i itth h tiram h vtiif* 14 ti** , t/iat jtoini ih^ ceiitr€ 

vj tht at '4 ^ 



Tit't AfiC Ih * mmIo. aiul 0 a jMunt nitlu'n il fionv wlnoh 
tfuM tMo i *10.11 .uo diawn to lh(» immcly 

OA, OB, OC 

lUh }i / ! fo tf> tf O / //j^ t\f ihf ntrk ABC. 

Jo)u AB, BCi 

I/Ol D :m i E In* tlu* of AB.ukI BC riNjM'rtively. 

.lorn OD, OE. 


Proof. lilt la -OO^ODB, 

{ DA *DB. 

, IjCt’aiiM* DO i> (Muinnnii, 

, l.nul OA OB, by liypotlwais ; 

tbi'*_ODA tlii'^ODB Thfor.1. 

an^lo'?, luini' ailjarant, aie rt. *.*. 

lIojH 00 bi'cats tha rh(»rri ABa^ri^ht anj^les, ami therefore 
paasej) thinu^h llu' <*ontjo.« Th*ot,^\, Cok 1. 

SirmLuly it may ]>o t-}w\\n that EO pa^^^etj through the 

OTltM'. ' • 0 

O, wlmh is the ouly ]K>iia common to DO ami EO, must 
be the Centro. Q.E.I). 



riioRn rRupKKTiis 
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KXl !U isus ON ( IIOKDS, 

{Xutnn anti Oraphi nl ) 

1 AB ami BC an^ limn at ri);hi anjliM utkI thfii linctbaaro 1 6* 

ami 3 0' r< 8|M^< t)\« i> Diau thf (inli thtiMtL,h th« p<antHA»R \nil C ; 
hml the t)f its radius aiul amii ti s>ilt )t\ ln(a^ut« mt nl 

2 l>rau a iinli* in ^hidi a thcucl 0 (iii in loii);!)* atamls at a 
distant f nt < III l^om tht ftiitrt 

('akulite (to thi* luuut-i inillitiH ti< ) Iho It n^ih of the i idius ami 
\ un liMilt h\ imasuii 1141 lit 

3 )>ri\v a <ii<h on a diiimtit of S (tn , aid |>)a(< in il a ihitd 
ecjual *0 ih^ I ml I us 

("ahulite (t<t tin n* ui st niilliimtK^ tin di I iii • ot tie (hold fioni 
tin Cl lit M, iud\tnt^N l)> ini(su((imnt • * 

I Tho niliH, uiiosf* tadn an iisfMtiviK 2t> m hi ind 23 
inches *int<is( l at tv*o points ahirh an 4 hit npiit I incl the 
di*<t UK s III tail «i thi 11 (I idn s t 

Di till ti^oiri (scale 1 c’n to 10), and mmI) >oui UKult 
mi asm I m« iit 

6 'lao puilhl iliirds of a 01 h mIkhi diiiii tu u 13 att 
8]H(tiMl\ 5 an! 12* 111 hii^lii ah a thi* to distitxi litwiin tin ni 
ifl cut he t H r> 01 3 ”1 ^ 

• 

6 1 uo pii dh 1 I holds of icir h on thi sum iih c f thi cintri art* 
6(111 and ^ i in in hnuth n { 1 < tiM 1\, and tin p* i pi iidic ul it distaiKe 
hit Hull ihi in IS 1 (in (^alruliti uid iniasun tin i oil is 

7 Shi H on sfju ill d ]ii}a r th it if a r in h ho it i c 1 ntn at fn/v 

on till a IMS and passes 1111011,^1) tin point (t>, 3 ;, it aho pa sis thiough 
thi fKiint (h, 5 ) l^el }iai,o 1321 * 


IktorffimJ ) 

8 The* line joining the middli jioiiits ot Iho | u did chorda of a 

circle pistes thiough the << litre • 

9 Ftml fht^ lontA of (hi* pn%(« of )nttaffif chord i in a mefe 

lU. Iho intfrs* cling chords of a r^icli c innot hoed each other 
unless each*is a dianietci 

U It a patalli logiim can br aniri da d in a < ndi , tin point of intei- 
section of lU diagonals must lx at 12^ ei ntn of the cin le 

12. Shew that lectangks are the onl> paialldogr itns that can be 
inacnlied in a oirclex 
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aBOMRTKY. 


Thkokrm 3t. [Euclid III. U.] 

E^iual fhi/r^h **J a at dr m*' ri^Misian! from ihr cHiire. 

i^rnimdp^ rhonh wiiuk arr equidistant ftom the centre are 
equal, r 



fi<»t AQ, CO Im* <}pjr(lK y{ n rin*!*' who*sO centiv is O, and let 
OF, OQ l»o oil tlii'Ui from O. 

fijd LctAB^CD. 

Jt t' fe/titftJ ti jfi Hr that AB nmi CD ah (qiiididani ffoiii O- 
Join GA. OC. 

Proof. lie<**iUM‘ OF is pcrp to the chord AB, 

OFbiM'ctsAB, 3W. 31. 

AF is hitlf (tf AB. 

Siniilaily C^is hall of CD. 

Uut, by hypothesis, AB«CD, 

AF ca 

Now in the . ‘OFA, OGC, 

i tlie OFA, O^GC are rujht anftks^ 
the hy|)oteuu<»c OA«»the hypoteimse OC, 

• andAF«CG; 

/. the trianules are equal in all respects; Theor, 1& 
Bothat*OF’=OQ: * 

that is, AB and CD are oquidisUnt from O. 





cnr)Kn pitornRTtca. 
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Cmrer$ely, Lot OF OQ. 

It is require*! to jrrare that AB »■ CD. 


Proot As k*forc it nmj be shewn that AF is half of AB, 
and CQ half of CO. 

Then in the r* Of^, OQC, 


b(ycausc 


the 4«*0FA, OQC are rmltt anqlet,^ 
the hypoteiiUM* OA- the hyjx>ten*Ufte OC, 
and OF OQ ; 

AF-CG, 77w/. 18. 


/• tlie doubles of these are ei|iial ; 
that is, AB -•CD, 




KXKlirisES. • 

{Thfortt%enl,) 

1 . rind thf lonM of the middh i*oinfn o/*fjual ehor*h of a rircle 

2L If two eliords of a <‘irele eut #)iie aiieMier, nod make ei{ual 
Angles with the stiai^ht l^ie h hieh^joiiis ili< n {Xiint of intvtr-ootnui to 
the centre, th«*y ai<» 

3. If two equal ( hoidn of a cnele inlciMeet, shew th.vt the Hugitients 
of the one are equal lespei ti\el^ to tlie sigiiuMits of U»e othei. 

4 . In a given circle diaw a ehoid whicli Hhall U i qiinl to one gnexi 
straight line (not gi eater tlian the dia^m ter) •nirl {Nizallei to unolher. 

5. PQ IS a fixed chord in a oiule, and AB is aii^ iliamcler : show 
that tho RUin or ditteii nee of tie* |K*r|K*ndieu)iitfl hi fail fiorn A and B 

is conhUnt, that m, tVio sime lor all pohttioos ol AB. 

^ • [>svo Kx 9, p. <»/>.] 

ffjraphirat.) 

6. Id a circle of ladms 4*ia^'m. any number of chorda are diawn 
eax‘h 1*8 ora. in length Shew that the ti^iddle |s>intA of thcHo rhords 
all lie on a dtroh, Cidculate and measure tlie length of its radius, and 
draw the circle. 

7. •The c«*ntrcs of two circles arc 4" ajiart, their common chord la 
2*4* in length, and the radius of the laiger circle is 3*7^ Oivc a con- 
struction for finding the points of intersection of the two circles, aud 
find the null us of the smaller cirrle. 
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CKOMKTItY, 


TfiKnunM 35 . (EucImI III. 15 .] 

of arty t^ro rhonh <*/ a that u'hu'h is mater fo (he renire 
Lt firenl*! tb^in one utou tttuoU 

Oiuv*t th* [h^aln of%iwo cbottla is neanr to (ht rnitnihan 

It f 



Ei‘t AB. CD Jto dionJ'^ «)f a rinU* uliose (Vtjiio is O, and let 
«Or^OG Im’ poipondH itUis t»n Itumi fioin 0. 

if IS t' juuftl (o phtu that ^ 

(i) tj OF A'n ^Iuw OG, then AB L‘ ijtcnhr than CD ; 

(ii) //" AB (ji^afer than CD, then OF w ks'^ than OQ. 

Join OA, OC. 

Proof. 15etMU.se OF is perj). to the chord AB, 

OF bisects AB , 

AF is half of AB. 

Similarly CG is half* of CD. 

• 

Now OA ■- OC, 

tho wj. on OA=»Ahc sq. on OC. 

Kut since tho i.OFA is » rl. angle, 
the wj. on 0^»the sqq. on OF, FA. 

Similarly tho sq. on OC ° tho sqq. on OQ, QC. 
the sqq. oil OF, FA » the sqq. on OQ, G<X 



CHORD PR0PKR1IB». 
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(i> Hence if OF is gi\cn less tli.in OG , 
the on OF ll^s limn the sq on 00 

the sq on FA is picutci than tin sq on GCj 

FA is ^hmUi than GO 
. AB is pcatei than CD. 

• 

(ii) iJyt if AB ui\tn gtt itu than CD, 
that IS, if FA Is i;rcatei tli in GC , 

tlnu the Mj on FA is ifioitei thin tin ^q on GC. 

• . Un sq on OF is loss than tin sq on OG, 

.* OF IS hss thaqOG Q P I> 

CoROLLAKl. 2 fit I ihoi / tt ti t a il n/n^r. 


1^\I K( ISIS 

;mO 

1 lliiou^h a given n unt witlia a <n It iltav^ llir Uast {losuhle 
ehord 

‘2 Draw a tmn^lt ABC m whim a ^ 12 t '17" Ihoiin^h 

th' enda of thi anlf a dt iw i ui<h wiMi its ((iitH r>n tlit hkIi r. 
CaUulaU^ and niiasiirc tin i ulius * 

3 Diaw thi UK uiii circle uf a tnaii 'It wins* hmIik ale»20^2 8\ 
|nil 3^(/ Measure Its rul I , 

4 AB iR a fixed cho d ei^ a einl», ind ?CY in} otlur fluid Imvini; 
Hr iinddlt |> id Z (ui AB wliit h the iteit, and what tin loa^t 
luijth that XY ini\ hi\^ ^ 

Shew that XY incnases, aR Z^piiioa<9ln m the iniddh {lOUd of AB 

f) Shew^m squared r tint a endt wlu^c trntrt is at the 
ongiii, and whom radius is 3(1', jiaHOB througli tin isiintH (2 4*, 1 8'), 
(18*, 24) 

( in% (i) ihf length of the < he rrl jojiiing these }H»intH, (ii) the CH>- 
oMiiiates uf its laid IS point, (nij its jicrpe ndicuUr disUnrc from the 
origin. 
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OBOVITRY. 


•Thkhvukm [Euclid III. 7 ] 

Jf ftom am/ tnfnPH^ jmnU wof iltt rtnirr^ Hrat^hf lutes an 
dtatm // rnmmjfnu^* of a nrde, then the greatfst w that 
uhtih rtniu, and the l^u\t is the rmamtfig part 

Of that dm no hr * 

/Ind <u oOhi tvo uoh hn4s ihr f}iahi %s that uhich sul 
^ ten Ho tjitain UtojU* at th* r4nUe. • 



l*/'t ACOB l»e a ciuh*, and from P any internal pointy which 
'i« not the centre, lit PA, P 8 , TO, PD be drawn to the O®*, 
80 that PA passe*' through the (cntrh 0, and PB is the remain 
Hifl; |Nirt t>f that draimler. let 1 ,he 4 -POC at the centre 

8 ’jl)tcr»lcd )»y PC be greater than the Z-POD subtended by PD 

It IS niHji. ( hi pntn (hat of tU^* luos 
(i) PA i,v Ho (fr cat* sty 
(n) PB LS *fK l4lli>t, 

(in) PC f,s Oft ait I than PD. 

Join OC, OD. 

• 

Proof, (tl 111 the ' POC, the sides PO, OC arc together 
gre.iU‘i tl.iii PC ' Theor. 11 

I hit OC'^iOA, being radu , 

PO OA are .together gi eater than PC; 
iliat is, PA IS greater than PC- 

Simihitly PA may Iw shcnit to be greater than any Vitbei 
•t, line draw ii from P to the O’* . 

PA is the groaiebt of all such lines. 
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(ii) In the AOPD, the sides OP, PD are together greater 
than OD. 

Hut OD» OB, Wing radii ; 

/. OP, PD are together gn^ater than OB, 

Take uM^ay the eomniwn jiaiT OP : 
then PD is greater than PB 

Similarly any hther st. lino drawn from P to the 0"* may 
be shewn to be greater than PB ; 

/. PB is the leai*t of all ‘'lU'h lines. 

f 

(iii) In the -POOfOD, 

( PO IS eoniiiion, 

OC OD, btMh^' rulii, 
but the POC is greater tlian the POD ; 

/. PC IS greater than PD. Pnot 19 

C^.K.D^ 

K\nn IhFA 

I 

1. All circlf^ v'hith patM ilirouffh i potnf^ avrl h*i\f thnr rmtrtu 
m o ffivf 71 Mrtxitjhf hnf alH> thrmufh n nnuuti Jijffl /nnuf 

2. If two cm hs ^buh nitcr^'Ct are rut b> a Htiai; 4 lil bn*' parallel 
vO the rominon rboid, slew that tbr^parl*- ot it intiicipUil b'lwren 
the ciroumfcitncrs aru equal. 

• 

3. If two rirclc*^ rut on<* another, any tuo pu ilb 1^ straif^ht lines 
lirawif throuj;h the poi'its of inti • tion to nit tin* cncles aie equal. 

4. If two cirrles cut oiSp another, lln^ two strai,j[ht linea drawn 
through a })oint of Brctioh, inakins; <quil*anc!*M with the commoii 
chord, and trrniiuitcd by the rmniniterf ii< *•«», air equal. 

6. Two cirrlrs of diameters and 10 imlus ic3aiM*rtiv«*ly have a 
oomroon ehoqj 2 feet in length ; find the dwtance between thrirrcntics 
Draw the figure (I cm. to represent HO and verify your result by 
measajrament. ^ 

6. Draw two circles of nuhi I'Cf' and ^7^ and with their centres 
2*1* apart. Find by calculation, and hy mew«rt*ment, the length of 
the oommoa ehord, and its distance from the two centres* 



aU^METRY. 


IS6 


•The<*kem .17. [Kuclicl III. 8.] 

If from uvif rfirruaJ ]mnt Mminhl lines are drawn to the 
cirrumf rrnet' of a ntde, the rfrmitst is that irhicJi jumes ihrmigh 
the centre^ aud the h ast i^at whodi when jmshirM passes through 
the centre. 

• 

, And r\f nut! of /or hn) surh hnes^ the /reater is that which sub 
teruh iht: ipeAiUr angle nf th* renire. ‘ 



r*et ACD8 ha a cin’lo. uiid frdrtii any external point P let tho 
liru's PBA, PC, PD he ilrawn to tho so that PBA j)a.sso8 
Ihron^^j the ccntroO. arnl .soi^ihat ih»‘ .. POC subtended by PO 
at the ei'iitre is ^^reater than tlie POCi subtended by PD. 

It w r* ptiif'd to iron that of f/osr st, lines 
(i> i< the greaftst^ 

(ii) PB IS fhejead, 

(iii^ PC /.'• greater than PD. 

I 

^ duin OC, OD. 

Proof (i) In the .*> POC, the sides PO, OC are together 
greator than PC. 

Hut OC--;OA, heing radii ; 

.*. PO. OA are jtogelhoT^ greater than PC; 
that is, PA is greater than PC. 

Similarly PA may he shewn tpo bo greater than any other st. 
line drawn from P to the O** ; 

that is, PA is the greatest of all such lines. 
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(li) In the APOD, llu* feulcs PD, DO au* lt»p*thtT giCMitcr 
than PO 


lint OD OB, lK*ing Milii , 
the remainder PD i» gieitei than the hmm.uikUi PB 


Siinilailv ail} othtr st line drawn Innn P lo the < *• may he 
shewn to hi i^tiaU 1 th lU PB , 

that Is PB n the liasl of uH sin !i hiiea 


(ill) Jn th* 'POa POD, 

j PO IS ( (niinioti, 
because J OC - OD, le nn^ i idii 

ll)ut thf F^OC IS ^ I* all i ih in ihi L POD , 

PClhgitatd thin PD. ///n/i 19 

g I J> 


EM » ( iSl s. 

(J/ivM ntf i 

] Find the pricatist ami I* ist Iim « wliiuh havu om ix 

trermty on 1 1 h ol two I'lvin (in U « win li d* n t uit« t > < t« 

2 It fioni ins |) nit on tli <ir< iiiinnmt ut n mm It Uiiiv,ltl lui«.a 
aru (liiwn to tin in utiduni i tni iti t m thit whnli pihKih 
tliroii^h lh( iiitn ind ot ins tw > mi Ii Iiikk tm fii iti r m tliul 

which buhtsmU ih* lH it< r in^'h at tin Miiti 

« 

.‘1 Of all sti ui^ht Iiiu <li iw 1 ;;n 11 jinnt oi nilM 11 < tion of two 

circks, and ti tniin itMl hv tin (inuiutmiiMH tin i,;n uK si is tlutt whn h 
18 pai ilh 1 lo tin lim of < i itln 

# 4 ^ I>i iw on <1 jiiijiM i IS twf>( If !♦ h w hic h havi thnr renin ft 
on tin a ind tut at lh< (loinl ^S, 1^) 1 infi tin (oonliimti a of 

their uthfi jioinl <>t inlti s* tion 

5 ]>j iw on sjuind piiftt txio rinhi with (fiitrrs at thr jKiiriU 

0r>, (I) and ( - (i (Ij n p( tnilv and c 11^1 >n/ it Un point (0, 81 Find 
Uu liMi^hs of tmii I id 11 , and Ihc crKxdniitM ot th« 11 otlnr point of 
iiiU™ ctioii ^ 

0 Thaw an Us tiiirvh OA6 with an ani^U of HO at ita ver < x 
0, centu* O and radtun O^ driw i (in It, and on iIh ( In urn 

ferenre take an> nunda^r of jjfnnlM P, Q R, on On Kiim iifdr of 
AB as the renin* Mujlmim th< ui^h^ Miht<(ndid F>v thr rhord AB at 
the points P, Q, R, lU ])* ii tin Htirnt ( x< n im. with any oth* r pven 
Angle at O What infriynt.c do \ou diaw ’ 



m 


QJjOMKTRY. 


t)S AN<U,KS IN KKOMKNTS, AND ANGLES AT THE 
CKNTIJES AM) (‘IKi’UMFKHKN< KS OF CIRCLES. 


TiiiuuiM [Euclul III. 20.] 

J% nnql* nt l/i* ot a nick ts dmhlt of an angle at tfu 

eurmn)* it n<* ^t'lu funi on tut, tpc. 




Let ABC Iw A viirlo, of vliich 0 is fao centre ; and let BOO 
l.»c the uni;le at the KMitie, and BAC an angle at the 
Htaudnig on the vono an* BC. 

It n /etjntod to pKtr^ that Hi* ^ BOC w tirin the L BAC. 

Join AO. an<l proihice it to D. 

Proof. * In f he . OAB, Iwcause OB - OA 
.• th^^OAB-tbe^OBA. 

/. the sum (*f tlu;^*OAB, OBA'*^ twice the .lOAQ. 

Uut the ext. ...BOD -.the sum of the -."OAB, OBA, 
t he 4 . BOD t wice ^hc .. OAB 

Similirly the DOC =• twice the » OAC. 

, adding thm* resuUs in l^g. 1, and taking the diffidence 
in Fig. 3, it hJIows in e^u*h 04!ue that 

the ^ BOC •« twice the l BAC. 


Q.S.D. 



ANOUB PROrKRTLlCa 
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Ohs* If the arc BEC, on the in a Bcrni- 

circumfcrenee, as in Ki^. tho ^BOC at the centre ih a 
xtnti(fhf antjlv: and if Ine are BLC is ji'i eater than a Homi 
oircuinfereiue, as in 4 , the 4.BOC at the centre iyh ttjhx. 
Ihit the jipiof for Fj[(. I applies without ti» 1 th these 

eases, shewing that whether the gi\eii au‘ is greuUT than, 
e<|nal to,* or less tjiun a semi cir(‘aiider^ne<% 

ihit cBOC* tuw tiu Z.6AC, on tlo .^ame an BEC. 


liKI INI'I^ONS. 

A segment of a circle is the figure lx.undtd 
by a chonl and one of the two aies into which 
the chord di\ide8 the cireuiuference. 

Note. The chord #f a in soniKiitu'' 'allfd 

itA biiAC. • 

An angle in a segment is one formed l»y two 
sfniight lines dravui from any point ii^the aie 
uf tho segment to the oxtremitieH of its chord. 

We have seen in Theorem 32 tlva a ciiclc may be draw n 
.through any thread points nof in a straight lino. But it is 
only under 'Certain conditions that *a ciiele can be drawn 
through more than three {wints. 

* « 

Definition. If four or more points are so placed that a 
circle may be drawn through them, they are said to be 
coBcycUc. 
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GEOMETRY. 


Thporkm (Luchil III i>l ] 

An^lf ui tfu Mitnt of a mde are ujual. 




I/t BAG, BDC l»o uit'hs in llio sann si^nnnt BADC of a 

^ciH'lo, w 1 m ♦ j t ntti is 0 

/f h 1 ptiu ft If (f •* if,* ^ BAG if* ^ BDC 
Join BO. OC 


Proof IitM.iiiM lln BOO IS .it the (intre, and the lBAO 
at the ^ st nhinii^ on the ^iim .in BC, ^ 

tlu *.BOC tWKP the .. BAG Tl^ 38. 

SiiihhiK tin ^BOC t\ih< the ..BDC 

the .. BAG the ^ BDC Q B.D. 


Xorr Th< ini\ l»e gnaUr than a aemi<irt1e as m 

^ hr in Hg 2 m ihelatnrcaa* theangle 

QOC wnl hi iitUx Iiul hi virtue of the i TteiiRton of Theorem 38, 
d»e prvcodMit: luge, the ahoie proof applus iqually to both 


ANQI.K PIIOPFRIIKS. 
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OoNijusi- or liiikOK^M 39 

Kqual nnQlrt^ fUawltnf/ on lki »amt In t nuff tw tKf mm* t>uft of il, 
Afl?v th*u mhif* t/u an ntt i»f u ttxn it uhoh tif *}Uih UtHf ih Mf 
fWf/ ^ 

r<<t BAG, BDC \n tMii upint audits »t intlin^ on 
ih< Sttnif Imis4 BC, 4u<1 oh t}(t it it 

It t<t n pi It* (I to ihtne thnt A and D U* ou lu at 
oj I (P /r fitidwj Be nii itA ihitd 

Ij* t ABC U* tht finh vliuA s tliKni ii 
th<* tliiu (HMnts A, B, C« uid Au]»{M>Ht‘ it (iitv BD 
01 BD pKKluotd at th* yx iiit E 

Join EC. 



Proof IhMitln ..BAC th* wBrCmth* mini v^nniit 
But Kv h\iM>th< n tin ^BAC» tin .-BDC, 
tin ^bEC till .-ROC 
wliuh 1H itiipo siltlf unit f iih nh >\ tS D, 

tin ( It W t^luuf li B, A C II u^t rxihs tli> i li D 

« 


C<ii 01 1 \K\ J hi iUH (hi }inf i f ft intf/i f/r m n (In Hume 
ti t oJ n ijmn h^i(^ an I uith iqnal ttrtuul an / m, i& an hk j a unit 


y\} K( ISIS ON THKiRMf Vj 

* 1 . In 1 IR 1, if tU< an^li BDC ih 74 , tiinl tin nurnlxY of ilcgiHSia 
caoh of the angU «« BAG, 60C OBC. • 

*2 In Fi^ 2, l< t BD anil CA inl« rw r t tit K If tin DXC 4(f, 
and tho anglo XCD tiiid th< a iniln r of rligiMH iii tin angle BAG 
and in the leflex aiigh 600. ^ 

3 la Fig«l, if tin aaglen CBD, BCDar< r(KpMM\eh 43 and 82', 
find the iiumljur of d«gTtcH in tin angha BAG, OBD, OCD 

4 4hhew that in >ig 2 the angle*OBG ih alnayB If hh than the augla^ 
BAG by a nght angle 

[For further Exercises oa Theorem 39 see page 170 ] 

UO. * 9 



GEOMOTHY. 


in 


TiiwmfCM 40. [EucImI III. 22.] 

^ The immtif aivih^ of nny qmflulakral inscribed m a circle 
m iofetfut h two rnj/d niufks. 



liCt >{BC0 1 k' a <jiia<inla(4*ral mi>('nla*(l in the ABC. 

It Xs }t put id to piOit* tuat 

(i) th ADC,^ ABC hijithr - htv »/ jttojUs, 

\ii) /V *nhti a/tjhs. 

SupiKisc 0 !» the oeutu* oi thi < ih Ic. 

Join OA, OC. 

Proof. Snue the .-ADC a\ the '^V* - lull the - ACC at th( 
oontie, htaiuJiiij; on iho Nune arc ABC ? 
ami the ...ABC at the h.ilf the lefh'v .. AOC at the contie, 
atamling on the Nime au* ADC . 

\ the i.‘ADC. ABC toi;**ihei half the mmu of the lAOC ami 
the iotlex*.AOC 

But iheBc anyhs make up four it am^le . 

*.*. the fc.*ADC, ABC toptl ei - tuo it. angles. 

Siinilaily fhe .••BAD, BCD t<*ge*hei two rl angles. • ' 

’ . Q E.D, 

« 

HiftK. Tlic n'SuUfl of Thoon^m*- KO ami 40 should be carefully 
OOU>|MM\xi * ^ 

Frtmi lhtMn*m ;!<♦ mc loam that anijloa ui the Afime A^^iueiit arc 
eqml. 

From Tleonm iO hc learn tiiat an;;lea m conjugetie segments are 
snpfdementar g ' 

DnKiNinoN A quadiilateral is called cyclic whea a circle 
m\ bo diawn through its four vertices. 



ANQLB PKUrEAriKS. 
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Cu2«\KtU^K OF TuKOUKM 40. 

If a pair of opimitr of a quadrihiirml art it$ 

art toncyi /»<■. 

liCt A6CD hr a i|tuo1iilat<iral in thi^ 

(yppoAite .It B acid 0 aie 8U|i|>lvnii*ntAr\ . 

It itt rtquirftf to /jrorf that th^ j^nintu A, B, C, D 
are concf/eiic. 

I/'t ABC Ik* tin* ciK'lo %vhio>\ |)fi*sdOA thimij:h 
the thro*‘ A, B, C ; uinl Hii|»iKm(' it fUiB AD 
01 AO |>i(kuuvi<*cl 111 tlio point E. 

Join EC. 

Proof. Tin •n Hiiirc ABCE !sa(\4ii< ({uadiiliitnr.il 

tin* ^lAEC KH Iht* bUpplnmnnt ot tin* Z.AB0. 

iJiit, by h}|i Tu^if}, the ^.ADC h fhf snppb n»» nl of iho I.AB0; 

* thn LAEC th* 4»ADC: 
aliK li lA iiiijMMHibb uitlc'S.s E '’otiK \\h s mlh D. 

' . the oirtle nhioh p.i^M*N lhro.«/h A. B, C niUAt pann through D« 
that iH, A, C» D ftp* ct>iif*\ilic. Q.K.D. 



2XEU(’iSt".S ON IHEOUKM 40. 

1. In a oin>l<^ of 1 *6" nulius inxf hIh a ijuadiiUb ml ABOO, making 
'tie ABC erjnal to )2tr Mui'tuu* tlio leiuaiinii^i; an^toa, ana 

heiKi* \» nfy in this i .wo that (*p{ oKit<* an^lt^ arc Hupph'meritary. 

.» 

2 Prove Thuiu-in 4t) by tin* aul of 'rir#fncm« IJ9 and 16, alter firat 
ptitiiu^ the ojipn^ite veitioew oi the (»iudtilateiaL 

*1. If a circle can be descnlHil about a iiarallelograni, tho parallolo- 
gram must ht; rectangular. » 

4. ABC IS an i8oac(*lofi Iriaiigb*, and XY is driiwii parallel to the 
liaee EIC cutting; Ihc hidee in X and Y ; ahew th tt the four points B, C, 
X, V lie on a circh*. 

6. I/atir oj a cyclic quatlrUfUfrad is produced, the exterior angl€ 
u equal to tho tq/pooUt interior anyle of the qwviriUUtral. 
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TiiKHtr.M 41. IKiHhillll 31.] 
yVi* Hinjfff* til ff .y*iHf‘n/rh f> a ri>fhf ith tie. 



l»<*t ADB Im* .1 MM 1** ut wIihIi AB A «li.nnt*i 4 *r and O lh(* 
aud l‘•l C !><’ any jwum mi tlj<* smi i ( jh mntiMi'ruv ACB 

Jt i.' ft* tutu !• t «ACB / ti i* u:o/ 

m *> 

iRt Proof '1 )it ACB at tlu* * half tin* ^frajjltt aujU 
AOB at tin* rantia, Mainline nl« tlu* sauu* an* ADB , 

.md a shutfht atniU tu<» ii an^dfs : 

tho *-ACB in a rt. an^lo. Q.E.1» 

2nd Proof. dmit OC 

'riu’Tl iHMMlIsa 6A OC, 

• tin ^ OCA thr.-OAC. Theor, b 

* Ami OB OC, 

. . tln;^OCB thnlOBC. 

. tin- wlu»lo ..ACB tin* w OAC -f the .. OBC. 

iliit tlio throo aiijLrlo'^ nt lln* AtB to^athnr- two rt. angles 
the ..ACB -one-half of two rf. angles 
^*oue rt. angle. Q.^.n. 



ANOI,E PltoPBIlTIBS. 


1G6 


CoROIiLAUY. 77f/‘ trytffk in <i Mfpfuut tfrtiifer th^n a t^irch 
is acute ; an*l //k fin*}le in n stumnit than a mi circle is ohtuse. 




Tho :.ACB at tli*' O** is half the l AOB at the mjtre, on the 
sanu^ arc AQB 

(i) If tlif' -eprir^nt ACB i i»iT:itpr than a m mi < lu le, then 

ADB i'' a 7)nn>/t arc * 

*. the .«AOB A'n than l\x(> rt angles; 

* the ^ ACB I* than one it anjle 

(ii) If tin s#»{;ment ACB is h“^H than a sMin niele, then ADB 
IS a ihfjjor are , 

, the lAOB 1^ than tu(» it ant.’h''^ ; 

llu wACB IS tytnfn than oi^ it an^le. 

I 

i:\Kin Nns on II 


! A cii’f If d^^nth d t*n fh* hy}t*(fhnsf rtf' a n^fhf nuyUd frinnr/fe ay 
f/ifWi/Or, j/ftnHf)k thioutjh thf mpyuh/r poinf. 

'I'wo f‘ii< 1< ^ inn ! <»t it A an*! B ; ami tlirnuf:}i A tw(» diamr^ters 
AP, AQ aie dniwii, iti* in <*a( li hh» w Ui.it ili»* pfaiitH P, B, Q 

an^r-ollnuaT « 

li. A cin le IS ntwd on on** of the of an ermnlcp 

triiin^de as diain»*t^T Stow that it throm/h Llu* middle iKont of 

^je Kise. I « 

4 (^ides fl4‘Hrnhe<l on an\ two Mde«i<if a tiian^le as cltanieiers 
ini^rseot on the thinl '•wle, di tl** thn(i •‘ide pifwiu'Ml. 

5. A struji^ht ichI •»{ triien len‘;fh slidis twf» stonulit rulers 

placed at n^dit anj'h'S to one anoltier ; tjnd tljt*lo( iiK<a it'* muhlle |Kmit 
0. Fiytd fh* forv* nf th^ rnifMfh pomf* nf rknuU nf a ftrrh dtntrn 
throtifjh a rt,fi jiouit /Ji *fi>npitdi h*ftuni^thf canfH v^hm the {jirtn fmitit 
M trifhin, on, or intkonf thf rvrvoifirmrf 

• I 

PEHNITION. A sector of :i eirele is a figure 
bounded by t'vo radii and the arc iiitereepted 
between them. 
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OFOMETRY. 


ThuWH 42 rRiir lift III 26] 

In ffiml ftnh , mn vhifh ftual mfihjt, ttlher ai thi 

fturfu t f'f «' /«' n tn iqml 



I (t ARC DEF l.( i . Ilf It « inti It t thf JbOC - the ^ EHF 
altlu (ditu') iiui foiisi <pi iitl\ 

th -BAG th« IDF It thi . ** Hum $8 

// Is liqutK I h n » inn* ihf^ r BkC t/u n i ELF 

Proof *ho ABCtitlu OFF m til it the (cntif 0 

fiilU (III (Ik ft iiUe H nut OB f tl s iil ini' Hf 

riitii )m( iuv,p (h( ^BGC till _EHF 
GO iillhill lit • . HF 

And iM^cause the iiulcs hate i luil i tin, B will fall on E, 
and C on F, uid the iiituinfutMiec «{ tlu tnilt's will (oinuilt 
enliiilt * 4 ‘ * 

till IK BKC mifjt roimidt Vitli tl t m ELF, 

till' UK BKC the IK ELF QED 

« 

CoKoil \K\ In f/iifii mchfi iii'ois t ni h hmt/qual 
art f>iml 

« » 

tWif It 1^ ilear that any theoiem lelittn^ to arcB, angles 
Mid chorda iii npial tirtUa must aiau he tiue m the tame emit 



ABt'ft AND ANUUES. 
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Tiikokkm 43. [Hiu'lid III. 37.') 

a 

In eqmJ nrrU*^ anahi^, nlhr at ihe r^n(rv< or al fhe circtim^ 
fftenri^s, with It stauii ou rtfua* a/<> tw ttjmh 



l*ot ABC, OCF Ik‘ circles ; 
and l«'t lli<‘ an' BKC the aif* ELF. 

// ts nqmml tn fn(n* ihni * 

ih^ u 8GC fite ^ EHF *tt the rnifm ; 
nUo ih ^ BAG* ih» l EOF at the < 

Proof Apply iho ^^ABC to the r DEF, so that the foiitro Q 
falls on the eentre Kf, (iid GB falls ahm^ HE. 

'I'lieti the rirdts ha\e eipial nulii, 

B Fills on E, and tie* t^%o roiiKjde entirely. 

Anil, hy lyvpolhosis, the arc BKC the arj* ELF. 

C falls on F, and eonscfputilly GC on HF ; 

. , th/^BGC-the i.EHF. 

And since lii** BAC at the half the i. BGC at the centre ; 
^ud likcwiw' the l EOF - half the l EHF ; 
the ^ BAC -the Z- EOF. 
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GKOMirriiY. 


Tin HIM U [ruoliil III 2^] 

hi ! / uj! r?/ ^ } hi h art cut <jf / v » jual thmh an tqual^ 

(hf riiitjot ait * pinl iu th* tftajoran^ uuti ttu minor to th miiwr. 



Ij< t ABC, Orr Im { ( III 1» (t nti^‘s are G and H ; 

tful III (Im <}uad 6C tlu (hold EF 

•// ?< jtan i t( 1 1 i 0 d • 

Oh nut 0 ) an BAG th**i ; a EOF, 
oW Oh ni in ht BK6 *h mi4un ate ELF, 

d(»m BG, GC, EH, HF 


Proof In tho • BGC, EHF 

( BG EH It 11 !^ I ulo (»/ et|n.il (mles, 
IxiaiiM GC HF, foi iht s,imi" Utison, 

• land BC EF-, l‘\ li\ ]» tlln si*. 

tv «BGC tin -EHF. 7%tw ^ 

Iht it< BKC tho' iM ELF, Vnm Vi 
indtlhM* iu tlu» iinfKti tre-^ 

But tht» ^^b. 1* * ABKC ,tl‘c ^\l .)K* *DELF 

•*. the aiUiiiniux Hti BAG the leTiiiiiinu; <iiy EDF 

.in«l thecC uio the major ana Q.E.D. 



ARCS AND CHORDS. 
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Thkorkai 45. III. ‘JJ)] 

In etjual ritcU\^ chonis which cut t^iual aics c^imiU 



Let A6C, DEF t»o ctjUiil rinb*8 \sh(i^r (riitrrs .Hn‘ Q and H ; 
and let the are BKC the an* El F. 

It is rc(pdr*d to ^nmr that tbcjihonl RC- the rhnJ CF. 

BG, EH. 

Proof. Apply the to tin 's*>DEF, ho tint G falls on H 

and GB alon^^ HE. 

Then l>eeaust‘ tie* eireles ln\e e<pi,d ladi], 

.* B tails on E, aiel the v/"" eoineide entirely. 

% 

And beeause the are BKC » the arc ELF, 

C falls on F. 

*•. the chord BC eon eides tl»e t h«)rd EF ; 

*\ the chftrd BC~ the chord EF. 


Q.E.a 



170 


UKOMKTKY. 


l!Xr!v(lsns I»\ ANGI-ES I’M A CIRCIE. 

1 P t<^ am jHUiU t u tho au of a »* pitmt (»f i»hjr h AB i« tho chord 
flhow (hat (h« muiii of (ho angloa PAB, PBA la oousUiiU 

a 

i PQ^iitj RS uir tao <lfoir!^ nf i urHo inU^nic« at X: proto 
that (o« (naii^lt A PXS, RXQ uf « ipnanj^uiai to oto iiii»thor 

I 

;t *l»o nr hn intn'w t at A and B; and tlirou di A any atraiglit 
inn PAQ » t rtuunl^d Ihp circutuU rnnvA ahew that PQ 

AuhtniilM t<onft ntan^it at B 

I nttha intfMut at A and B, and lhrr>tief) A aiiv ttro 

atini^ht hioApAQ XAY it< diiun t imuutMi ht ih( ciu unifcicnotH 
•Ihw th-fl (In at i* PX QY nd t< nd *<|Uil nn^Us it B 

*1 P ix in\ III on th Uf of a Ai ^1111 nt ulnua <f)oid la AB and 
iht* an) h PAB, PBA ai » I |M tnl lima hKu h tiitcfhict at 0 

Tnid tlj lo us o| ih« piuntMJ • 

t» // tun i hi tfh tu^n'Uft uUhtn a nn'/t, th y farm an anjj/i fqual Co 
^hm iit rAf ifuftiit Miltiiitli i by htVf tkt 0um f»/ tin nn« tiny (w/ 1»// 

7 It tnxt thmih lit n*iit Hf*hoU a ^i; th y /< n*i an auylf equal 
to tho* it tht nfte stjf nhif t y h$tt *}h tit utntf of tiu arcs thtycui off 

H lin Hurii <tt tin an •< nit oti b> luo < hords ut a nnJc at nghi 
an^tlt M to oru anoth< r H t <)ual to titi aciin t in iiniti n w e 

H It AB in <1 tikid khnrl ot a i\t te ami P any f*(iut on one it f the 
at s nt t! hy it^ ihtn th* hiMutot nf tkt atiji* APBVwM the conjinjute arr 
IN thi tinu int tot i pi mt inns* >j P 

10 AB« AC aif im tMu i hord^ of a tin lu , and P Q are the iiikMj 
poMiiK 1)1 llu aiinoi af< s nU off b\ tlnm, if PQ*s join'd, cuttuig 
tti X and AC ni Y sfu w tliat AX AY 

« 

1 \ \ (ri iitglo ABC ts ffiM I dad in 1 1 ir , and tho biae< tors of tho 

angha niut tin nnunift i« net at X Y, Z bhuH that tht anglta of 
tho taiui^lo XYZ are noptvtnMj ^ 

90' 90*-®. W 

12 Two (irclea tiit<.raect at A* and B; and through theae^points 
hnoa are d aan from anv pr>ini P on tho emu inference of one of the 
oiroieat ahea that iaIkii pi<Nluiod lhe\ inti roe pt on the other oiroum 
lerenoe an arc n htch ts couAtan: for all poAitious of P. 



EXERCISES ON ANGUS IN A VIKCUK 


171 


13. Thu Atrai^ht whirh jtnut iho rxtiviititi<^ of imrallfl chorda 
III a circle (i) towards the saute iMirts, \ii) townidM u|)|M>etiU> parts, ana 
equal. 

14. Through A, a of intersection of two cuoal rirclcn, two 

straight liti* h PAQ, XAY uic dtuwu : shew that the chord PX ih equal 
io the ohoxxi QY. • 

« 

l.*i. Thnmgh the |)Oint»« «»! inteiw^ctum of two cin‘h>s two parallel 
Htiuight linuH ar* dniwii leriuinateii hy the eireofiifeK'jiceH : shew that 
the Htraight lincH whnh join their extiemitieB towanU the same |»aits 
ar*' •squill. ♦ 

ir> Tw<><<|UiI 4 iteleM ifiteiHist at A nnd B; and through A iu«> 
stTMight lute PAQ ih drawn U‘tniniiit*'d hv the eM<Miijt!«'ir«i*eH : shew 
that BP BQ. * ‘ , 

17. ABC w an isosiM’le*. trian.!;le iiminO«il in a ciieUi, and the 
of the has* angles im *. t the eii< uin!< M*nc‘«‘ at X and Y. Shew 
that th»< iigurc BX^YC must have lour of stih h < f^ual. 

Whtit I elation iiiu^t adisist among th»* ancles of the tiiangle ABC, in 
order tlait the iiguic BXAYC tnav U <M|mhitetal 

IH. ABC5 I-, .t (y<li< quailnfiteral, and the opposite Md« s AB, dt) 
ate pt<Miue4*d to mei i at P, ‘ind CB. DA to im et al Q* il tin* uielew 
eircuTiJSt rihed ahoiit the tnangles PpC, QAB inWineet at R, shew* that 
the poiiitH P, R, Q are loihnear. 

111. P, Q. R fut fh* /Hjin’ft th* of a (ronofti^ ttsid X m 

fiMit of th* fM rjji* ht f\dl from on* on (hr opp(tniti Mdt 

that the four P. Q, R, X an < o/i/*//f7iV. 

tiScc page 04, Kx. *2 . also Prub. 10, p. 8.q J 

1 

20. Cse th( prti'fdintj ererrinr to t^Hetr that tkr middlf potnfM tf the 

Hd*« of a trtamjlt and the ftf tf th* i** t pendxnxdarii ht J *11 f torn the 
ItertiM Ofx the *udtJX, nr* votn , 

21. If a b< rU'N of tiiansh'H ai'u diawn Rtauding on a fixed liase, and 
having a gi\cn \eitieal ai.*'h\ hhew that the biHectorw of the vertical 
angles all {Mies thnni^^h .i hxed {Mi.i.t. 

22. ABC iB a triangle inM nlad iti a < iiele, and E the middle pr*int 
of the arc ssbU*n<led hy BC on the side Vemott from A ; if through E 
a diameter ED ih drawn, shew that the angle DEA is half the dificrcnoe 
of the^auglus at B and C. 



m 


nwmnnY. 


T\N(;i:\TY 


IlniMridNS 4M> hlKST J’lllNCiriES 

1 A rfc^’ant .1 I stiai^hl itin of iiidrrm'tc 

1 ( u hw h < tlio { in lunf^ t< ik 4 at iwa 

* If I Oil i!io\<s Ilk Muli^i \\.i\ tliat tlio two jK>int«» 
111 whwh il ( ut’^ ilh* (iitli* (oiitnmilK nno innthci, 

th(0 ill till uhiiruti^ {Mi-iuoti whiii tlts^ two iMWMts Ixf ano 
otk4\ I ho SM nil 1 m 4 otiu s i tangont t4> th< (inli in*I is siul to 
totich it«it iIh poHii at will h tin two iritt '‘‘i 4 iH>ns (4)101 ale 
IloH point I'v < ilh lilt point of contact 

1 r 11 Ian 4 

I a m i iT tit ill <«ki 1» it ll)» |M)!i4th 

P u 1 Q 111 \i|ip • 4 It t t\ m 14 h in Lin 
iiitii in M 4 ., iiN\ i\ jiialil 0 it^onL,inil 
tin I til t\i I I Hits P Q will 
('fiMih h lilt iintlnr amt liuiiiX an 

iMih • 

in til uitiiinli |v»Mtt n w}ii|^ P in I Q 
tioronit 4)n< |>oiiit tin I'tru tit I tu tKcorii i 
tai sMit to tin 04 ]t at tiiil pmit 



01) t I '<44 iol f‘ut tlmiinl at tht fKwnts 
P mil Q ind supiM u ti» Ik. linmit Hlxait 
tin fM lilt PMottiit \%)ui P Kin oils ti\ li Q 
nwi \4 i on till 4 lu uiiiK lui t x 4 iit 1 ami n« in i 
i» P Iliyi tin lim PQ m Us iliunit#* 
\ui n Q (imuniitf with P, ib a 
Un*5 nt it tin P 



^10(4 u su iT)t lait tut a at iuo pomt^ oiii\, it is dear 
that li Uoi:i lit t in hi\o oifty ont^IKUot 10 (oiniinm with the 
cmumf«nni4 lumtU tlu* iMuiit of coutait, at ^hieh tvro 
points of s«N tiDii 4 oiiKuli lionet* we in tv lithiit a t ingcnt as 
follows 


3 A tangent to a cirde i> a Miau^ht hiu winch meets 
the cneumfen rue at tme point onu and though produced 
indefinttely dooi) n^n eut the (ireunifcienc^. 
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4. Tj(‘t t\\i> <‘irr1tb intfVHM’t (a^ in \\\ Iho 

P iind Q, ami l<'t mt‘ (»f tho i‘inl<‘8 turn tlio point P, 

winrh nuiiiiiirt in su^h a' wav that Q na^tinually 

if)pn),u‘ln‘b P. Thou in the uliimati^ position, m 3 <<in- 
fith'S ^\ilh P Ms in Kii^a. li ami .‘ii, tin r'lich^a arc flanl to 

touch (»fn‘ ariotlKT at P. 

« • 

Since two «i!cl(‘8 cannot inlci'-c»t in rnoT^ tlnn itvo pointH, 
two ciiclc.s which touch one oiolhcr « .n a.t ha\(* inon* than 
on*' point in counnon, narnclythc po.nt ol nnii.ul at wlnchTlT^ 
two of .section coim^rlc. . lo h*-. aic mkI to touch 

one another wlicn they meet, hijt do not v it one another, 

• 

Noil, W!e n » eh of tlx fiKhn ulieli ims t ih the tf'htr^ an 

in log, 'J, Mi(i to t<Mif h (IV aiiothd externally, or i<» ha\(> 

external contact; ulun (me th» in mthin th* <,ihr, ah in 

Kij. 3, the i m^vuI to to’uh th*^ other Internally, or to hav<% 
Internal contact w ith*it. 


ISHKIAf E lltoM 1)EFIMTIMNS 2 ASt) 1, 

If in Fi^. 1 , TQP is a eoninioii rhoid of two eirelc^ one 
of which is made to turn fjiont tlien when Q is laought 
into eoineitjenee witli P, the line, TP ^a'‘Hes tliruu^^h two e(>iii«‘i- 
dent j>oint> on ea<‘h circle, hn in Fitr'*. 2 and 3 , and therefore 
becoiges a UinpMit tfi each eircl/i. IJenee 

7Vo rir</*.< i/i/Wi /on* A tm another hare a cmnnum tan/jeni ai 
their jKiiut of roniacL 
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QBtiMKTUT* 


TinuntKM 46. 

Th4 ut owv jmnt of a nrcle in jierpendinJar io the 

rtuitwi fh \w74 /<> ill* <ff coiitMrL 



L<»f PT ho a iit at \ho iMUjit P to a < iirl** whoso crntre 
If is fOi/t at ! ( t/tnf PT /s pi ffn mio ula) to fh*' nulitu^ OP. 


Proof. tihtf |M>int Q in PT, ami join OQ 

Thon him’i' PT m a point in it excopi P is 

OUt-'iih* lluM'Uclo • 

OQ is than the ra<lins OP. 

Ami this i> true foi every {K>im Q in PT; 

/. OP is the shortest <liMan'’e fidun^O to PT 

lienee OP k> ]>eip to PT JVna?. lii. Tor. 1. 

K.l) 


(’om>M,\UY 1. Sineo^there can 1»e, only one iH;r|>entlicular 
to OP at the jHiint P, it* follows that m* (vul oa/e o/ie tahonit 

cani Jr ilfdun to 4 mrk aia i/iven jKniii mi fh* cnnow/ereace. 

« 

C(*l«nT*AltY t? Since there cafi he onl}* one perptnidicnlar 
to PT at the iK^nit P, it* follows that the jiorpfwKcular to a 
tantft fit at poiot of e^rnfact jmi^n thimgh th mitre, 

« % 

Coiu'LiaRY 3 Since there can Ito only one perpendicular 
from 0 to the line PT, it fnl'ows tliat tiit rathw dram jferpen- 
diatktr Io tko langrid poasfs ihrfiugh Uit prnnt of amtact. 
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TliEonKM 4r>. {By the Method of Limits.] 

7%e ianpetU ni amt point of a circle is jfcrjjew/icular to the ^ 
ratlins drawn to the jHnnl of contact. 



Fig. 2 . 


Lot P bo a on a rirrlo who.-e (vntiv in O, 

It i<r€jui}t'(l to jntivr that tht Unofcnf at P ts vmfcmhruhirjp 
the radium OP. 

Let RQPT (Fi^. 1) bo a booanj rnUiri^ the ciicle at Q and P, 
• Join OQ, OP. 

Proof. Booauho OP ^ OQ, 

. . tho ..OQP the *-OPQ; 

/. tho rtiipph ineiitB of tljoso audios aro equal ; 
that is, the lOQR the wOPT, 

and this in tnio how<*\or near Q js to P. 

• • 

Now lot the hooaiit Qp bo tiirnod Hbout tho P ho that 
Q c<nitinually ai»|in';uhos ami iinallu ooiiioiJort with P; then 
in the ultimate |»<*dtioii, 

(i) th(^ MM'.uit RT bofonn h the Uw^mi at P,] 

(ii) /)Q oiJm ides with OP; • j ft* » 

and therefore the equal z.*OQR, OPT lajcome afljac«int, 

• /. OP is peq>. i/t RT, Q.K.n. 

Noi R. The method of procjf employed here w known as the Mertliod 

of Umlti. 
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OSr>UiCTRY. 


ThI':c»kem 47. 

I'wo ran h dmim io a ctrrk ftm*} an esrtenial jmnL 



lj<'t PQR ,1 Mtilr wIjo’-i. is O, and l<t T l>o an 

exU \ n.il |Hnnt 

// t i* luiHtl Ui ihii tan f f thatm io 

tht rift I It/ in r. 

»l<»in 01 and !♦ t ISO bo t)n <m<1o on OT as diamotor 
Mhis \m!I i u( tin* Pt^R in two |oinls. miioo T is 

without, ainl O is Ujdnn. tin* PQR Ja t P and Q Iw tin so 
]KUUtS • 

Join TP, TQ. OP, OQ 


Proof. No^^ onh of ilio .-'TPO, TQO, Ikuu; in a Si'mi- 
cinlo, isHit an^la , ^ 

. TP, TQ nro ]n t j» to tlnvi nln OP. OQ if ^poctivolv 

, TP. TQ .110 lan^t iits at P and Q 7’/ 10! 46. 
. . WKI» , 

t 

CouoiJAHY. Th* ivHj iviatnU to a nn't if„m an exional 
11! f and ^tdlf/ul tuiod anjU'> at ih i^nta, 

Foi in tfn* *TPO, TQO, 


l)CoausO 


jtho ..'TPO, TQO aro iifht 
iho hvp<»tonust' TO i> oonnnon, 
land OP OQ, Ix'ing ladu, 


• TP TQ, 

and the ..TOP the -TOQ 

4 


Theor. 18. 
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KXnillsFS ON THt lANCiK^T. 

( \Htnnt ff/ anti (ha) hit at ) 

I Draw ton Mtii <ii l<v u lU t O tin nTul»3 0 tin 

Oravi fi ntitts ot U ndi of th* fount i 1* ton h tht* litttt C&l ul itv 
kiid thiir ) aritf at tnint f t)i ir bt )n^ t (pu! 

*2 In a t r 1 < t i ultun 1 U rlra\% a nuinltr ot tit mI t 44 h I h m 

• Kiih'Th thtt thr\ all touch a toiittniii < it 1< , anti find iin 

laiiius * 

3 Dk (li inn tM*! ol t^ (m om< ntn r in its in 1 |Mtti\«lv )tM> m 

and *1 it t It) tin i to tin man st*iniUiin* i « tin h «tl) if a))\ tit nlif 

tin* outt r <i!( \\^i> it tom in h tin inm i , an 1 It K \f>ni norU i\ 

nnaaun in» iit * 

4 In tin ti tt* ol'llnotom t7 tt OP, 'i , TO 1 > <m 1 tl hn^th 

»f tnt t tn^ III itoni T l>it>* th tu i t< \ al ^ ( 'tt ti 4i , ami 
n i ) I t ) t I lit (1 /iM tin in 1 H Md t 1 1 i > it\ iho 

» UlL'» Tits 

«* 1 in t tn 11 ts from T to a in 1 Hi t r t Ini 1 (t 7 im t 1 li J* 4* 

inhn^tii f 1 1 tin ilisi in< 1*^11 tntO* 1 tr t tli Mir It lhaw 

tin hitutt and ( In ( k y>ur 1 **n)i ^ ipin iliv 

( r/i ii tl aJ ) ^ 

6 I h* inifr* ft auy tf i h i ( i h >1 tv o itt^n 1 in) ntmxyht 
Ivitt wii t h* tin th f \ t a 9f f ft 1 t if n t n m 

7 AB iiui AC u< taiftifi tils to 1(11 I u |j « rtiiti 1 (inw 
that AO it ts iln ii iici ot on 1 t BC d i> It m !« < 

8 It PQisjnintl in th (uiin h\ Iln ntii 17 hi h tt it tin iii^lo 
PTQisdnhh tm in.»li OPQ 

9 I Hi pil dll 1 t uij: nt* i»aMi(\ n tM pt 11 in tl ml iiiMfc'f nt 

aatgiinnt nin h miIiIi n 1 it ht an^h at 1 tr 

lit P (innutMif I ( m Ii iisiitiall h ml hI h an pn till to 

t\|^MaiifrM)t It I tin I,* M »m!\ , 

II / 1 (ft (hf /oMM tit th* t*n-t\ if o/Zarr; i m \ ht h f nttfi a ryit^u 

*f»ai 7 /iZ I at a in it jnnn^ * 

12 I Old tin liifiottin t Mitn s of aM r ir h uln h tom !i ( u h of 

two |iir ilh I ‘■i> i ^dit lini ^ , 

13 / lud th ft wi f ' '^r#» rn ti^s < / /#/ nt Ai n ht h t ^ t h *nrh of two 
inter tv it lilt) Ht/ji /ht fin* \ < f utuim *nl hn dh* 

14 In nmf fiwttln/atfrnf nmnn* nhi / uht uf a rv*lt tlir Mt/m of one 

JtniT fiAoppi e^fe o» ttjnuf to *ht nn/t 1 tfn tjth*} jtair 

^tatf imi pro\f tin rotiMm tlnoiMii 

15 If a ipi'idiiUti 1 il iH (IrscfjiM 1 ii>rmt a mh tin indifi Htib- 
tcmled at tlic ccntn h) an} two opiKihiU bidtf an HUpph rn iitaty, 

H so. 
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OTOKXntY. 


Tiikokrm 4H. 

If /»/%) ioHfk on^ afiothrr, the ce}ii7e3 and ike jmni o] 

a ntart an n ont bltavfht hne 



Lot two cinl^H who<6 an.* 0 Q tiMuh at the 

{x^mt P 

• •// 1 ,'' It iui}td in pio}*^ ihfxt O, and dan m one sbaudU hn* 

tfoin OP, ®P 


Pi oof Smcc tlio t?i\on <in*lofi toiuli at P, they lu\e a 
oomin<iii 1 111^4 lit at that point iW 17 t 

SuppMso PT to touch both cin*lcs at P 

Then Pin V OP an<l QP ‘aio railii diairn to tin of 

conuwt,, 

OP and QP are both janp t^o PT , ^ 

OP andQP aie in oih* bt lino 77/*w 2 

That IS tin' points P, ami Q are in one s( Hm g K D. 


Oouoii tuiF" (i) Ifjfoi niefte tmeh ejtcrva'h/ tfie lUdan** 
betwitu tb^ff ohite h o</«a/ fo /Ac* eum of theif mdti, ^ 

(n) If tin toruh vdtmally the distance liimen ihetr 

cenhfs ti, eqntd to thi differ en^e of their rmitk 
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KXrurfsES ON 1HK (OMA(T OF CIRCLES. 

(-Vumcrtfn/ nwl ^Jruphtctt! ) 

1 rroni <f titles *i </ Apait draw tm MtiJi i itli t idii 17 amlOO* 
Tt'ipMtiMlv \\ ‘)\ ami 1 % here do till M t m ItK itmi )i om amAhii ^ 

jf iitdf M of Uu radti are dia\(it ft tm liiiti «* <i h ifiiit pi<>\ > 

Tlut they foil ii Him ami Mh\ do h tho lootmt diHir tiom that n 
* »t' for rm r i as* * ^ 

i Dinu A tiiatvh ABC in uhuh n Sim f 7 * nt , and r 6 cm 
I loin A B iiftl C IS e< nin n di m ii h ot t • I t ( m , '{ 1 1 m , and 

4ov.ni rtsjK ti dy uid sht thit iIhm oii) 4t u !i in putH 

3 In till tniTuh ABC n^ht iin^.1 d il C a s * m ai ] / * ft 1 1 , 
Old fro )M n(i4 A m I ns 7 r rn a tit 1 m It lun \S hut must ly 

th I oiiiifi of a ( It 1 ell in n it »ni <« iitrt H to t u h tht to (iHth^ * 

i A and B i <*ihr until a il l\u» nnhs wm h ttuuh ni 

tiindh UP) tio i iitM of iny ( t I vihuht i ) slin r iiicht 

intiridS iml di <-in ilh i < \l« niil»\ |io\o*uittAP HRMtonMani 

iftlmhtid ufiiH h I out r» Otin m m^|)i rtiM U, \C‘nV* 

till (;< m L il !< huU I likiii dtihtMiij mitinini t P 

o A6 Ifl a lim 1 in 1 y^iit, amiiC^ is its r id il pgint (hi AB| 

AC CBMnnur h m d Sn w that it 1 1 i h is m rif>ed in 

Utf split (fidostd If} Uu thiM a rim j hHit*»iniiu tuu<'t 4 


( /Vtif j *u fU ) 

6i. A ^frai /hf ntn’ is dirtn n through fhf ftf luf o/ funtft t ^ f iu t tirUtA 
I hott o/tOfn rnf A ( lid B m// iwy fh (*r um ttnu s at P and Q fe 
^ptiindy f hrx that fht t t in AP ml BQ^i' /nrulkt * 

7 'f tyo f 111 h • t (Ui h i \Uni iMv Litd til* point of < ontoct a 

»^r u«;hl Imt m iliuvn 0 ini nftso \t\ tin i uc und* h mi a , MlKWthatUn 
kfirgt nta at * xUvmitn s vti p&i lih 1 * 

8. Find t hr lotus tin < f ntri a of alhriK Ir a 

(U N^hu n tom h a /iwn i^i< h at h point . 

(it) wlin h ail ot pM n ridius ind tom it a ) n< n t inU. 

9* Ifrom a pvi n iHiint » * ntro .di w rd»t a cih li to tom h n |;ivri 
ifcie How many KoUitn na will tin re lie' 

10 DowiW a nr io of ladiua a to Uiurh t circle of radiiui b 
tt a given point How many aolutions will tlieie lie ' 
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GEOMKTRY. 


TilHmKM rj. (PIikIhIIII :V2] 

Thf *nu^* hvi hti ft iahqnit h a nr h infh n thf/rd dram 
frmt Ih ;oM|/ * outn^f ttt* * ttftv*ly f^ptal to th** angUjt i; 

thi alt* U^kI yfgnv ffj tfn lit 



EF lon( li tin ABC at B, 'unl li*t BD ]>o a (horfl 
fiiMn B, f)i» i»< tnt ol toir u i • 

It It jm f h ! I iu i( i* 

(i) tn* ^FBD tu* </ » tn fh* ^nim* u* BAD, 

(!i) ^ EBD ih u f* iu *f(* alti h*iU BCD 

Lot BA Irt* tli< and C any jK)int in iht 

arc of the soirnn nt \\h» h duiV ii«a inAiaiu A 
.lum AD, DC, CB. 

ProoE JJi'ftnNt the ^ ADR in i soini< lulo is a rt. an^le, 
tin ^'DBA BAD toi^othoi i^t an^lo 
But since EBF i-* i t Jn^< nt, and BA a diaiin ter, 

• tin FRA 1^ a it 

the *«FBA tin* w*DBA, BAD tuUi lh»‘i 
Tak< aw IV the toiiniKm ^ DBA, 

♦hon tho /,FBD tin ,^ftAD, wli • h is in the alt< mate Pogment 

AjTiin lu'caiise ABt'D is f c\tlie «|uadrilatcial, 

•\ the BCD rtn Mipph ni( nt nf the ^ BAD 
tlu suppUment of tho *-FBD 
-the^CBD 

/ . the JL EBO B the ^ BCD, w hu Ii i*» in the alternate segment 

Q.ED. 



•Ar.TEKKATK SEr.MKNT. 
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KXKIK'ISKS UN THKoUnM 19. 

1. Tn tho fyuro of Tli*'orf*iii 49, if iuFBD 7-*, writt* down th« 
rihluc^ of t}i« ^*BAO, BCD, EBD. • 

2 Uso tli>» ilut^rom Ut th<’W' that tii a oiu*lo fn>m an 

external |K«iDt art* equal » 

3 J'nrough A, tho |vniit <»( <*<»io o t nf tvin < in loi#, ohoMtt APQ, 
<AXY AP* draw II : i*ii* h tiiat PX and QY ai« ji.ir illol. 

p£o\o this fi) f lutunal, tn) tot t \tt tnd (otitAcU 

4 AB IS tho loininon ohord mf tuo i in h s ono of >Ahi(h pAKSOl 

htowi'h O, (ho lontii o( th« oth . pnoo iliit OA lusi tin angle 
rf I Ml on ttio ( oititiion ( 1. ud ami tin 1 to i it* titstiiich at A 

5 'ia'o(inl<*s intusMt at A «tnd B, t) lou h P, u \ p >int on 
♦tjo of tin m, 'stnr.lit liin^ PAG, PBD an nwi to * ut tin olhri at 0 
&}id D . aIo u that CO >8 patalh 1 to tin huigt nt tt P 

♦i If fr^jin tlo’ |h» nt of font o r ot i I me* nt !<• a i in h n i hotel *tt 
dtAun, tin |si]> min Jill iiio} p 1 <>m tin t lod i l.onl fiotn the 

omldle {MUiit <»t Mtliof unMut oil o; tin e hm I 


EXriit’IMS UN THK NUTHuh »>| IJMU.s. 

» 

1. PtOH Tkt^onm A\) f li tfu I 

[Iai ACB U* a segtiKiit *<if a < in h of 
a hah AB iH tin* (’honi , ami ht PAT In aii> 
ffoi/,/ through A .Join PB. 

'linn tho 4.6CA the i-BPA; 

Thftjr. 3^) 

and Ihi'^ is true fiotr^ter mar P apjutMirhfH 
.0 A 

If P niovi M up to to»n»nhn»» eiith A, 

'Inn the* PAT lM^ofln^» tin I ingfut 

AT? and f In BPA l>ef'oni< * f lie* BAT. 

• , ultin»aUd\ the Z-BAT -tho ^BCA, in * 
the all stgmonl ] • 

‘2 Fiom Thoorm. 31, prove hy tho T 

Me thod ot Luints (h it ^ 

* fht J*H* 'Iffuni jj* r fiend mUar to thf dvvntUr oj a circle at its 

fxtrfmtif/ le ft 'rr/n/M*/ 

3 Tho*, torn 4K fnmi tho projKrty tlial Che line of centres 

inserts a rommon {Uurd a* itfjht nnffhn 

4. IXxluce Thooroin 49 fnun Lx 15, jiAgo 163. 

6* Deduce 'J heororn 46 from Thoorora 41. 
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PliOBLKMa 

CEOMfnUICAL ANALYSIS. 

Hitherto the PrufjosiUofis of thw tcxt ln^ok have been 
arrafiged Synthetically, that is* to sfiy, by hiihiiiuj up humcn 
rmtlh in order to obtain a nrw r< 56 ult. 

« 

lint this arrangetnentj though convineinp as an argument, 
in artords little clue as to the way in which the 

eunstruciion or proof ihscovt^ed. W'e thoivfolo draw the 
studetit's attention to tin* tullowiiig hints. , 

In att(unptirig to 6 <Mvo a problem begirf by fh'isumhit^ the 
roquiretl rof^ult ; then by Woi Ling backwards, traee the cons*'- 
^uenees Of the as^utuplicm. and try to aficei tain iU depcndcme 
on Koiuo ctaulilioti or known theorem which suggests the 
maN^.ssary <‘<»n.sl ruction. If this* attempt is successful, the 
sto}>s of the argument mSy in general bo ro arraiigt*d in 
rovcrso order, uiid the construction and proof presented in a 
synthetic form. 

This unravelling of the conditions of a proposition in order 
to trace it back to some carlitT principle un which it depcrul^^, 
is called geometrical analysis : it is the natural way of atUu k 
ing the hardt‘r tyfuis of exercisers, and it is es{>ecially useful in 
iol\iug*pivblems. 

Although the aUovis directions do not amount to a 'mthnl 
they often furnish a .very enb<!tiv 5 mode of Siarchiwj for a 
^\^ocst‘u>n. The apprurich by analysis will be illustrated in 
some of the following problems^ [See irobleins 23 , 28 , 29 .] 



*PRORLEBfS OH CIKCLF.^. 
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*J0. 

Oivtn (I rink^ or jn atr of a nnrk^ to fttid its fentre^ 

Let ABC be an urc of a circle 
tvDosc centre js to Iw3 fonnrl. 

* Construction. ^Tukc two cbonN 
AB, BC, luel bisect them at rij^ht 
angles by the hues DE, FQ, nvctiiig 
at O. Puflf. 2. 

Then O is* the rc<(uired centre. 

Proof. K\<'Ty point in OE is eipii- ' * 

distant from A unci B. rtoh, 1 1. / 

An(4 every point in FG is e«po(lHtant from B and 0. 

O^in from B, and C. 

O is the eentic of the eiu lc ABC. fhior. SS. 



pRUBLty 21. 

To hi>*^d a (ju* a arc. 

Let ADB be tlie given arc to W bihecti d. 

Construction, floin AB, and bisect it at 
ngbt angles by CD meeting the arc ut D. 

Proh. 2 . 

Then the arc is bisected at D. 

% 

Proof. Join DA, DB. » 

Then every i)oint on CD is etfuidistant from A and B ; 

j ’ Proh. 14. 

DA DB;* 

the z- DBA the I. DAB; 

thcPains, wdiich subtend those angles at the aro equal ; 
that is, the arc DA » the arc DB. 
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OKOUmiY 


PU011I.RM 22 

I 

'It tltau n UtHwnt to a cita* tumi a t/imi exterml jHnnt 



Lei PQR 1m \]u II ui(l< ^^lth its eniti,e *it 0 iina let 1 
ix* the |M>iMt ttoni i nt is to 1 m (Iui\mi 

««ir0oii8truction «>oin TO, uihI^oii u iles( rilx* a m mi eirtle TPC 
t4J eul th< cin It* at P , 

TP 

Then TP is the iei|uue(l tangent 

Proof ffoin OP 

Then aime ilu ^TPO Ikuii^ in a semi t vde, is a it angle, 
TP IS at Mt'hlangUs to the ladiun OP 

• TP lb a tangent at P Thvr Ah 

Sime the Vmui t in lo ina\ W diMMiU'd on either skU “rt) 
a seioiul Ungeiit TQ An Ih' draurifftoni T, »as she^n in the 
tiguie ‘ 

N«)TR SujUHwt till |K>int T to lyprcMuh the K^^eii circle, then the 
angle PTQ grududl;^ \MHn T itvuhis the ^irtiimference, 

the PTQ Vh conus a nirntt^hf and the two tongentii tswnoide 

When I enters the circle, no tangent can lie drawn. [See Ohe. p. 94 



COMMON TANonSTS. 
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PlMBLFM 

To Jiaw a amimon iangint to ivv rircks. 



Lot A \ho oiMitro nf tlh* fjroatt'i ( in h*, .u.d a it’s ratlius; 
and let B l»i' iIh’ ( t nlio <»i th»* •«inallt*r < in \t\ iunl li itn nulius. 

Analysis. Sup]KiM» DE t<. lianh tin* rinlcK at D uml E. 
Fhori llu* nulii AD, BE aro both jHip. to DE, and therefore 
|)ar‘ to (Mie an(»thrr. , 

Now if BC ^vort' diaBn pad to DE, ih< n the tif;;. DB would 
bo a rootan^le. mi tli.it CD BE //. 

And if AD, BE aic on tin *</'• of AB, 

then AC a K and tin* *.ACB in a it. anj'ie. 

These Ijiijt*- t*nahlc u*- tn dMU BC Jn /, and tliiih Inad to the 
"ollowinf; icii'-tiint-nni. 

Construction. itli enitre A, and rarluN i*<|u«d to the 
difference of the raiiii i>f tin* ^i\en (inles, (I(*m mIm- ‘ u circle^ 
aud draw BC to touch it 

Join AC, and pitulii/a* it to meet the ciicln (A; at D. 

Thn>ii^h B draw tin* radiim BE pad to AD and in the miM 
Join DE. 

Then DE i'. a eoininon inn^ent to tin* ^iven i ircles. 


Ohik Sinee two tan^ent.s, uneh as BC, can in g#*nerttl be 
drawn from B to tin* ciwlc of construction, this nictlnwl will 
furnish two comnifui tangents to the given ciiclcs These are 
called the direct common tangents. 
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OBOMfiTRy. 


pRuBLicii 23 * {CmiiHwd,) 



Xp.iiti, if tho ^iroloR arc frtt.nal io one a*i ther C^omotv 
common ti!»gi*»Us m.4\ Fie drawn. 

^AnalyBis. In this rise w<* ymr RupjfHw* DE to touch the 
cui’lca ut 0 ttii<! E f>o that Iho nwiii AD, BE fall on npjmiie sult^^ 
of AB. 

'rijcn BC, <lrawn iKir‘ to the HOppoBfd ronimon Uiigcnt OE, 
voulel meet AD puMfitfiil at C , and we shotil<l noa ha\e 

AC- AD 4 DC«*<i 4 h; and, iia Iwdore, the -ACB is a rt. angle. 

lienee the fi 41 o\ung const ru(;t ion. 

Construction. W ilh centre A, and radius c*iiml to the mm 
i\{ the radii of the given (ireles, dcKuiln* a cin‘le, and draw 
BC to touch <t. * 

Mk'U i»r<K*eed cm in tfie first eaw, hut draw BE in the sense 
to AD. • 

« 

(*/■'. Ik'fure, two tAiigenU may Iw dniwn fntm B to the 
cin’Ii' of naistruotion ; henw two cuinmun tang<tit8 may !» 
ihtia dniwn to the givon circles These are called the 

trauuTerse eotnmon tangents. ' 

{ W. t««v<> M an .xerciw u> Uw stodent the arrangement of the ptuid 
in ejuthetio tunn.] 



' COMMON TANOPNTSL 
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Exr*:crsr-s on common TANonNr*. 

{XtmfricaJ nmi *^mphtraJ ) 

1 Ilow miii^ ioinrooit tungrnts tun lie dtaun in '^ach of th« 
ftillowinu; « 

^ I n In n the* ^ivon f'ln*!* r mt* r s» ot ; 

« nt Mh<iithc\ liavt { xttMnal (uiit iM ; 

tiu iCtun ihrv hii\tMiifeinnl t (tf t n t 

]llu«tiAlo ymi aiisui’t hy <h tiR * < u< It \ of t itin 1 1 aivd t <1^ 

ft) Vi if it I if n tilt M tf rt K ; 

(ii) 2 4' *1 tl»*' M nil a; 

(iH) mih O i*' t\%< 11 tin imiImh* 

{i\) Ik tU( t It lilt ( nlifH 

l>nu III (ntn* lo 1 t iii^u I m 4 I 1 m ir* , nntl mitt v In nt th<* tiual 
iMhtn tnm 1 1 1 , v>^ m niotliiifil 

‘2 Drii^ l\t»i Iff !« R ^ith Tirln *2 ff uml 0 S , plKut/ tin ti ruitM ft 
Ml* ipvit. l>r \v\ tin t omnum nxl ft »l t^t i i ni^tln Ixtwtfn 

1 0 (Kiiut^ of < n f, iHtth l*y ^ iUu|«ittt>tt * t<l l»\ in» isun nn nt « . 

3 Driw all tin common tcii^cnlR tt two ir» 1 MwlioRt ctiitHH irc 

k S" apirl uitl w h M« ruin ittO(> in il 2 n ( tl iilih ni d 

nca^urc tin bii^th ot tin <1 Mit antirti' ii tan^'ot^ 

4 Two < IK It t nf ladu I 7' and Hf liu( llnir t nt»t * CJ I" iipiii 

l>riiw thtii onnn tl ami tinl tluir I<)t.^lh V o find the 

tPiifjtli ot tilt t now m ( h >k 1 pHtlitc tlm toniriMw thoid .iiit u)it >v 
^)y mrH<(nK im nt Uiit it liiKirtHthi uniittjon t o nn^H 

fi Ih iw iw » ttt 1» 'j Milli I idii I ♦> umi <1 S and with tliMi tcntfta 
^'(K Apiit l)i ttll lh< u (oruriitin t ois 

^6. Dtdw tin tliK ttommorit n^'iiti lt» twodjuil cirdta 

t T/i^ontifttf ) 

7. If tht' tw<» dit4 t. or tin two tifUiHverH», tomition l&n^Milt are 
Irawn to two t m h s tli Pirt** ot tin taiig* nta int< n < ptcd U twf < n tlm 
• (HnnlR oi aii npial 

H If four (onimon lanprnnts an dMwn to two ciKhn extoiul u 
one anothir* aht^w that the two dimt, anil aiito tin two luun^NfrM* 
tarig'^iP^ intc^acct on the lino of cciilri « 

9 Twouivcnfifdcshavcext'inalctmtaft alA, andadlKM rommon 
tanjitciit 19 (hawn to touch them at P and Q ahew that PQ bulitends • 
tight angle at the point A. 
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CROMCTIlY. 


On TflJ* (’o\SIKUMIO\ ('inCLES. 

In orflri a (u<lt» iini t kTio\\ (n the iMiMtion of 

the cenhv, (n) th* iungih of the i.uiri^ 

(i) To find tho po«<itiof) of ih»‘ tuitie, two oot»<litioim are 
nmied, «i<h givnijP u 1 <>mw on Mln< h the eciitu' iim^t lie , »< 
that th*» one or ni*iio in whih il»o two lod intorsect* 

are |mis ihh* of the requiied (entn*, as on 

p ige ^ g 

(n) Thi' po'.ition of tin' <<'iitie 1 m in^ thnifivoil th( ladiuM 
IS tint* rnuncd ii \w‘ 1 nr>w {oi can liiui; anv point on tho 
ciicumfeiem 0 

t 

Henro in ordu to draw a n'lfh* Ihjte iiidejion^cnt dat*a are 
roijinrod. 

• * 

for oTimph . Ml inu di im <4 < olt if m< arc gi\en 

(i) f/oM }M in 4 in till It tiofmiKi ; 

•P (lO On** t in, < Ml 1 n» * , • 

or (ni) ono |MMnt on ()m ciounttoTf i, on* md its p«>int 

'if ooDtai't ^ 

It Mill hoMi \f r ofti n } iiip i tint ni Hi tV in (»ik ciicle cau h( draMn 
tstiMt^ini; Oir< « uoiiit m ii i" 

Kefore attoniptnoz tin* i.i lions of tl * lu \t ExenNothe 

student should miko hiiMM»if lannli ir with she tidlowin^ loci 

(i) T'o /sio ff ihi rai/jfN of nnU^ hvh ;^s Oim^qh Uvo 

jritv /* jknAU 

(ii) Th* ht*iLs of Vu ori!h^ (f tn'^( in ft fur h a f7U*n 

Uiifi* at a mn n t • 

(Ul) P ^ in of ih* ui*ii 1 *uth>- vhuh tfnuh n ifiim nrdf 
at a pin 71 joint. , 

(i\) Thr h*tn of' f/o’ n*i*sof life list hi h tov h « 70 m straight 
line, atul hiin a mt^n tivim 

(\) Th^ of fh' initff’i oj f<;,r % nunh foioh a ffjver^arcle, 
jml halt n onm tioiius 

(vi) Thf locus^ of iht onbi^ of anlis ufiufi touch tito piven 

stra$pht him. 



TH^ ICONhlltUTIOS Ot CiKOLES. 
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KXl-Kl ISI S 

I. Diau a < uh to iusr thiou^h tl n« u^m\ {KJinU* 

2 Ha <ir<lo toiuluN i irnui Imt PQ at a pni it on Hhat line 

must lU u title li€? y 

If a cudf thtciuj) tMu fointt A niui B» ui>«ii}mt hue 

n Us Of 111 It 111 T 

H( IK I (htiu ti tiif it ti toll h a Ml imht hill PQ U the A, am) 
to ill tth* I ^i\t ii |H>int B 

3 If a nr h tomlit t i i\t n i luh wliom iintn i C it the |H>itit A 

t>iiif^hat hm iiiw t it (Uiti ii* ^ 

1>ra\i a f IK h to toiu h tin p\< n mh C; at tin ;k nt A» ami to puM 
ihiuu^li a ]ioiiii B • 

4 A |H lilt P i»< 4 '> < 111 (1 I lilt lion iitrn lii ’kk AB .^awluc 

nn lea ui r d ns 3 2 i ni to { i tint i ^ li P and t * n h AB • 

5 (iiMii tHij <ik 1 * it r<t iiuH :ni I tn *iiid tin HHpMtutly 
thill iMitKh 1 h I 1)0 in a) III , <h lU a nrih of Kulnm .% 5 tin tr 
tou( h i i( ti ot tin LiMiit ih^'ixiiin P\ 

Htm itmiu VI Oitii } vill tiling d W )i it iv tin ikIiua of t* 

amalleat uicU til it t( 11 ht M I i h ol till M « nd < xt< in iP> ? 

» 

6 Ifamiit tout ii l>Mi jtiai>.itt Jim V OA OR on^ihitlim niiiBl 

ita ctiitri In ’ » 

I)ia\i OA, OB n i me n anuU of 70 , ami tiiw iii « a nn leof radiut 
I 2* to touch iioLii n 

7 (iiMnanifli 1 1 ? idin* 3 o < in viilt »t* imin 5 0 t in from a 
k'ivi*!) ftiiiii^dit lim AE'if ill ti^u (in h sot i idiu t 2 o m to tout h the 

circit and tin lim AB 

8 lA \ iBe a const M r 1 1 n foi diuviiiii' i ciith to tout li laph of two 
parallel atrai^iit liiif ind i tian \tivil 

V?heW that two siit It t in he c ui i t ilra%( n ^uitl th it li t \ an eriiiaL 

0 lifs niu a (irrlt to ton b a v ^<ti r j 1« n tl also to touch a 
given St r Li^i r lim it ipvm joint (Stt jup *U < | 

10 DfHdiiw a fill h It) toucli^i pivtn strai;.lit hn< , and to touch a 
^ given emit at a givMi ])t)i! t • 

II. Shew how to dt iw » « irrlt to tout h each of three given Btiaight 
Imrt of ^h*(h no two aic jKvralUl 

How manv sm h t lulr s t an )k <1 iwn * 

[Furtlier Txaniples on the CJonatiuction ot Circles will U found on 
pp 246, 311] 
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OBOMKTRT. 


I’ltuitilM 24. 

I 

Of* a hu4 io a <*trjieni oj a ctrdr* tchith 

diiiU rmhiH an aii^k to a (fmn awjU 



^ It < jtun I t / an A6 u <fj a utrh 

an aualt f^junl to C. 


Oonstniction. At A i?i BA, niak( tht* l BAD * > the lC 
From A <liaw AG jHTp to AD 

t AB ivt it uncles hy FG. im ttm^ AG in Q* Prob, 2 

« 

Proof. Join GB 


N(^>w cM'rv l>»)int in FG is imjuiiIm uit from A am! B • 

/'r</ Ji 

» ' 


GA= GB 

With tv'iilre Q, and* nnlnis GA, draw a tin'Ic, whnh niuat 
(Vii-s thioii};h B, and towb AO at A. JiiM. 4G 

Thou th«' AH^ alU^Kiato to the l 6A0, cotiUiiis an 

aiiglrt e<iual to C * • Tkfvr. 41) 


Hint. Ill tli<> jMiitioular <a«> alien the eivLO ani;te wa rt. angle, the 
l^taent rtM)uin*d a ill he the aeon circle uii AB aediamoter. [Theoreiu4) ) 


PROBtRIIS. 
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C0ROU.ARY. Tu (ii/ oji fimii a yttru cirtk a neffmefit (Otiinmnp 
•I prtn anijU\ U w rn(fWth fo dmir a Uimj* ni to th^ ctrclr^ a$td jftvin 
(he jfoint of coidoii (0 drm a rhorJ tmktiuj tnth the (atojent an 
dn*jk eqmf to (he (fvtn afujk. 

It was pn»ve(l m {lage UU that ' 

The la'us oj (III rtrines of iruvnjles w/n'h stand on the mine base 
xnd have a virticnl atujlu the aicof tiu momnl 
m this toM, ami conhwufifj an am/ie optal h t/o anuh. 

The follouing Piuhlt ins an* «h»ri\ 0 {l f*uin this ivj»ult by the 
Method of InterbeeliMU of lioei [paga, 93 j. 


KXrKCISES. . 

1. Dtf^rihe a frtangh on a (h>*n ha\iufj a f/i»vn I'trtieaf aur/te 

and hanuf/ ifji ttrf i on a ttne. 

2 . Coimfntef a inanyle hamiy ymn fht> fhe vertical and 

iji one otK» r ndc. 

( 11 ) (ht* 

(in) th^ tnijth of the vndvtn nh U ho**ite the 

(iv) Uo of the ft* t ndoulur front (he verfts to tmnet 

R. Comitrnrf a f^oiuft* hncirof tjo-ni th* tmxe, th* and 

the poxnt at Xthvh the VX iu( hy tfo ftourfor of th* rtrrotd nntfl* 

AB thf* X tht* giv< n ixnnt ui it, and K the aiiplf*. 
Ou AB a of a < od 4f>tit iiitniu an an^lf <*uu(il to K ; 

♦iomploU* rh<* ' • th^* an APB xh* an APB at P 

jota PX, and imKi’utv it !♦> tho O'^ at C. ABC ih the 

a«]utn»d trwnpif* | ^ -* 

4 . Cmtttrmf a tnavyh haviny ytt^n th* l)H$e^ the t'ertutd a nyt* ^ and 
the sum of the rtmawiny AtdtK 

(Let A6 thi* (•«»(% K thr trivofi an^'h% and H a liin* e<|mtl to 

^ the fum nf th<* auK^a. On AB a Ht|cineiit (‘<ajlaining an aii^te 

«v|aal to K, aW> aiiot)r*r at ^nirnt (HMitiiiiin^ an aiiKha to half the 
With iHfntre Aj and nidiuH H, dii-ridK* a rni h- cutting tiu* an of 
the latter segment at X and Y. tfoin.AX (or AY) cutting the an* of tue 
firtt aeginenl at C, Then ABC i*^ tin* rci|Uir(*d tnangh j 

5. Coui^frurt a (nantsfe haring yiivn the hase^ the vertical angle^ ana 
ihe difference of ihe rernmning suiea. 



CnEOHKTRY. 
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CiriCI.KS IN HI HAIION '10 HI.I'IILINLM, PKiUKES 


In I CMlItiNS 

r 

1 A Polygon ih i tutihnc U figure (Kmiuled h\ more than 
four Sides • 


A I'oh goii (»f Mi!( s is i tlh d 

\ hidts 

„ s# u sidts 

„ # tt <^id< s ^ 

„ / « sHts , 

„ ttf idt s 


L Pentai'on. 
Hexagon, 
Heptagon, 
Octagon, 
Decagon, 
Dodecagon, 
Quindecagon. 


2 A PoUgon u Regular \^h<n ail 
all Its an/lt sue kju d 


Us suits i 0 Kiual, and 


3 A ictlilitual IB •nud to bt in- 

aenbed in a (ii<!< ninn dl its ut^ilu jioints 
are on the (irMiint ttf th< and i 

circle 18 tsiid to U circumacnbed about a foin 
lineal hguio \Un n tin ciHumf<!<n<t oi tin. 
(inle ihiou^h all ilu auirulu i>t»ints f 

the tiguK 



4 A (inlc 18 Slid to be inscnbed m a 
rectilineal figure, vlnn tin (ircumfereiKc of 
the circle w tou< hed b\ e^tth sidj' of the htfure , 
and a redihneJ tigurc* is su*! to l>e cucum- 
■eribed about a circle, ^hen t uh side of the 
figure 18 a tangent to the circle 
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rROHLKM ‘J5. 

To arcunifcrtbt a ctrele almt a <iiivn Utant/le, 



I.**! ABC Iw the alwait whicb a cirri' .s t« he 

drawn 

Construction. JiiMTi AB iumI AC at rt. un^drs liv DS atnl 
68, meeting ;it S. * /’;<>/> 2. 

Then 8 i« the centre M the r*‘<|uire<l eirrlo. 

Proof. Now every |Kiint irvi DS i« tMjni^hhUjU from A 
andB; ' \i. 

and e\ery point in ES k equidiMant fniin A ujid C; 

S i« <*<{ui(iistant from A, B. and C. 

With centre 8, "»nd nwliuH SA dt*s(ri)»e a ein le ; this will 
through B and C, and in, therefoie, the recpiircd circum- 
circle. 

(Ms. It will he fouTul that if the j^iveri triangle is acute- 
angled, the centre of thV ciicuiiHirele fails within it: if it 
H a right-angled triangle, the eentie falls on the hypotenuse: 
if it is an uhtuse-anglcd triangle, the centre falls without the 
triangle. ^ 

Notk. Fniiu j>a^e 94 it ie seen that if S ih joinf'd to the middle 
poirU; of 8C, then tbr joining line in perpfmdirular to BC, 

//eac? thf perpendiculars drawn to nifhi$ofn irtanuU/rom the%r 
middicptdnts are concurrent, the j-oint of interUctiem Imwj iU antm 
of the circle circumscrifted cAomt the triangle. 

B.fi.0. O 
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rRn|»f.K\I ‘Jf) 

To ini‘{nU a o*lt to *i tjnm huiuqle. 


A 



ijfi ABC 1»r* th<‘ <n indo, iti which a • ii' h^ is t<» ht* insriihoA 

Oonstiuction. tic .‘ABC, ACB th< hues Bt 

Cl, whhh nilnsM it I TrtA 1 

^ Thi n Ms tic n i»f M‘ of the i 1 1 < le 

Proof l*ioin 1 <ii iw ID, IE, IF p iji to BC, CA, AB 
TUoii e\erv punt in Bl i-' ec|tj»iisl BC, BA, Phfft 15. 

• ID ir 

An*} neiv pnml m Cl f «junlistarit fioni CB, CA; 

. ID IE 

. ID IE, IF .irc all t «|ual 
\\ ith < < ntH I aiui iiuhtis ID clt iw a tin le ; 
this will ju-s lhr»n:ij}j iht juinit" t iiul F. 

AKm till nr* If will tcniih the BC. CA AB, 
h* \ iU-e llir iitiijh s at D, E F n* i’.;hl antrles 
t!n' DLF Is ni the ABC 

NoTIe iMorn II j» '>a n i hkh ili.it if Al is joincil tlvn Al 1 is< ts 
the BAC h* ii i it {olh>us tlut 

The ftiv ft ,(/ r/ 1 fi i x^* t t f n frtu/ fh ttrt n*« ttrr* </, the }f<%h* ff 
<%terxtUu>n / 'h* r he rf **ke / i* 

DEHNiriON. 

A om'le which touches one sule <j{ a tiian^le anti the other 
Iwo sitleji pnMlueed is e^lletl an escribed tircle of the triangle. 
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rilUlilKM L*7 

To tiXHt an cmh it a tfittu t nmjle, 

E 



Lot ABC 1 1 M4* i\ < It t» * tij^ ilv\h<hUi< shlo^ AB, AC are 
PPmIj » o i |o D iihI L 

It /V }i ^ut t i *tt d*y*u^* a ntih ff\ hiUff BC, at I AD AC 

p}fMt n / 

Constniction FJim ♦ t the CBD BCL l>\ tl‘< ht hiiM Bi/, 
Clj \N hi( h nt^ tM < t .it 

'I'll* n I, l^ tli» (I ntie (»£> iho n <{u»n «I ( n< 1** 

Proof \ m Ij (li lu IjF, l,G. I,H pup in AD F,C AE 
TliUi t.\iiy p<».Tit i!i BIj o<|Ui<li^l (lit f!<»m BD, BC , Piotf 

I F .,0 
SiiiiiLirlv l,G IjH 
I,F, 1,0, IjH #ui .lil * «ju.il 
I, iiui I Kim'S I^F (It M nlf .1 tilde; 
ihi- \m 1* pi^^ till tit ptiiiit G mtl. H 
AL » tin ( iO lo w»lj iniit h AC BC, .iri'l AE, 

Im < ut'.t i!k ih^l**s alt F, G, H ,iM‘ It .intrlt's 
ft( fGHi' III OM nl»t*d ( in I of tli( ACC 

XtiTE 1 It .s It II iiiit «\<n% triin^'t h/Ui iJm < tHcnlttil tirulM. 
lliui (Murts;t'» k **vs < is Ex ccntrei 

*2 Ii rti.4\ \ sli»*wn a-, in II jm • tint if Alj ih Joined, 
h< n Alt ( tn 1 1 « uiilIc BAC I < ik ( ii KtlnwKttul 
J'h* f 0 / two fj/tnor nn i u tnffu*fip aufi thf it\H^rU/r c/ th€ 

hini na/V nrt amcurrmt, thf /tj ht mg thf rftUrt of an 

ucnffta cirrtf 



QhjouKtny, 


m 


PUOBLKM W 

In a qtrm circle to ttumh a Itmuqlf e/uMt^ffuIar to a qum 
tnanqle. 


\h 


Idii ABC W tlu‘ and OEF the trunjrle 

Aiulysis A ADC,v<|Uiin,niUr to tlu* DEF, is inset iIkkI 
tn the cinle, if f^om <uiv jioiiit A on the tun < hords AB, AC 
CAii l>0 so piaiMsl tint, on jiMiiiiig BC« the ^B-the 'iud 
tno *-C» the I.F , f<»i then the ^A - tlu ihtw 10 

Now the *.B, in the ‘jegnienr ABC, sug}r*»stfl the eywa/ angU 
between the ilioid AC and the tanc:ettt at lU extremity 
ifhMT* 49 ) , bo that, if at Awe diaw' the Undent GAH, 
then the HAC the E , 
ami biniiliuly, tla ^GAB tin ^F* 

Ke> orbing iliohe »!< j)», we Ium ihi foliowniig (onstniction. 

OonstractioiL At any |Kiint A on the of the l AF\C 
draw the Luigent QAH ^ Vreb 22 

At A make the ^GAB e^iiKil to the *. F, 
and make thi ^^HAC e*jnul to the 
Join BC 

Then ABC im the leipnred tnan^le 



Kotb. In iliAWiiiji Iho fiuurio 4m a larg^i <^ta]e the student shoalt 
shew the oonatruotion hn«st tor the tana<nt QAH an<l for the angle* 
QA8, HAC. A sinuUr nrniark applies to the next I’lohleni. 



PKOBIOIlMS ON OmClJRR AND TBIANULKS. 
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Probkem 29. 

Alml a (fit'in rirrle io cimtmsrrih a irinngU fifinangttlar to 
a gvvn /ria«/;V * 



Lot ABC 1»C‘ tho pw'Ti cirole, and DEF tin* ^n'von triaiiglo. . 

AxudysiB. SiipjHwc LMN t<i l»o a r‘*mitn8(TilK»(l triangle in 
which tho *. M the tho lN* the ami oonKot|uontly, 
the ^ L the l D. 

Let tiB consiiior tho railii KA* KB, KC, drawn to Iho pointa oi 
conta(’t of tho sides ; for .;ho tai.gonti* LM, MN, NL could ho 
drawn if we know tho r<ilafi\c pHhilionsof KA, KB, KC, that i«, 
if we know tho J BKA, BKC, 

Now fnmi tlio quad* BKAM, miioo tho B and A are rt. 
the L BKA E; 

similarly tlio 1 BKC » 1 SO’ - N r 1 hO’ - F. 

Henot» wo have tho following coiihtruction. 

*Coafftraction, IV^xluce £F !w>th \vayft G and H. 

Find K th^ oontre of the ABC, 
and draw any nwlius KB. 

At K make the *-BKA equal to the ^.DEQ; 
and make the ..BKC o<jual to tho i.OFH. 

Througir A, B, C dniw' LM, MN, NL iierp, to KA, KB, Kft 
ITien LMN is the required triangle. 


(The student sh<iuld now arrange the proof synthetically,] 
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GROMiriRY. 


EXKKriSFX 

<)% PlKri.rH AM> TltlANrtl.RS. 

anti ^ ) 

1. In n cirf*l«’ <*f riviiu'* /» rm. ;»n *MjiJ!l>»UT;i! trian#;h*: nruJ 

ftUMit thf Knim* nffl*' rir» ii Mjuilaioal In 

OAw* HUiti* an<i vijur cfinf*truf"tnMi. ^ 

2, Draw an on n t>f S rui.. atwl linfl ny 

ca)rulati<’kri /tii«l ru'- iMnrt Jiw'iit (to tht* railn of 

thf> invLTilH^H, t if' ti. ami mo I# *!. 

KxplAin whv D»*’ wforni ami third i*ailii an* n aj)*'* * m riy tlouhji- and 
fjrihhi of Uif* first. 

1 Draw tnanjl* from th<" fojlowintj 

i\} (I - 5* , B f ur, C * ' ; 

(ii} a ' ‘J .V', B C M ; 

(iiil (I f'2r,\ B U \ C JT. 

Ciroinnacrihi' a riioh* nhnnt noh lnanL*»'\ 'r'*d m<'nsnn' thi* radii 
to thn neart'Ht luindivtlih of an in» h. A<'» o'mt for tin* tlirt‘<* results 
botng the witms hy ootnjmnni; tlio vertical auiih^v 

4. In a fin*!' of iad’«n 4 f‘in. insfid^' a:’ <'(iu{!at<*rftl tritrud'*. 

CalculAtf* lli»* Irjiu'tli of it!« hulr the n**'p;/ s‘ injlluin Uf ; and vonfy 
fcy im'Asiirorm'nl. 

Find lh<' ana of ilip n-s^-rdn'd oquilini-d liianid*-. and sh'‘w liiat it 
it oim qiniitrr of tlm* tii\'Utii-.orda‘d t-qiuiaf ••ral Inan^ir. 

5. In th« tti-in^lo ABC, if I i'i tin* o»'ntn\ apd r tla* Inijutli of thr 
ndnin of tho in cmdo, sln-w llmi 

.MBC- Jcrr ; lAB- J.'r. 

Hf'nco^jrovr that .\ABC Aja • ft • r'r. 

V»*^^fy lhi« hvnnda i»N nKimun niont*? for a trma^;!r wIjoso airjt'i^ Hfe 
9 ,ij,, S cm., and 7 cm. ^ 

ft. If Tj is Uir radius of tin* cxa-irdc opJM^^ilr' to A, pio\(* that 
' ABC-- fi)v,. 

If <1=^5 cm . ?>“-4 rm., r . 3 rut , verify lesnlt hy incasurcrncnt 

7. Find hy Tiuvwurcnicnf the circiun- radius of the tnangh? ABC in 
which a-ft .'trm , fc- flDrm., and c o l em. 

Draw and meaaun* Die |H'iiH'udpni]ars from A, B, C to the mqvsil'* 
ndet. If their lengths arc rcprcscntixi hy /*, . p... , verify the following: 

ffUtement : 

, f*c cn ah 

circum'radius-' - ^ . 

2p, 2/.J if>t 
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r\l \U isFS 

Os ('iKMKH \M» AKM 

i hit* nif^UiUH at I i It ut ) 

1. 1>rau (if f itli'M I *f iiiil t »{ stilt tiitnfui intc'ftlnn^ 

a h(}i «t< in it 

( III ulo« t)i< of th< stii (i) tl lit uiHt htnuin<Uh of an inrh 

atul v< niv )»\ tiH i urtin* nt 

1 iml tht irr i ( t till HIM iiittti si|tinit 

Z Til 111 niH u qiuu iiitfiit A ii l( it iniliiiH I Ti f hIk ninjit all 

iim <1 oi t Hist It ti II 

till* *li an t ot til s|iif 11 I 111 *' nivil aliout a * Ji l<» ‘f 
(I ui !• tn it ti \ *1 111 ( I iIh J {U it* 

.? hiAu a I ii <nasi<l«^ot 7 * ni iiiil itt i < oni tiui tinn for 

in**( ni I'f 1 I 1 iM it <1 

•Instils % ui ( u till tiun is Ml all atitai'.ol sMiiinilrj 

4 ( ir urns n) i i ii<lr uixiut i ssim « shU t»rm 

Ml isun tilt ( 1 lint t« r to lh( luurt * niihnutia, aiirl taai your 
drasN jii^ iis < il lit on • 

o lit a < mil tn rlU art I n uK ot u I t h ono tide 

rru 1 UI s *{ (I ] iml tm i] |»t ui n iTi ] n^tii < t tin illu ' sula 

Ot all KMiivlisin rilMlifith* (iril* u thitthi si^uaie hat Uia 
gn it I St an i 

(» A situiii ml in M(ui]it*ril tninjl* an msrrilifd in a circle 
If ti iml * ili II lO ihi Ti Iritis til tin il suit ^ h» ^ that 

Zh 

7 ABCD IS i M jii lit iriM i i1h <1 m a < in 1» , Uul P is an\ fMAnt on 'Sf 

ai^ AD si Vi rliit u< '^nli AO i>nitttniKat P an uhl'Ii tlinntinuaM 

gn it <s ti it uht mini it P lis uis om of tju oilui »* dfs 

{/*ntihffn> S( t*t y It) t u'ttn tn d fjMt a fhntittual jjtwjJ 

8 ('irn.ni'* iiIh a ilionihuft aOi^ut u ^ivi n < in Ic 

*) Instii)9l'‘ i in ,i ^nstii Mpiiif ABCD, hi# that oiin M ta 

aiiLalit jKiints lull ia at a gistn (loint X in AB 

10 *Jr) a gisi^ n ft(|uar( iiiFi rih* tin rnjuan tif ruiiitniutn area 

U ]>f*stnU {i)a(ir(h, (ii) .i afiuart aU>ut a gisi^rt rrc tangle 

12 InKcniii tu a ciicle, (in a fK|\]ai' in a gisMi ijuidiant 



too 


OKOVXTRT* 


ON <’ntow> AM> ttr<*rLAR i'olvooxs. 

PliOHIKM "\0 

To rf» lie a nquhr jntJym (i) m (w) about a gmn riirh 

Let AB, BC. CO, Mo fmi«<(<uti\c 
«ule« of 4 re^oiLir fK>lvp[on in»cnlM*<} in 
a circle a how* a iitic ih O 

Then AOB, BOC, COD, aio foii 

Ifnient W)w»lcs tnan^log And if 
the polyi^ou hiA n wdiH, oA<*b of the 

.'AOB, BOC, COD, 

n 

{t) Th«« to inscribe a jKilvgoii <»f n Kid<'^ m a given (jrtio, 



draw an angle AOB at^ilu ontw 0411.1! to 




This gives 


the length of «i side AB and ihonK o(j nil to AB niav now ho 
let off round the < ircunil< renre 1 he reuniting figure will 
clearly lie eqinUteial and uiuiangiilar 

( 11 ) To circumscnbe a jH^hgon of n wtlos about the circle 
the poinUi A, B, C, D, must In* ilr^tonniiuil a*» before, and 
tangontH iliawn to the (ude at thiM iKunls 'Ihe rcf'Ulting 
figure may le.idily h» pioved eqiiilaleTal and equunguLar 

Notk lliH rotihdti A stmi gfimulnatJ tot*s(ruch<m omU wher 

3<vr 

the angle ^ ran b<* draa n Mith ruK r and ( nfii|tHsa< s 


• FXPIU I^Fs 

1 Give *tin t (smHtmr tmiis tor wm nl»ii)g sn a cirile (radnis'4 cm ' 
<i) a regular In 1 igon , <ii)\ rt cuUr cK'Uigvn , (in i a n giilar dodecagon 

2. AhiHit acirch of ra^tiut* I .V circum«*t?iU* 

(0 a nguhr In xagoii , hi I a rtgular octagon 

Test the iMmatruf tmn** h\ m< a<’ururnrnt, and juslifv tin in tu proof 

S Ad equilateral tnaiigle and a r<gu1ai hexagon are^n^rd)i*d in ^ 
giTen otfcle, ajid u and denote th« lengths of thf ir *»»des pro\e that 
(d area of tnangle J(area of hexagon) (ii) a*a36* » 

4 Hy means of jonr priitra«.ior insonlKs a regular heptagon m 
etrole of radius ST Calridate and measure one of its angles; anc 
nesaurs the kogth of a wde 
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riiOnKHM 31. 

To iJrav a ntrU (i) in (ii) about a ifijular poh m* 


I«et AB, BC, CD, DE, ht con 
sidts of ti ri>'ular 

of n 

Biswt tin* *.*ABa BCD l>v BO. 
CO n)e<.titi^ it 0 

Tln»ri O IS tin (tiitio Injth of the 
insctilxd 111(1 ( IK uniM iihnri (.iidn 



Outline of Proof Join OD and Iroin tlm (unpiunt 
•OCB, aOCD, sill w tint OD bisuts tlu ^LOC Hi me* we 
one hull til it ^ ^ 

j 4U (fit In itms of tb* of thr jt vo*f al O. 

(i) Piovt tl it OB OC op , fiom IhioKinC, 

III ji< (* O IS iluM UMiin * rrtK‘ 

(n) Driw OP OQ OR " to AB BC. CD, . 

PioM* that OP OQ *OR . from tlu (on^rinnt 'OBP, 

" Ilciui O Is tho in c» ntio. 


KMiR( ISKS. 

1 I)rAwart).uhr lt» xaj^on on i mdo of 2(f Draw tho iriHOTdK.d 
and cm iimsc ntn d imlta ( al ulat4 and nuaiiUK* ihiir diamuUrs to 
du! m ti< Ml him Ik dui of in im n 

2 Snew that the* area oh a iigular ht xog >n msinlxid in a circle la 
uhrwj fourths < f that of th( '^ik uinHcnUd hixiigon 

Find the ai^a ot a hexagon tnscribfMl in a emU of radius 10 cm to 
ho neart*at tenth ot a sq < rn 

*> 

3 If ABCjia oti iHc^ truiiglo tna^rdKcl in a cnch*. ha%mg each 
>f the ang](‘8 B and C duuhlr of the A . i|hew that BC is a Side of 
a regular pentagon inscrihed in the click 

9 

4 On a side of 4 cm construct (withr>ut pnitraetor) 

(i) a regular luxagon ; in) a regular ot tagon. 

In each case find the approximate area of the figure^ 


11.8 0 . 


g2 



S02 


GKoMfCTFtY. 


Tlfi: ('IKCrMFEIlKNrK (fV A rnUCLK. 


Kv rxjMnin**nl arid rl is found th.it thr Itn^h 

of tln‘ ♦* of u ( in Iv is rou^hJy titurs the length of 

lUdMmotor; th.it ih to s i y 

at * , . 

• ' , .f 1 *n arlv ; 


and it ran In* |)m»sh 1 th.it this is tin sunr fdr .ill rirrlrs. 

A inorr roriiM a.iIuc of thi*- n^Jio j** lomid l»y theory t<i 1 hi 
3*nit>, ^\hili* lount to 7 pliifsof d'M nn.iK it m .*H 
Thus the N .‘ti (or 3 1U'^) is too ^Me.it, .iiid sMrrrrt to 2 
phui*'' only . 

ThrVitio x^IikIi the einuinfeieiirj <if anv i in le he.irs to ita 
dl^mi tt*! isdennt»d liy the (Inek l«ttM - so tint 

nrtii Vi U fi Hi*- *i Hi Vv A / X sr. * 

Or, if r di'iioti s thi ladim of tli» nnlr, 

crntH fi h v*( *2f > - L'r; , 

Vhoro to TT >M‘ air to gj\e oile of the > i!ue^ 3*1110, or 
SnrilrJt), auoidiiit; to the d«^'UM‘ ot anuiuy ntpiiit^d in 
thr iin.d result • 


NoTK Till IhMudnil nidhiKlH I*} nhnli w it* • \«ilu<itMl to .my 
itKitiiosl ot u ( HI e \ I mii‘*t U at tMs sta^'e, Imt im 

value inii\ iv < i th Miiliul iTp<inii<ut t( i\io (1 m an li pi im s 

For e\/ii.ipU louiifl .1 t\hiuln ^rip a '^trm of p<t()Cr so that tli( 
«»!)(ls oxiiiip At ai)\ 111 tie ost i l«ipr)iij^* am pni k a piu 

thiou/h iiotli folds ip md di ii*,iitMi tar **l!ip linn m« anare 

tin d» lan<» UtvM*<*nih« pm iioli ^ this *;»sm hu*:»lioftli mo ’ on 
flirt u ♦ * Ml asuic tilt di me lemmd dueh lie tu^t n ult*j\tln Mtoiid 


Kx 1 Fiom d^ta 

6nd aud ns iid the \ die 
ot r 

Find the i.umii of the. 
thnn*- n nultH 


R iM>KroMM OuMvricH VAiiroiv 
• 

Itl 0 t n\ «*» 1 i m. 

hV » 2 S' , 

19 :> 4 :i ’ 


Kx 2 A tiu« ihnMcl IS Mouiid t\eiilv loumi a i^klinder. and it 
found tlul thi' hii,4tli nsjuinsi (or l !0 MUiiplele turns is ?.*» 'li< 
diannUr ot lh»* ejhnder is 1 tind ioujrhl\ the Nahie of r 


Kx. X A 2S” 111 diJinu»tor, makes 44)11 revolutior 

kk travelling over t#77 jarda. Fiom this nsull satimate the value uf v 



cmcrwEUKNrK and arm of a (lurjF. 


Tlih AUKA OI A .'llU'lh 

liCt AB 1 h* a suit* ot *i ot 

fi 8nlo«» (iinniiM ah( t a (muIo 
rIioso ivntii js O Atiil ratliu*^ t 'llu n 
wv ha\t* » 

Aua /y 

- n Aqn 
. h UB OD 
i //AB ^ / 

U/nitii * I of f i't •m) X r , 
and tlll^ i-* tnu h(»uM«i iniiu 

Nos\ It t'h nuiidM 1 mI >.i«us mu< tsnl aitlm * ’ iit the 
juniiietM nid u*4‘a «’f th |» !\/<)ij!iii\ Im hi id* tiMiillfi fuuii 
t[u HiK« iiid iii I pt th< <n<Ii I»\ ({Miititui' siiKillvr 

'hill inv it < Jm II Ilf I IniiM uftiiiiatiU 

Ann ( 1 t <u 1 ti n t 

i . . I • 



Ml\ KN\ll\f' Ml IHOII 



S jp^M>s» th< tiiih int<» aiiv < *♦ fi iiuiiti*/ of (n<t<rn hftMng 

wjuilduhil iii*rl*'i not* th* niiiih* r <»l H* hu^l^ n 

Ijt fi* pli mI hmI« l\ wdf a*. Apriwntnl in ih* *liai;iaiii. 

lh*r. the aif 1 of the (ir* If - th* an 1 <»f ihf ti/ ABCD , 
and thiifcis t'Ui hu^« \ » r it n niav'lx 

N<m aa thf i uiiil»* r ot s»<t*»rs in ri i is*d, * a< h ar* is ihirfaaedj 

•>> that tii t*u* <)utl'M* s AB, CO t< ml i<» ht'oim iiid 

(ii) the aiifcd* s at D and B t* ml *o l/econu it aiif^lefl. 
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GKi^MirrRY. 


Tim# whf*n n i« without limit, ihf* fig* ABCO 

firrom**# a rrrfanuf^^ wIh^iu^ ic^ngth in the #fwi ciirMm/^rfnr< of thf nrcii^ 
Aiiil whoflio hfrAtlth 1# lU titditii, 

A rta <j/' circff a* J . rummfermt t > radiM 
1 \ * *2#rf X res wj^\ 

THR AREA OF A SKCTOR. 



C 


If two n%lii of a oirrlo Tuakc an of 1 , iljoy rut ot! 

(I) ail ail* nOio#*' length -- (>f the circimifcTcncc , 

and (ii) a 8ortor who8r arrn^ of tlir rirrle ; 

*•* ii the angir AOB coritaais Ddogrrch, then 

it) the an AB - . of iM circHintacnce ; 

Jt)0 • 

(ii; iht iftrUft AOB - of thr area of the arfle 

D • 

*300 cifniuifirtiia xruJm/ 

=- i . a/< AB X rrt'/’KA. 

« 

THK ,A1:1:A of a bl:(iMKNT. 

The area of a minor segment is found hy piditnwaing frt'n 
th»' lono^pouilmg MVior the a^ra of thr trianglr fonn»‘d h\ 
the chord and tho nidii,* Thus % 

Jhti of ABC « sector OACB - tnatajlf AOB 

» 

The area of a major segment is most sunjily found h} 
•ublracting the area of the coi responding minor segment Iron 
the area ox the circh\ 
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K\>RCIbltS 

t 

[/n tat h c(i*^ t h* <Mtf the mhtr of w tttt to yuf <t reimft of the UMu/ned 
ieyftt of mcuftu y \ ^ 

1 Find to th* iKarc^At millimotn* thi nrrumfirtmoA <f*tho uiclot 

• «b(M4» rndii an* 0) 4 5 om. 00 

• 

2 Find to th( ntanAt hundrcdtii of a Hijuan hk li the an la ol th« 
(^nelta whtt l ladii are (t) 2 kii) It) (> 

3 1 ind to tun plaM*«i of d«4iinih th4 nit uinfi if mi and ina of a 

ircie iiiMf tn f tl in a stju ir* mfU m U k nt 

4 In a 4ii(l( of ridni*! 7 t» < m i h<|U ot ik df^cnlKd )m4 t tha 
manstHqufUi <fhUnutn tht dilhniiM Utv^Moth mi h imIo 
% n<l thf 

• 

"i Find to th< iTisi himlnflth if i^4[uir« in h t}i an i <d tho 
irf dar iin^ toitnHl )>\ t^o un iiittu unhs i^hosi nifiu an 'i 7 and 
4 3 * 

6 Shf ^ that the an i of a r r i»d\ in^ n the < ti unif» n m ( b (If 

two roiiMiitm cm Ur h uoid t(» thi tr ^ ^ a unh u)m i radnm la 
the Unf^tli of a tan^rtnt to tin tiinci itnU liot ar \ fioiiit on tin outei 

- * 

7 Vnctin^U ^iH* s an h )) « ni andhOcm ib i d>r <i in a 

irfU ('’ahulttf to tin m an '•t If nOi fd a Miiian rfriliniftn tin 

\n.a of the four Hf^rm i {•* outhnU iht n < tnigh 

8 1 lof} (41 tin m iiii^t tf nth of an imh tin n h of u fc/juan Hhuse 
orta IK ujii il t I tiiat i4 a fin U of r<idiUM 5 

9 A f* in till! ring IS forrmd o\ thf i in urnff n iirf of tao rom ( ntno 

uliR 'I In im <»{ tin ring i« 22 k jum im in < anfi >tH Mrirlth ih 1 (f, 

<aking r ai bnd a]ipn)\iiiuit4 1\ tht x ulii of tin t wo tut h m 

10 find tfi thi manHt huiidrf dth of oisfjuin im h Ui« diHiniKe 

the anafl of the ciif uniMc rdxfl ajnl in fnlH.d (inltB of an 
^uilattral triuiigU fatli «>f ^h<fw Mfim i» 4 , 

11 llittH (.n »fiuir«d |»tip(r tno urtU<i vshfrst ciiilicB are at the 

poinU (1 "i , 0) ami fo, h ), and Vhosf i.uhi ato nnjHftiuly 7 and 
1 if Fio\e that thf t in IfH tom h one aiiothtr^ and hiid approxiniaitlj 
their om urnfen n< ( a and at eaa • 

12 a urtU of hmIiub 1(1^ ha\mg tho pennt (1 1*2^) tm 

entro Also draw t^io cinlea with the origin m fditn and of ladii 
1‘tr and 3Cr reapcctnely Shew that ta^h uf the Lftt two circlet 
touches the fiurst 
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GEOMFTRT, 


EXERCISKR. 

On TJKE iNSt HIREf*, PlHf f’MS* KIIiKn, AM> KsMtinEfJ ClFirr.VN or A 

'l'KIA^OI,K> 

\ Th*or*ti<'nL) 

1. ft rin lf t' ln h fuiftilol .•-' Itn' M nml a third 

(ktrai^hl lin*' w !>}• h iimvU thiro ilj.it t\i(> < An t»e 

driiv^n. firul liukt lid’V np* 

2 . Triftny!' ^ nhtrh h>n‘f upt O ha^tfi nud < quui hm't 

tfphti ^ ircftfH"’ i d'f 'i ath/hs 

*i ABC I'* A IfMijjirh', ftnd I, S am* th»* '►!' the* ifkscri'iM'ti and 

tin urii»(^'ri)wd < iM-h <« ; m A. I, S am* ♦ <‘U»n» .n , diiwthit AB AC. 

4. I'hc Mirji <»f lit' t<*tH i>f iIh* irisr!d)*d .ind rir< viri;'4i‘rihcd 

riri'h'f* ill A kh t<jnil t** ilu* Kiitu i>f ihi* I'Hli's con 

taiinn^j l.jt' fjjiit ^ 

5, If the insiiHit'd in the ihaj);:!** AEiC touclics t)tc ^u\vn 

at D. E« F ; ^h< w that thr* i»f the tn.iiu:!** DEF urc n <|H‘t‘hv<'l} 

{Mt W» - 

<1. If I in th(' fcf>trc of the ••m(1c fn". ril.cil in t)jc trian).d(‘ ABC 
and 1, the cciiiM ot ih*- cM-iiiitti csnlc ultuli lonchi'^ BC ; ihal 
I, B, h, C ate i'Oficu'la:. 

7. In an> (luiiLdi* the thtfciciue (»f two sides is (•» llip 

dilTf'reini* ivf t‘c ^ni* ht.h im<i Minch the liimi side is di\»h-<I at the 
|i*iint ot corn o l mI the inseidnd cnele, 

B, Tn the Iri/tiikdv ABC, I and San* the c<*«tiVs of i!k inserdterl and 
cirni nisei i lied ein h s . ^lleM■ that IS siditi nd** at A <ni aiij^h* eijUAl t(i 
half the dilh rene<> of the an^h^s at (i»f luise iif the tiiahL'li'. 

Hence -HheM tiiftl n AD i*i diaMii jK*i*jwMidu ular li» BC, then A1 is the 
hlSt'etiiPia tile DAS. * * * 

9. 'I’lu* dMk'erial.s of a ijuadrilulerai ABCD at O ; sle w 

that (I’.e itMilp s of tlie »hih*s I'in uiiiserd^' d .dmui the four tnaiuler 
AOB, BOC, COD, OOA arc at the aittrulai punts of a jetMlleloirrain. 

Ht Iti any trianj^le ABC/if I is^the centre of ihe circle, 

and if Al is pMnl.o ed to nu-kt the cirrum.st'rd'wl eitci<‘ at^O ; shevx tiiai 
0 isi ihw ca*ni!V of the i irclc enx'iiniM'rj I n'd aUmt the Iriarij'le BlC. 

11. Civen ti.e Iwvsc, altitude, and the radius of the eircurys<*nl‘'^.l 
circle; construct the tnaiikde. 

12. Thn*i^ cirelt**! uhosi* eenlres art^ A, B, C Uaich one another 
cxtcnully Im-o hv tMo at D, E, F : shew tiuit the inserilied circle o? 
lb« triangle ABC ia the circum^crilKHl circle if the triangle DEF. 
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TlIKOmiS and KXAMPI1,S on (IKCI-l-S ANI> 
ti{IaN(;m.s. 

I 

iiiK *>mnu('KN‘ii:L v»r a 

I. 77n<» )>*•}* drttu'H fh> oj a tn fh€ 

Hi // I IT 0 i >f>i tif * * nf. 

I:i tliif’ ^ ABC, lot AD, i^E J»o il** 
fliiiwo fi< Ml A .4'nl R l»* thr np|M. It' 

Mni« i ; .trul i»\ t)i< to ini* i‘« < at O 

./•in CO' and piiMlui* it t*> ni* 1 1 AB it 

!f i% '• /u If / ffi ir (hn* CF M /"t/t 
tt> AB. » 

.Ufui DC 

rioii, U ’iin.*‘ til* w'OEC, ODC ai<* il 
an^o s, 

tio y*ojnt*i O, £♦ C. D aio , Mill \ ( ho • ^ 

’ th«* h.DEC no\*«DOC 111 til *' k*M* * nt ; 
nio\irt « j }> 4-FOA 

Aj»"i, hi' iM*-*' tlio ,w*A!lB, ADB .tit If .iri/|o<^, 
thi )M>ii t H A, E. D, B .IK ( riin \ I li< 
tho 4„0EB iho i.DAB, in th< »- im* •-> nt 

th* siiMi •»/ t!i» »,-• rOA, FAO tin ’.jiK, Ml thi* ...•DEC, DEB 

,i ri 

ih* K niAimt./ *- AFO art juu'Io 77oor 16 

tl. it iM, CF iM pi'f j) 1** AB 

H* in *■ tlio tliK <* p* 1 ji* AD, BE, CF 1 ai th* point 0 

g. I. D. 

Dr.HM'i ION’S 

t 

(i) Till* ‘A\t<*rs(*^tiKn of lln* jifTpoinlirulaiH iltawii from the 
vortices of a triangle to the opp*)-^jtt* siilcs h callod iu 
ortho6fentre. 

(ii) Tlic tiianglc forrneil by joining llic* foot of the jicrjKjii' 
<liculai.s is cailcil tin; pedal or orthocentric triangle. 




m 




11, In ttn iiru/^ tht fitrp^iuii^HUrn dmitm from thg 

wtfKM fo /A#' itfjjmntf #Ww ih^ nntjffs of ihf jndal timityif thraujh 
tthrk thry ;«#4i 

In thf* arut#' /. ABC, )• t AO, BE, 

CF )h* th' fK'rp^ flraviti frctm tin* vrrtKv*^ t4» 

Uh' at the f*ftho- 

CM*titr«* O, tfiui Ut D£F \n\ th(< |«<riiil tiiani^Ie. 

// tfifitirtd to prttt> that 

AO, BC, Cr htfkift 
(fo i.» FOE. OEF. EFD ^ 

It tins hIuwm, an in the UhI thmKm, 

that tin* iMuiitH O. 0, C, E Ml M»n< \<ho; ® DC 

th( ,.ODE Ui*^ i.OCE. Ill th<^ sam^ S4^^ni«^nt. 

SttiiiKirls lh«' 0, 0. B, F art* » mik li# ; 

. lilt w ODF ihn uOBF, lu till Kinw 

I'ut thn ^OCE tin* iLCOF, t,i'h U‘ipvi tin m'iiiji' of tin* Z.BAC. 
tin 4.0DE tin* i.ODr 

SimiKiily il m«\ U> that %ln‘ -• OEF, EFD ar»* l»iH'*otnd by 

BE ainl Cr. g E.i>, 


(\>lu»n,Anv ^0 A’tuy fuyt o/ the ptdtd (nnnqW nrr tqnaUy 

wdintd (u that «idf of thf orvjtnaf (rvnmjk i» . h$cU Iht'y vu*t. 

For tho i-EDC lln < of iho L.ODE 
tiir of the teOCE 

‘ the ^BAa 

it hm> la- nhesin that the ^fOB the <-BAC» 

the 4. EDO the ^FDB the ^.A. 

% 

111 like mannet it ini> U |oo\m 1 tint 

the^^DEC the ,L TEA the LB, 
aud the 4L DEB*' the ^EFA the 


CoROXXARY fill Thit (rmngUi DEC, AEF, DBF art tqnianavlar to 
om arndhti and to (hr tnanjft ABC 

Konnt. If the angle BAG then the in'iwndieulam BE, CF 

btci^i txiemoity the oiimc{M)nding angles of ^he |»caal triangle. 




TIIK ilRTlKM'ENTKE OF A TRIAN<.t E. 
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F\H«t ISt 

. *• VO 14 the of tht frtah fh ABC «i»i/ if ih* 

AD ut )f / li ttm* (h^ rii mn n/t/i %n G thn* OD uQ 

‘2 tiru^nl fmitif;/ iff *ht i if# r'wn/ ? Mr t f* 

(tf thf a /;/M <; ih* ffimur* ami ii on fhu-if 

• 4 I ///4 ronfaii/u fh* ttf atioh aif iht tnUnwl t fitot thf ft ntiifHrud 
ttiff outjlf* f f *hf fittffil *t tan lit 

3 /f O M tif fft}n» tfthf ot^thf * 1 ( 011 /f ABC. fthfu that the au*}iff 
BOC BAG Off n.ujrfn fan 07 1/ 

4 // O ?■» tii fffhff itu ft (fa tftnuff ABC *l m ani/ t u ttf ih 
HUijHintMO A B 0 }•* 0 f ofthtM iuftf f ( thf ff I r f * i htt^f tf fne 

t f offal fhf*>t 

5 f f' If* f ttrh ft a ha h fiOHji *hi v /h to o ntfi * * 1 1 a ft tan / # and 
• *o}thi*f ft or* tilth fijun / }h* tiftnrii * / * ' f tinnifh 

h 0 E a < I n < n tliF f t ui ft n m • f a ^ tin ♦ »r 1» tl* k i lUtil 
on « tint AB tli* IimI AD tiE in <! AC BD inttfHtrt 

(iriMitiifil if ntMhsan) <it F an»r*G f' < h Uji* FG is |h i pi iiih< iilii 

to AB 

7 ABC is a trill /!< C'i**ttsoif ant AK a ilianirti r of tt (t 

(ircunifitrlt fli t( it BOCK ih I* pAinlk It 

S 7 hf* nrlli *« Mitit < f a tmiiiT^t \ pninfltolhi i? idili fMiint of tint 
iMiAt , aikI tti« pint ^ lint laptitii m! ti iumI it)t in iiiiimhIi p)o\f 
ttial It \iill nw 1 1 it tin huitit imint n Un tliarrwtti paHM m 

thnm^h tht vt i1i x 

9 Ibt iHrjxnili i bir finni iln m r*f \ of fi ti i t n tin Iwim , iiikI 
the btiai>;hi liin pniiin^ tin ith<K«iitif to tin initiill* |K»iiit of tlio 
hlistviri jiiiKliif mI ' to nn 1 1 I i* MiiunMit h at P 'xiiti Q hIk w that 
PQ {lariilt 1 tti thf I 

10 Thf tli4*niaf *1 *01 h tttffjr <f n tiaimfl^ fittni th* oiihotftihf w 

dotihlf oj thf ptffdith uia tlrfiun fitmi tJa t*ntft fj th* nrrnm nyff *o 
thf < aproatf BO/f ^ 

11 Thrr‘*< f iTfh i ar<M)f «<.rilK4 cafli fni*H tl rou^^h tl* ortho* nfret 
of a tiiAtii*!* arni t%iof>t ita%«rtKta aln m tlat tin inafi^ii ftrnnd hy 
jounn^' tfiir ftnin*« ih «<jtnl in all khjmi ts to iln ori^nniil trim *)* 

12 (\>rstnirt a tnanjifh havtit,' ^M\Ln % %fiUx, th« tnllnMinira, 
and tht o« ntit^ td the cinuni f irr^o 


H AO 



210 


GKOMKrUY. 


LO(;i. 

Ill, »’-*»* thf h(u^ anri f*eHiVaV antjU of a triangle, f fid the locuitf 

ite Qr(hKtf'4Hii'*. 

l4*’t BC tin- hntw-*, aiwi X the 
lifivon ivn»l U’t BAG U‘uj»y trmiiulc 

4>n BC, h<ivtn^* its vcrlicul i-A 

tn tlK‘ L X, 

l>fitw Th»‘ CF, int*Tm‘ctinj: at 

tho 4irll;4)' riiJ r<‘ O, 

It tu jiufl ihr nf O. • 

Froof, tlto iL'Or A, OEA nn* rl. 

. . tli»' 0, F. A, E a*t’ foiK Xi Iw ; 

thr wFOE !'« th» i»t» nf tlir i. A : 

th<‘ \*'rt. n|ip, ^ 60C th(‘ jiuppli int'iit <•! li^v jLA. 

itut th*' 4 lA ij* rtnii»i.iut, N'in^ nlwav* ; ‘ 

/. It** 3iu}»|»]« !ii« lit IS ri»ii*<iant : * 

tlifit IS, liif' .'.BOC lis\H a lixi d Itn***', iiml vi rtical ftn^lo : 

iuMKs* tin* luf'ijH 4)f jIk v» itrx 0 if» Um* an: t»f a of uhuh BC it 

U,r I'lioiti, « 

IV ftH'f.i fht hniit 'iu<l lYrfiVvi,^ atiglt nj a (riangff, ^find tht lot as oj 
the in ufft . < ^ 

Lfl BAG i*** a;»y Inanilo on Xhr ^'ivtn 
basr BC, lm\ \X^ v<itjval aiik'lr iMiiiai to 
thu' jli'MJ i.X; and l«'l A^ Bi. Cl U* t!;o 
of Its 'Ihon I is thi* in- 

Cfistiv. 

It is rtifitirfd io timi the locus o/ 1. 

Proof. , l.K'n"t»‘ tin* an^’l^s of tla* /.ABC 
l>v A, 0, C ; rtisd tin .-BIC lx* doiiotid 
l/v I. 

ThiMi fioin till* /i BIC, • • 

I * JB l*iC=:twnrt. anjilt s ; Theor. 16. 

aikI Juhii tin* ../ABC^ 

A B s two 1 1. an^loii ; 

(ii) so tliat JA^ JB t ft. ancl<*. 

, taking the dith roiua^s of iIk* tMiiials in (i) anc^fii), 

^ KA one rt. anglr : 
or, I om* ri. ongle -* jA. 

But A is constant, Ijeing alw-ays eijnal to the i-X ; 

I i.H 0(»ii«'tanl : 

.'. the kx;u8 of I is the arc of a Ai*gment on tlie fixed chord BC. 
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I \PU< HI ^ ON \Wl 

] (o\in tH )»\sii BC Ui«i thf ^(itu il ui^lt A of a fiDil 

the loruH (/t ti f » X 1 1 i#tit < ^ tt A 

» 

*2 n tb* < \tf t nntti *♦ of ^ Mi u, lit lim Afi m\ t\io 

^ pA*nll< 1 tr (iklit liiH AP. BQ li* tnitl ) •< ti«* (•! Ou intt t 

f4(n>iintihr 1 iM V' QliA 

S 1 a <! ill 1 3*1 of iIh in J 11* jw» 1 1 Mil Old « ol i c I !* diuwn 

till* 1. Ii a tixul p lilt 

I>i**tiii ui li 1 tWMii tin t \ t \%h*n tin | >nt h \Mtliin on» 

cr \Mthom t in f I \ ti 1 i 

4 I iTi I tin jo UK »t * ,» • t t » fill t of Ii ii\i» iiom 

a fix( rl |)oiTP ( / ( H{4 III (It f M • t (n i 

*> I’m 1 ttn I )^nH of vt» iAt» ki tjon t t’ 111 * vm ) piN» 

t’ I u. h tv\ ^ \ d p I < 11 I I 411 1 11^* I Ml it (II mit< t' m fi 

an at< ot ( 111 t mt In'* 

ii A mil R HI > J \i I I ‘ i»ts ij tin 1 1* imifi n » m ' i mk 
ami PQ 1 in iiiuKHi in i tin ]< n ot *)• > i t i ni PA 

and QB 

# • 

7 PAC js f s tM( ) 1* d K »i d on ill fixid ) I I ^ G iiid Iiomg 

a n ’ mt \ rt d un.n , and f*A i pi m 1 i id t » P tint BP in 

( 1(1 il to tilt liiu ot lilt sid H o* taiiiii ^ t it mO d .i tirid the 
\ } ot P 

5 AB ' I iivt i*<*p«d it \ in ’t , i’ I AC is a ti mhiIi i hord 

f ii^ 111 / tilt Hi/h A it tin pi d) I ^1 nil CB iM Munp < ImI, lind the 
1 w ;t tin ml ' ( ( ti M ol It* ill It ils 

* n ^ Kti 11 lit I lid PQ Klid t\\ » nd» TH p’nnl at ii>;ht 

an^' K * » MU iintinr iiid t ni Hi (Mimi i k PX QX hm liainn 
p* p lidi am tothf rid « f tmd ttn to ^ X 

• 

Id Two <inl*^ mO TK# t it A it d B, and tl i »ii/h P, uit\ (loint on 
tin c mi mil tin of oin oi tin in t»» ti ii„l t liinx PA PB are 
dMwti, uid piotiidd if r)<(*H*<tit fi it tin ruiit r (itth at X uid Y 
hnd thi i M lA of tin int« ij** ti ni ot AY \i T BX 

• 

11 , T wo (in hs intMHMt at A nml B . HAK ik i fix**! t* o.l t hne 
drawn tnioujh A ind t(iniir>itMl }\ tin MiMintinm s t d F^AQ la 
an\ othi r mi ii.{ht lirn aimiUrl^ drawn Imd tin Ickun ot lln inter* 
lection of HP and QK. 
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ovoMmr. 


mhhon's use. 


V. Th* Arl nf thf fit>/>fniltfuJari) tjnitrn to (h* Ihrtf tuirt of a 
irvmtfti )f<m nnn jHOut on I's firrum iirr tiJ inrar 

P U-* »ri\ FKiint on thi' rMroum < >n l<' of 
Iho ^ ABC; jum! I« t PD PEi^PF )m* th€* j«*rpfl 
fifftwn froiv P to ttio 

// M rftfHitfri to ftniif thnf tht D, E, F 

arr 

Join FE ami ED ^ 
tht^n FE anti ED \^ill U* Htovin to hr m tho 
aaine atraifflJ Iin<* 

Join PA PC 



I 

Proof. tlir w*PEA, PFA anMt 

tin P, E, A. F an r»ni(ulir ^ 

.% thr i-PEF th** 4-PAF.1nthi haiiio pt >'njrnt 
the supii* of tin *«PAB 
tin •.PCD, 


•iiu*r tin jiouiiH A, P, C, B arr (on» he 

th» 4*PEC, PDCan rt an/he, 
tin |K>nitH P, E, D, C*a»i coiutiln 
thf i.PED lift Mipji' (*rMln ^-PCD 
tin sujip* ot the Z-PEF. 

FE am! ED art^ in one st line. 


Ohn The line FED \‘* Uno^n aa the Pedal or Slmson'a lint of the 
tnangle ABC tor tin jxnnt P. 


• Fxiutisns, 

1 From aiA point P on the (iKumrircle o{ tho tnanglo'AB^ 
perpeinlieultti^ PO, PF aif diavii to 6G arnl AB. if FD, or FD 
|Hoaut*t«i. eutn AC at E, nh^M' that PE !•» jmtjh mlicnlar to AC. 

2. Find the loeua of a pinnt nhich mnve^ hi» tlut if p«T|H*ndiouiara 

are dravti fioni it to the AuK>a of a given trmiigle, their feet are 
colhm-ar. ^ ^ 

3. ABC ninl ABC* are two tnanglet with a common angle, and 
their cirotim citeleM tnri^t* again at P, ehen that the fn*t of w^rpen 
dictilara draun fiom P to the lines AB, AC, BC, BC aro oolhnoar. 

4. A tnangle is insoniied la a rmle, ami any point Pon the oircam 
ferenoe w joimnl to the orthocentre of the triangle; shew that this 
Joining line is bisectetl hy the pinial of the pm^jt P. 



THE TRIANC.LK ANIf ITS (nKCI.KS 
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THE TUIAM;LK ash its (’IKCM'S. 

VX 0, E» F ure thf fhuuftt 0 / emJaci 0 / th^ lUHniM riir/e the 
tnatifflt ABC, anti 0,* E,, *h^ t/ conruif »/ ih * turrit ^ 

vhich tomhfM BC *in*i thf other ; rwlucfd a, b, c tlun^U thf tf^vjth * 
of thf BC, CA, AB , K thf ffm% funmftir oj iht and t, fi 

the radiii of thf and r^rrtbid < 



Provf thf Jo^h\ t'iiifj < wiif: 


ii) AE 

AF - a. 

^BD . 

BF - h, 

CD 

CE /t 

(nJ AE, 

AF, -a. 

(111. CD, 

CE. -a- h, 

BD, 

BF, ^ r 


{\\ \ CD a»i<l BD CD, 

(V) EE,--FP,^a , 

(m) The arra of the ABC -rs 

* -a). 

Ivii) l>rsw the aV>vf* fij^ure in th^ oaso in hen C ih h nwlit antflc, and 

pro^ftlwt r-*-r; r, » -h 
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OKUUEIKT. 


In *h* trmn fU ABC. I m th** '** ih* \uArri}*d iirclt, and 
I.. Ij. Ij th* M ('; » tif fht • |i tt*k f ,tf Umj ritt^*** (he 

B0| CA, AB (ttui th* uthit mdift pfcttln* td 

\ » 


M 



/V(W< th* f\ "oNi 

11' iHuh\ A, I, Ij att to'/iHt*tr fOftft B. I, ; rr/ir/ C, I, I,. 

• • • * 

(iM I h' 1_. A, n>"iwf^ir • jtvn * Ij, B, !| , aufi Ij, C, tj. 

{ui\ yV**' (ft rf. / » <• BljC, A, AljB fttr t /ui*u */n\u to o/k u.iOth*r 

(n ^ Thf f>f(t I Ijlji t */um »*!•*/ 1 tf" to thf (rioiojh fonn*fd by 

joimnj th^ jm* <;*< « f ♦o;//a / mt^ttXtd nt>ie ^ 

(xi O* *h* /•*’** f,*innt» f, Ij, Ij, I,, f<i»A k th* orthoCfUttf of the 

triaih/ir wh art ihr o'n*r innt. i 

(vi) Th* jhur ctrcUn, farh of whirh ptmtu throuyh thrte of ihe 
jtoim I, I, , Ij, I3. are all e/yuo/. 



THJt* TUIANGI,E AND ITK ClHCKKS. 
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EXKRCISKS. 

]. With the figure v;ivcn nn paijo shew timt if the eirc^L‘i* whoao • 
e«ntre« nn* I, I,. I,* ij touch 8C dt D. D,, D.^, thru 

(i) DD,^.0,Da^^. VO DO, 

(iji) (i\) DDj /»*r. * 

2. Slit-w thf^orthtM'ffitre nufl »vr/»V#.'i ij/ tt ft i nr^ th* t'futrtB 
of thf nwi i t' tht jMtlnl f 

3 th^ fxiiit vt t ^ fiuii tht of the. 

rnttr* of ■/ rir^h: ivUivh ttmeioM *h> bti^f 

4 (hrfu tht hunt and Vfrtind nuifU if a truiuijU, ahfti' thtt the cfutre 

of thi' nrcti/h mv/V n* /i e*d. « 

» 

."t the BC, an<i tlj‘‘ voitnal rtni.!h' A ( f th« r}i)f) 

the 1<» us of lhi‘ ccntie <if ilu' im-hIkmI cntle m In. h lovu iu*-' AC. 

fi. (Jivcn thv (lie vt ri.f-.il aMwO«\ and the jyninL ot eonta< t with 

tin* l>ase nf the in on* h* ; <*nn-{rtn t the iriaflt'h*. 

7. Ciiveii tl»e l«ise, the verti*’ttl ;uii:h’, nud lie of oonl40't %^ilh 

the Ikusi*, or ha.'^e produt'nl, of an «'«(rir- »l < n- lr ; c nintMc t tin* Irutng^j'. 

8. I t* th( i'nitr^ if thr f'irr/r 'u n (rtan>f, nud I,, I , I, (he 

c*nfren if fh* •M'rihfft n) rit^t ,* ir (hnt II, » II., II,, tui (n'ni'tt'd hy (he 
cirf'umfi're}i( e 'f tht m/ A . • 

9. ABC IS a tn.uijh', an»l I,, (j, tin* centre*! of ih»' < srnl>»'d inch’d 
which touch AC, ;iml AB rc'‘|M*cti\i‘Iy . shew tliai the p nnl « B, C, I.., I, 
ln' ujxui a circle ulwi'< <‘cnirc j'* on tin cn» uiuleiene** ot the ctnr.no 
cncle of the in.'in^lc ABC. 

10. With three j;ne%i fKanl" aa < ( otn <hH j ji.c tioF •* cut les tuuclo 
iiig one another tw(j hy two. How ruany hohitioos will thiue he^ 

11. Ci\en the centre.s of Itie lhr<*e c-»»*rihe<l cuclew; «on*«tiu(.‘t the 
tiianelc, 

12. tiiYon the !»tte of the insrnlH;d ciid'Ie, and tlie centrcH of two 
escrihed <'it< ks ; con^lriKt tne triangle, ^ 

13. Given the veitical anjLd* . jierinn ler, unrl rafliuHof tin inaetilnrl 

circle; ctinsstruct the tnangh*. , 

14. tiiven the vertical antilc, ft»e rariiiij? »>f the Wiscrihed cirf le. and 

the length ol the p»*r];»#*iidiculfir fr^mi the v.'rte.t to lh»* lttt«e ; conntniot 
the triangle. • 

15. * In a triangle ABC, I i'* the cei>tn‘ of llie lU'crjhod circl' ; kIicw 
thit the centres of the circh k circuniKei ru*d aixait the triaiigh s BIC, 
CIA, AIB lie rm the circumferenco of the circle circumscrdKjd aUitit the 
pven triangle* 
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GroMKTar. 


* THE NINE (TKCLR. 

VIII In arty htanyU th^ wi///# t,f thf* tkf left of thf 

pert ^wiu h^Jin fhr ftttt to (hr *»//««</!► «»// th*‘ mtdtitt 

jmutJ* of thr tin* < // uiiutf t/tth*rttUfe to fhr urtirte ate Com ^utc* ' 

111 th.i ABC l.*t y. Y. 7 the 

IIIKMIm of thf HI 1< «« OC 

AB , I* t 0, E, F th< Im t «t the 

S r|>* to tin fit fnh^ fr »m A B« C Ut 

Imi tht* oi ihita 4 iitr< Mild a ti y th» 

unddh <if OA OB OC 
It W rrtfHtrtii * ;/<)!* f/i f/ 
thfjtiuf //jimN X, Y, 2 D r» F, a, > 
atr ton y /• , 

.1(.U)XY XZ Xi, y5 Z« 

Novi fn»m till ABO 
•iin * A2 7B niidA. lO. , » ^ DC 

Za pit’ to BO Kx 2f p 64. 

Atul fiuiii tli< ABC Miir< Bi 7A, tml BX XC, 

2X tl jHU* It* 

Hut BO pttitluMHl rtiikf ft Hit inifh mUh AC *» 
the wXZa IS a rt Hii]:h 

'*'jn huh, Iho *.XYxiHa rt Aiij^h 
tiu ptints X, Z, o Y aii ct>n<it the 

that IB, a Itrs 4111 tht* •• of th« fiuK whith |mishc« tlirou^h X, Y, 2, 
atiil Xa 11 A (liiiixu Um uf this tiioh 

httiuKirU It nuu Ik sht wii ihit ^ and 7 lie on th« O* of this circle^ 

* Hiiim* aOX ih a rt aiiirh. * 

the ( luit on 9(a ah dianii t« r fnssr n throui.'h D. 

Binuliilv It nia\ U* tint E and F he on the e * of tins circle; 

th«' jKmits X, Y, Z, D, E, F, a, ^ nrt» eorK^dic q *.D 
% 

Ofi* K rorii I ho pnipcrt^^tlio om9* which jiOSHcs throi^h theimddle 
potuU of tlio sulcH of a tnanifle is called the Nine Folnulllrcle , many 
of lU pmpi'iticH row U th^rivcd from Uie fact of its being the cironin 
oirole of th« {icdal tiKingle. « 


A 




.THE MNKroiVT« ClltrLB. 
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To protv (hrti 

(ij thf ctntrf nf the nutt at ft iir fht vnthif^ jHimt the 

hue uhuH jtfine the ot/A**** ii/ir to fh* nrcum rtutte 
Oi' the rudiun of the ntiit ;w»inN htt/f" thr rWyci of (he 

firmm rnefe 

(ill I tfe tmfnoi m '•rfhaa* tnfh th^ anum itu/rt, the trtuf jio$n/M 
rett^ne, nutl the * ^thi>r* >tK, 

• In tho ' ABC, Vt X, Y, 2 1 h^ iho 

mniiilH pninu'.tf nri^ , D, C, F 
the tivl of the O the otthi 

oentre ; 8 ami N the cfntf«« ihe 
( ir( iiinst rtlw*d nml tune Mif h b 

rfeKjMH.tn< U 

(I To fo</tf thit N the wuhite 
potni e * SO 

It rnt\ hn hii» Vii that ll)» p*]) to 
XO Imiii itH m iMV* jwMiit hn. \h SO : 

, If^or trj 

Sitnilaih tht to LY «t im 

middh \H lilt 1 MM t*t SO 

ih't m, th. M* |M rp* inttrhM*! at the tunhih p»int<f80: 
And^im* XD ami EY im c lionifc of itie ini»« ]M>it <iich , • 

* tiu intuMMioii of tiie InoM vihoh hihut XD aiirl EY it it an^haiB 
itsiuitfo /Vo; 31 t vr 1 

tin Miitni^M m th» dmidle fioiiit rd &0 Kf t U 



tiO To foa thit *hf ra;/i?4« ff t)u mm ni ft hnff the 

radiite ut th eu tim fUfh 


B\ thi 1 ist ihopiHitior Xa a fiianii ter of t) < n m pouitn nn I« 
th« niuhlle point of Xa m jth m tOit 

but the niKldl*' itfuiit (d SO ih also thi < nitre of tm iniii iM>jiitH r m le 

,(/*row<f 

IlMic#,Xa ami SO I w<t nm anotlor it N 
'I h* n fioiil the A" SNXj ONa, 

[ • SN ON 

because \ im! NX Na, * 

land thi ASNX-tlu /.ONa; 


SX Oa 
• Aa . 


Anil 8X IS ilHo pti* to Aa, 
8A X< 


Hut SA i« a ladtM fd the f ir< uni f irele ; 
and Xa ui a dvi/fi^tn or the tniK points einte ; 

A the radiua of the nine mnnts < ir h ift half th( radiUH of the < irouru* 
circle. [tSee also p Kxaiuph 8 2 and 3 ] a.D. 
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CieOMKTHY. 


(lii) To ;>roiv that thf, cthtvoui u cdUnear urith S, N, O. 

Join AX ilr.iw *7 |wi* to SO. 
l>‘t AX fJM'r-l SO Ht G. 

Then from tiif; . .AGO, »'ni***‘ Aa aO, 
an<i aif j«ir^ to OQ 
, A 7 - 7 G. Kx. i» |t 04. 

And from Xn^;, nitif f** aN ^NX^ 

and NG is u'n' to ay. 
r/G GX 

/. AQr.jiufAX; ♦ 

Q If) th« i}n‘ f nnn^U' ABC. 

Thfior. JII , tVo'., p H7. 

Thai, in, llu' <;ohtn>id \h if.l’.iiitMr ^ilh 

* thr point h S, N, O. V K l>- 


KXKi:ris,*::s. 

• • 

1. (tinn (hf hd/ff (vri n‘t(trri( nujU (*/ d h'iduyti\ f nd (hf foi im of fht 
C€ 7 ifr<r uf fhe uiu> jadutfi rir<v<. 

* 2 Tilt’ liinf points ( irrlf of ativ^ttian/l^* ABC, whost* ortljonentri-i if 
0, is aUu iho niiit’ i>onit.s circle f»f vimU ot iho liian ’li'« AOB, BOC, 
COA. 

• \ 

3. If I. I,. I,. I, arc the centre.^ of tlie atid cscnhctl circles 

of a truinplo ABC, then llic ciich* ciuufnsciiht-d aUuit ABC is the 
nine punts i<jia h of each of the Join triaii^lc.s tmined i>\ thriH' 

of lh»‘ pMJiUs I, Ij, Kj, 1^. 

4 . All triangles nlinh have the same or* lAictiitre and the same 
circnnnseribvd cireie, h ive aUo the s;ime nine-poinls circle. 

5. linen the Iwis*'- and \erti<al angle i*f a tri, ingle, sluw that one 

angle urul one^snle »if the psial triajii:le ate const it ^ 

<». lliven the lust* andaertical angl** o[ a inangie, tind the l-n'us of 
the ecnlre t»f the eiicle^ which pisses thmugh the three escril>ed 
oeiilres 

Noth, l‘\»i other inipntAit pn>pcrtic8 of the Xine-pointt 

Cirvlv* sec Kx, r»4, pi^e 310.* ' 




PAKT IV. 


ON KQrATH>*. AND IMA 1AN(!I,1S IN (OWH'IION 
Wlill I UP. OF \ MiaUMlI 1 INp: 

■llir, (.lOMI |i!l( \l I VI l\ \I1 M‘^ <11 (II I MN 
AiJil l»l. \U \U 1 (»f \U M 

A B 

1 \ Kftnul^* AtJCD I’' V fl to 1< 

con*.i»ncd i‘l lo nt AD 

foi id* ^ ji\ its aiidAljijt 

# f} r. 

\ n ( t iiiul* b<» « I ^ H fii ti\ Ati, AU ‘i Hull d ]»\ 

iht AB, AD tlij- H ♦ I ii\ ») lit to tin |noo u I /t’ AD 
Siniiliil\ fl ^ I HM diiwn ott lii* ^id< AB i tlMioiul by 
th^ an AB tr AB 

I 

*2 If A }K n.t X id in ill .i A '' 

8tr n^dil lin# AB i i in AB [ » >dn<' 1 ”* 

tin ii X In ^lld to (IlMil AB into * 

t^f» segments AX ’Xh tli « zuu ni-. * 

bmn^ in iithii * i"! //ofc if fit * af • . ■ ■■- — - 

///* linlihf }o,nt X 1 1 II thf ‘A U X 

oj thi ijii'ti III AS Oft i 

In Fi„' 1 A8 j> ^u‘l to Ik internally it X 

In 1 m il'AB (ini.ixl pztertially it X 

• 

• Jn iiiNrin^ <iui-fOn tin ^^vmi lirn AB 'i tif >t n of 
th*' N# jnt*Mi*s AX, XB 

In nvtfiMfil division th»' piv**n hin* AB in thn ihlhttnr/ A the 
ftegmcntd AX XB • 
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GW>METRY. 


THKORKM 50. [Eu^'IlM II. 1.] 

If iff (*to on* i'* ut u tihn numt)fr of /jorfe, 

hu th* huf^s h fh4 sitm of ih^ 

uttfnfud the itndttyUd Itfte aiul the mrrnl parts t^f 
the flo 0**^1 hu* 



A X \ 

f B 


it 

h 

e" 

K 

k • 

k 

L 

\ 


D * E f C 


Ii<'t AB attcl K )k‘ flic tvo given Ht. lin»*< atvl let AB be 
fln'alnl uit‘» any iiumlx’r of jurts AX, XY, Y3. hielu contain 
reH|»<ti\(H’ fi, i, and r.nriits ol length; 8o\liiit AB rontuins 
a 4 ^ • <* iiriii'' 

^ Lft the lin(» K (nntain ( unit8 of length. 

It to p}oi\ tha* 

thf reel. AB, K - rect, AX„K 4 mt^XY, K + iect. YB, K; 
uanudy (hat 

fa f /' ■} *)/ ai 4* hk 4* ck^ 


Construction Draw AD j>erp to AB .iiul e<|n,il to K. 
nnwigh D draw DC par* Vo AB. 

Tlirough X, Y, B draw XE, YF, BC pfir* to AD 

Proof The hg. AC -tlie fig AE4-thc fi^ XF4-the fig. YC; 
and of those, hy coiistnniou, , 

fig. AC revt, AB, K , .Ind contains <n ^h^r)l: units of area, 

I fig AE- re‘t. AX. K > and contains tik units of area; 

I fig XF- »oit XY, IJ; . • . . // ; 

IiIk YC-urt. YB, K; rk ' 

Hoiico , 

the reet. AB, K - reot. AX, K + reet. XV, K J-rect VB, K; 

or, («i + /> + f)i»- oA 4- Me + ek. 

Q.S.1X 
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ft<^VAKIW ANl> HK^TANiil.^X 

♦CijKou.AiUFis. fKm*li«l IL 2 luul 3.] 

Two Mpi^cial rM'H (»f \\\\^ *rhf<»n*in <it'StTVo alft'ittinn. 

<i) When AB is ili\ahnl only at one X, uml wjion the * 
undivided lino AO is equal tv» AB. 

A X «R 


d' 

Then fh" aq <»n AB'- the nn-t. AB/AX + tln» reet AB, XB. 

Th it 1", 

Tlif o!i tht tthni ini* i.\ i* thf >itm oj tnidtiphs 

rmtaimd by th* i4*/tol* hu* nol t,i*h ft //# 

Or thus : 

AB*' . AB 

-AB*AX-> XHi 
»^AB.AX I Ab.XB. 

(ii) Wlicti AB is jil one imiiit X, an'l wh< ii the 

undivided lino AD i.-. - qual to i>iie ^cluih iit AX. 

A X B 


D • t *0 

Then the reel. AB, AX- the on AV i* the re^-t. AX, XB. 
That is, 

Thf^ rvi'tnyfjic (nufuiml fn/ f^i* irf,i,k fut* and ott4 
f7i/a/ to the is*/ifnte on thnf .^dturnt with the tt^ bitty le ci/rUnintd by 
iltc tiro^i^ynu^uU, 

Or thus : 

AB. AX - (AX rXB;AX 
.. AX^-eAX.XB. 
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OhOMKtHY. 


THr*»REM II 4] 

It a sf ijf I* Uu I 1/ 1 1 * / internally *itr/ <>juare 

^ 091 th* tfttm lint » * fwil tft thi <*(///! of th* t/n th» tno 

nuiUs toi^etber with tuxn iht h tantjU ionViiutd ty tu* styinthU, 


r«v 

''i// 

0 '>} ^ 

< ■ 

(' ) 


D J C 


AiB ho tin I'lVfii St li!u (Iniilifl in^tn tP / .U X anti Kt 
Uh* *^o nn n* <. AX XHunif i n n inti t uni*' ot 1» rt^^'L nspt • int U' 

1 ii n AB !•« lilt* u 11 ui til* AX, XB, ami llnit* lO 

rinitn.ii' i t ^ un t ♦ * 


li i> * j* ^ I * i mt f P 

• AB AX r XB 4 t'AX XB, 

nav h/ tl •! 

(tf i I ) a -I ft- J,i 

• s 

Consti action On AB tl .(nh* a mj at* ABCD From AD 
cut till AF ♦(jiiil tt» AX, or *1 linn ED XB /* 'Ihiough E 
and X thaw LH, XF ptU lO'.pistnoU it) AB, AD anti niottin^ 
at Q 

§ 

Pxoof 1 lu ri iho AC - til* ii^> AC,‘gC i tho EF, XH 

Ainl tljts< |,\ toiistiut tion, 

fig AC M 1 1 I '■'I 'III AB, tmitaiiis (« + uiiUt nf tinj^ 

1 ",' Afj 'j (III AX, luiil Cdiit >hi (' unit- (ij .ill i , 

*1^ GC M) (III kb, ' , 

li,’ LF Kit EG ED 

III f AX, XB It' . . . , 

lig XH Kit GX, XB ' » 

. - Kit fix, XB . ,t/. 

Iloncc AB* - AX-’ + XB- -i 2 AX XB ; * 

tbat IS \'i + i‘)^ ' a' * + 2ali. 

QT.D. 



8 <JVAHFS and KFnAM.IKS 
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TurOKFM vj (l.uilul ll. 7 ] 


If a Iu\^ i'* dvi ^ / externally a* <n*v jun^d ffu pun^ 

on tht tfitnt Ini* is tqmd U* t*u <w»i </ th spines m tht /t if 
dummshed by /tnu ih* irflantth tontauuit by t/ic 

hnqm nh ^ 


!I— irrn / 1 



L H ‘u 


Lt't AB 1\< st itnt mmIm] i ' i A iinl let 

til* •‘‘t.wfiMitN AX, XB i niiiiu ft 111*1 UDit" nf hn.'thno 
s]i* ( ti\ ( h • • 

*l hf 11 AB is tl < nd ( /r (if till sf/Tiutits AX, XB, and 
th« I tfM ♦ < nils a ^ ui it> 

It Is u pnn / tit ff ih if 

AB A* ^ Xr. -:AX XB 
mnuliitJiit (n If ^ 

Construction < ’n AX d* s hIm i *111 ih AXCC Finin AE 
tut oil AD f |iia! tuAri fM a I It u F L> Xit I 1 hritu^h 
0 inti B tiiaw DF, BH pii ithjMtti\tl\ l(» AX, AL, rut ( ting 
at C 


Proof Thtn tl * iij; AC tin i AG CG tlw EF, XH, 
Ainl of tht SI if\ (oii-t.ncii u 

*fjt' *AC Is lh<* sq Mil AB u <1 t tuil tin ^ I i un t«i of aHM , 
AG *' j <t AX uni < 'Uil iiu^ f/ jint '« of tu , 
ll/ CG <j <1 i XB I ) 

iU EF 10(1 EG ED 

^ ’ iMt AX XB • ^ nb ; 

tig XH jut OX XB 

mt AX XB U 

Ihnce AB -AX 4 XB* JAX XB , 

tint IS, (fl-O** 

Q.Ba 
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aCDMfTRV. 


Titkourm .‘>3 [Kiichd II, 5 and 6.] 

The fhjinutf itt th m inif ^trnvikt lutes %s futalioihs 

rectangh hit thir^aiu awl dt^h? nice. 



Let the linen Xq, AC be plieed ui the siine st line 

an<l lit tin lu <nnt ini a iiifl f* umt’^ uf len^^ih lesjiei ti\ely. 

It h )* jhh\d ft dmt * 

Ati- AC- (AB4*AC;)tAB-AC) , 

• \ 

wuw hi that a /r (a -hi) (r /) 

Construction On AB ami AC diaw the square^ ABOE 
ACFG , ami piodutt' CF to meet ED at H 

1 h( II GC - CB - « - i ifitits 


Proof. Now AB AC* - the s<| AD - the sq AF 

the reit CD i the reet QH 
* DB BC * -t GF GE 
.-AB CB -t-AC.CB 
I (AB + AC)CB 
. -(AB'+AC>(AB- AC).' * 


That is, 


a» - i® ~(a + b)(a-b). 



-SgrARPJS AVI) RIXnANc.IKS 
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CoRulIAKY If ii am/ a/>o t/ituini 

<r tr/nnallh) tnto Uo uiatfunl 

con/nnut/ hfih* < \iau*n*\ tiilffhm* of ihi ou 

Wy iht hni ami on tU I no / tf**n th* }Hnot < t sntwn 

A y Y Q At X B Y 

I Fig 2 

'iititt IS, it AB IS at X aittl also diMihil at Y, niti. 1 * 

uiliv HI 1 I, and ( xtM'i MV in I it; - tlnii 

m IV AY YB AX XY 

in 1 i*: J, AY YB XY AX 

Fni m the tii^T (ase, AY YB ^AX l Xi XB \Y/ 

lAXfXYi^AX XY) 

' ' A>^ XY 

llie Mcond case iiu\ lx sMiidiih piov<d 

» 

1 \ lia ^^s 

1 Bmw fiu^tanib un i d p'pi to sli» w tint tin nputi on a 
<<irau)ii lin i 

h) ff ii tiiiK th siuuf iihufi thf ltn< 

(ii; innt tirur^ th bjuiit on on (hit I oi tin linr 

2 lhau ditp'i vn s in ttp rtd i> lilusli itt Uu folliwirig 

nlgt hrix ul loiiiix) 

iij -c I 7r* a* f 14jf to 

t ^ t aih 

(in) (r t-/>)(c t </; I ul * it 4 ttd 

ii\ } ij h7)(r f 0| j Ibr t > 

3 In 'ihtoj W) (or i; it AB 1 'ni oid il < AE 9 (> nr] cm , 
iind tilt urea ol tlx tig XC 

4 In lh*or ( >r Mi) it AX 2 I*, iiicJ tin hir XC A Ih f | in , 
hud AB 

'i In Jhtor It ciu fig AG 30 m rni , a/ d th< iMt AX, XB 
- 24 Ml cm , tixicl AB 

6 lin Th* on m 52, if Uit fig AG->9 CJ w| in , uml liie hg OQ— 0 51 
Wi in , find AB 

[For further Kxaniplt«i on 1 lu on mu 5() 52 m f p *230 ) 

B 


H a .0 
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GEOMKIRY. 


Tliroi'FM 51. [Kucliil II 12] 

In an Utaixolf^ tht ^/mrf ou ih* \ttf finding 

(ft* ainffi fi/wil *0 \h* ^11 in fif ih* *xjnarf im fh* vl*** ^ 

r*mt*nninfi th* ohut * an ih together with * ^ **ih* p faith i^in 
hnnd i// am oj flu* t .mjIh, ami iiu projection of the othet side 

lijton iL 



l4<'t ABC Ih* a t’uni^K ani^lnl it C, aiul lot AO !»> 

dra^^n {uip to BC pKnl w m)« so th»( CD is tho piojot lii)a of 
tlio M(l< CA on BC [.N<* Ihfip t‘i’* j V 

If is tt ian*d id jndh that 

AB- BCmCAm2BC CD 


Proof. Hoiauso BD is tin* sum of tho Imu*s BC, CD, 

BD BC' * CD* s- -JCC CD l\or. 51. 


f To < iU h of th< < 

Tin n BD * DA » BC- -t 

« 

But BO * * DA AC- 1 
iiml CD- * DA CA- 1 ' 


HjU.tN at hi Di\- 
^CD -»DA M JBC CO. 

foi tho ^ D N a It L* 


AB*«BC-h CA--I-2BC CD. 


Ilenoo 


QE.U 



SgrAKKS AND UKCTANULl'S. 


227 


T!irni;rM r»;‘. [\au\m\ II. U , 

Tt n * f fi I J t 'If /'*• \ttith* ni t) * *ttl* uht ithhtf nu at utt niiifh 

t'f / »r//’ * ! t> • ft f fit f*H s? /- s it 1 ‘ i>Ku tf thii* •tUijle 

diminished by ^ * M* ' y /‘Ji» -'♦//(v* 

' a«</ piojcctioji of thu other side .7 J. 



Fir I Fie:. ^ 

L»*t ABC 1 k‘ a AM ’'!< in « ». tin *.C i' a<Mto, <ind R»t 
AD Im*<1iav\h jh»m * > hC,<a T.C uI that CD is tlio 

ja oj« < t n»n ui I ' < '"^4 .»I BC, 

It !' jllin I til j • thllt 

AL (?C . CA- 2BC CD. 


Proof, .''iiu t‘ iiflu* li tiL'iiui BD ii th*' iliim)'- of tlx* Iiik’B 
BC CD 

• BD BC- « CD- 2BC.CD 'ilimr. 

Ti * I till <'t lln't* i-'jilil' .dill DA . * 

Till n BD • DA * BC t ^CD ,DA . -DC CD (l) 

Tnit DD ^ DA-* AB-i ^ 

amJ'CD'-DA CA J 
# • 

lidiicf AB-»- BC- I CA - -'pC . CD. 


g.i..u. 



m 


owrtii'rKY 


8i SIMAKY OP Till Old' Ms ‘jy, 54 wtii 55. 


A A A 



B COD C(0) B 


(i) If th< .. AC8 IS rJiuM, 

AB BC- + CAM2BCCD Theor 

(ill If 1 1)0 ;lACB ih (I mht ar/jl), 

AB BC-sCA Thu ill 

(111) If till _ ACB H t H>t, 

AB* IJC ICA^ .nC CO Vi r 

Oltsi'no tint 111 (ill, svhtii tlx «ACB js ii'/it AD ouiudk- 
Mjll. AC, so tliul CD (till jxoju'i II <il CA \ inihlios, 

lx mi, 111 this i iM JBC CO <1 

Tlm*^ the tlnu n suits fiuv b<' culltclul in a eumlt 
eiiiHK ( itum 

ifu 01 fi Wf <f a ttuinrli Is (ft (it* / t /u fr^ ( 

/^s tliin thi ^um (/ th( (nt tin of In soi , acrt. dtt^f t 

(If //f ron^aut* i hi in sf suii^ is o^tiu a tn/lfi^uuifhy at aatU th 
ilij}ttt?ut in uts s f lUf/iahff/ Uuitj ttm ih ruitmih umiattft 
In/ im oj fhi iuo so/t> <i;» / i/u p^Ofutum mi U oj Uu (t/ui 

' I\Hi isis < 

1 lu & inani^h ABC ti il <m /* 17 (m r 10 < ni lU h \ 
inanv sfjuiJi ( 4 nniiu His <i Ks * till slioii ul iH-ri ' U mt or (filu 
niti V li ul tt }»i tjit tu II of AC o|t BC 

2 ABC iH an tnan^U in ulin h AB AC , oik) BE isilu \m 

p«t|au(li< ulai to AC SKiw that BO 2AC CE 

3. Intho w\ABC hh«M that 

(i) if tht 4.C Ml tlinf** + 

Ou It the ^C-]SO% then c®-a^ + ii*+ 06. 
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'SJjrAUFS AM» KrCTAN*.! fS 

Thfokim jf) 

In my trtanffh the snm iht •^imrfs on ino ntl*^ ts 
frm ihf ^fuau on fnlf iht timti ^th httfith*) uUh iitia th* ^nau 
on thi mtdmn uhiJi Itsuis Uu third ^nr 



L^t APC 1« at film ^li», and AX flu tiimI m wli I iso< tho 
Iwsc BC • 

9 

It IS n pninl fh jni ft * 

A8 f-AC 2BX «f JAX 


I)m>v ad j)m|> tn BC aniS ton dn tin i lu vlmh Xb 
an<l AC arc ipuqiul ui<l \sitii i ih* 

Jli n (if tlu l.*AXB 4KC om iH olituM ind tin otlnranitf 
Lei th< ^AXBb( olitus* 

Hk 11 from thi AXB 

AB BX 4 AX* f -LX XD Ih oi "A 

And fiom tho •axC, 

AC XC +AX 2XC XD Ihm 


\dding thtst T»^ult% and Tumnilxnng 
\fi bu\ e 

ABN AC 1?BX- + 2AX* 


tint *XC BX, 

]J 


N<m — Thf picMif mas cwK U adiptMl to Uk (tm in which the 
IK^-jk ndicular AD t Uln outmcie tht ^ 


FXHf rsF 

# 

In any tnavyh tht titjftr^vte of tkf on tuo huI*$ h eqnfd to 

the ttrande rmtuin^fJ iht i^ttt and tht htn m the 

mtdilif 7«f«/ of th^ and tht Joot oj the j^rji^t^ndutt/nr draun/rom 
^ V tertical angle to the b/yte 
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GEOMETTIT. 


rXEKCI.sKS ON THEOKKMS nO-M. 

I (’<H‘ till' riitiillniit ^ of Tlooii'm .'lO to nil* « th.4l if » ^traighl linf 
AQ <!i\ r tf tl inif irifilU at X. \i\* ti 

AB^ AX' ^ XB* . JAX XB. 

t 

Jf a **t* ii/lit Iin*' AB i» ht*M»4 4| il X iinl ^iHKhirtd Ut Y, .ijwJ if 
AY.YB ^AX^ Mh. M that AY *AB 

n 'rhf **um tf '^tptarm nn fit M*nt fh* frnjt H rAur ht*'* thtn 
tWu* fh* MfW;//' t i f t/ thf ii * 

KxitKiii tliiH st i*rini nt *i\ tifimiM to th* <ii uh »»f 'I 1 im»h m .'ij, 

I ii t^ori t li* tMimJai'i / r* 'i *f* 

4. In tilt i-nnijli t - ni'i h 'i’ // , ^ 

and ( nnn« ut« !{i« nui’t n, t't p'li 

5 If ti »1m it Inif JM I I\ fit Y. Oil u M \\ til* 

no.uu*’. AY, YB V nwvi*' fioin X, tli* innl 

|)o)nt ot AR 

I><ilun* tliH ()' tin* <N I iH ii \ ot I ii * in ; 

* (iiWioin tho lotipul.iVf^ I \ ^ * 

t 

6. If n AB nf y, nif'/ i/iuf/ / In ti ffr 

nif//// iM tutf ' o f/ni 1. /* tjf Y, u tUiO i» tifhr 

AY f YB -J AX- * XY [VauM II *♦, H» ] 

[Pn/f/ t*f fVftf ( 

AY- ^ YB' AB- iAY YB Th. .r r,l 

4AX- •.»AXrXY»A’X XYi 
4 AX* J AX X\-» n- r oH 

*JAX-’ - JXY-. 

Cafu" [\i \ m.\> Ih» diMVid h nu m oj m i ‘•fniiiir m,*\ • * 

7 If AO n* diMd*v! intMm’h uf Y» V <' il n of tin* 1 

oxani^di* to iri*»* tin* tlian‘j:is in tin* viilui^ ol AY- - YB% as Y inn.i^ 
from A to 8. 

• 

8 hi n r\ th* I i/ a uthiuht ia dnin-M * • 

right inn}h to *ht '///.-n/ /!?/•.♦». thf fitptarr on ffn^ tdor w fipta* • 

the r^ctnugfe » oit*tnt t / t t/jht ^*gfntn(e of' th* tft jntft* 

% ABC ift in iM* 'I'll *» t'unirl**. hnd AY is di inn to ml th<* Hiujf* 6C 
iiitcniaUy or rM» niall\ at Y lYior that 

AY* AC' BY YC. for mum il section ; 

AY* -AC* - BY . YC, fw exti-iifil section. 



JXl UCISKS 
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m 

FxinfisiN ON TurourMs M-fifi. 

1 AB ift <1 Iin« S I m in ]• n^th, iirul h' m itti point 

0 uitti iadiu<4 '> r *ti a cirdi m diAun; ti Pin an^ piMtit on# 

tlu'cir nnihf«n < sh< h fhat • 

AP' + BP S4J r m 

i In *t ARC tin liis< PC ? ln«ir lit X If n IT <‘ni , 

f l.'> m ui'i f s MU , < iIm ut« tln‘ Itiiufi • I th» nttdmn AX, aiu! 

I d< dth < thn A. A 

I • 

3 , lln lu^< »»f 1<M in ml tin mu* tf tin wpmn ** on 

tiuntlni n!< ft < >>> tli i mi « 1 Mittt * 

I Tiov* tl if <ln sutunf tin f4|U t - • n t m i i* « •>( h pfiT.illt )niM*un 

1 ■» * «pnl I » 1 ’■mil ni tin <• m m oii i* ^ <ti n iN 

111 J 1 I l i ill ini' o I *1 iN 0» nlM diu" r *1 » af li rn<;mui« *1'; 

tiM 1 ti » h tiu' I oi i itnl T » u 1 ft 0| * 

") lo \ ( I If »’ it m! t M »•/}» ir * n 1 •!> i on <» m r in » tlior 

I ju il toftt \ 1 til- u o ♦ ( I j i IT* M u 1 1 I vti^nt Inu « jo ron*; llio 

i« liili |Mm»i • i o»jt » 11 d H* I {) u\ I 

<) ABCO i' H I M t omI ui 1 O an\ )wmi* \\ tilon It nlfHtliAl 

OA OC ORmOD^ ^ 

It AQ hi* RC J » mi OA^» OC n in , timl tin dutanco 

of 0 Ir irn t *it tilt* t N« * m nt di i, iim! i 

7 i li< mil nt t i i^f »ii til# idi H <1 i m ntn) it> 'hI o it at( t 

t’l 111 lilt sou t tut , M »fi It di ijoiuiN 1»\ I m tin * jU int 

on tilt If i> lit li uln 11 j<»i 1 tin nil hill ptiint o) tin ilit»oiid«- 

h 1 I I ti 11 ' I ABC til in 1 « it B uiul C u* lu utf ; if BE, CP 

an til lu II |>» i[»t ud u ir t > AC AB n *■) < 1 1 ivt 1\ , |)ioit tlnit 

• PC" AB or ^ AO cr 

9 Jill lino t'o Mini tif flu to n# i * i 1* s of atiiinj-loif 
*H|Urtl t*' t 1 ‘Oil 1 ' urn lit tM ji m <in t*o r u Iijih • 

•10, ABC 1 M h , and O tin ]*- mt <f inn»rMftn>r» of il» 

mt tliarn “lu w th u ^ • 

AB* BO ^ CA :i OA ^ OB OC' 

II If I v»j t , lit li It AB i ti' imI at X, and al o tli\i<i<t<l Oritor* 

n ill\ oT » \T‘ 1 1 ^in ) at Y 1 i u * 

, * AY Y^- AX’ -^Y 1 I'M j. iVi I » 6J 

Provf tin frmii Tlnoitiu ,*i<i tv < * alt i lyj a tiimj Itt CAB lit tlie 
I I ntirig (K>*’'it n I u*iMitht vf !*♦ x C t ilU at Y wi I*j< 1>is' AB 

In a tMjj.’t ABC 0 tin BC i** ilnidid at X so that 

Mi&X nXC, *u \K t * at 

mAB'-iiAC 2 T7iBX*-7iXC-W7«*roAX* 
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UEOHKTRY. 


KK(TAN<iLES IN CONNECrTION WITH CIRCLEa 

Thkoukm r>7. [EuclM III, 35] 

// /vv> f*/ a n*ih 'lit at a jfoini within t/, th^ n dangles 
sontained Itg ifwir srgmniU are tqwtl. 



Ill tlio '’‘ABC, lot AB/CD ho chdivls cuttinc: at the intonml 
point X. 

*// lo luiuifCd h pnWf that « 

th flit AX, r/r/ CX. XO 

I-ot 0 Ik iho contro, and r ^bo railiu-, of iho given circle. 
Supposing OE drawn ix*rp- to the obonl AB, and therefore 
biaoeting jt. 

J«nn OA, OX. 

Proof. The root, AX, XB (AE -4 EX\^b - EX) 

- (AE + EX;(AE EX) 


- AE- - EX- 

Theor. r.3 

-(AE2+ OE*-*; 

-{eX‘’4 0E*) ‘ 


OX% siiKi 

the J at E arc rt. 


Similarly it may be hhc\fn that 

\ 

” the reet. CX, XO-fS- OX^, 



,* tho root AX, XB»the reel. CX, XD. 

Q.’ifi.D. 

CoROlJ*AUY, Koch rediingh is equal to the square on half fA- 
Aord which is Inseded at thi jri ero jjinn/ X. ^ 



imn \N4ilil£S IN OONNECTION WUH ClKOim 


233 


Tiii:uKkM TjH [Kut'lul III. 36.] 

If tuK/ c/tonls of a iihh\ i# hm ruk at a point out><i(h i/» ^ 

tkc ucUioflii^ rontanu^l /»v ihnr sttjnonh «/< f^nat .hul rack 
uctafofh us fquid to th ,sputu on f/t4 (aioj^fU Jiom tkr jMnut of 
thfn atrium. * 



In tbi; ABC, 1» 1 AB, CD he *h<>]«U ( ilUrijL:. \vhen ptodtiinl, 
at tin { \tenial pviiit X , ..nfl la XT a tan^Uit 4iawn tioin 
tint pulllt 

li i> pittt I in pum that 

Ho in( AX, XB Ho uU CX, XD Ho n/ on XT 

Let 0 he tli<* ( entie, / llif^ uliu-» <<f lh< MMir<le 
SuppOM* OE drawn perp to the eh(/r<l AB, aii<l thaeforo 
hi&ectinij U 

.loin OA, OX, OT 

Proof. 1 he leel. AX, XB- lEX AE)/EX EB) 

s-fEX^AE)(EX AE) 

EX- AE- yV/ trr. 53 

-^EX +OE ) (AE'\ OE } 

* «. OX-* /*’, Kinre 

the at E aie rt 

Sunilaily itjjnv be bhewn that • 

<the nx*t CX, XD 

And since the radius OT is p< rp. to the ttvng^oit XT, 

* . XT*--OX--W Timr 29 , 

/. the rcct AX, XB - the reel. CX, XD « the sq. on XT, 

Q.E,D. 

b 2 



m 


(.irnMniiv 


Thiohim 59 (htiflifl III 37 ] 

If hum (i out i/5 o tvth tuu ihi nrr rfMtrn, mu 

uf u huh {uU th^ M/ / , und th* * *h4 1 m tt it nul if th ? 

rxmtaui^d hy th* vh » Jm* vhuh n/5 iht tn*^* a,u! th* j nt tf U 
mdsui* th if* If n t pud ft th ^puiff tm th hn* i h f nuify th 

nnhf thf^ ihi tin* uhuh m * tf * a \ is a tfU t d to it 



Fn>m X <1 jKMiit ou* »!<' Mm* ^ABC lt*t two sti In 
XA. XC )>' (ii HMi Iff wl#«(h XA (UtK tiu* (IK i * it A tind B, .ad 
XC tiK( ts it at C 

iMd li t the Kd XA XB the wi on XC 

t I ' 

It us H pnud 1 1 j ithit'KOi ui 0 

• 

Proof, SuppoV XC niK tn the tin It a^uu ,it D, 

then XA XB XC XD Ih n 

But hy hyjK>th» *^1^, XA XB XC , 

.• XC XD XC , . ‘ 

XD XC 

IleiMt* XC ( uiiiot iiieit tlu t in le a^un unh**s the points M 
BCtlMtll lOlIKltit* * ‘ 

th It iH, xcf IS .1 t.in^t nt (<f the tiule 

g I l» 

Norr os^ 'liiitUviMs ."> 7 , r)S 

Krnit nd 1 1 t^ihvt iht m finit fits into Hiti li tin c h<'nl )^B di\ ni 
B( X, intiiniilx ut ill piiiii «» 7 . anti txttTMilh in Duoitin )S 
lu tiuli t t o AX, XB wc inuN imlutU n il» Puortnit> in ^ sin*. 

OtaiiKUtntn 

If a iv fiunhi of ch f /i t if a ntnf au dmifn fht wfh a nu*u yt i 
vruhm Of uktht *i* a emu, th ruiatujtt^ cot Uittud the He^/tniUs oj f 
^hordtt ort tgUal 
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ON liflOULMN r»7 "I'j 

iU rt» / truiitm ff I 

1. .1 M! It of IMlll U *> til in* VS*n»'n It Uikf V |K)l!lt X 

^ I ni ItMn tU< ( ikti< O X ill vii\ t hotii-* AB CD 

0 Ml i-'iui th* *•* litm " tn o! AB iiul QD h n » ttmi ij j i »\ in it* U 
ill* It i'> t>t til AX XB ihti CX XI) mil i imp h too 

li » ilih 

111 } lOkW j* • til III] MN 111* h o In i ti it X , ami Imiii lh« 

m>.I ti t» II *,1 OKM til n’ 1*1 Um i i n *1 XM 

i 1 II i I iv\ Til 1 li p I 4 tilt \*n»i I lilt lit 111 lilt t* t Ax, XB 

i '* 1 liom I* 1 1 m V li i< 

J 1 )» .1 t .r 1 <>1 I i‘Ut r m i»i I I I* • lit 1 \(* I II il p 1 it X 

I III t*i»iii ti 4 * *1 O i (I K X 4i la *11 i v\ 4 1 ml •* XAp /CD. 

ii M* I I »* XA, XB uitl XC XD » lit II t t r ) I, ) * , the 

I 1 II , 1 XA XB ill I XC XL), mi ttfitpiit Mu ii nil ^ 

n ) D* iw Mu i *iu X T p t t M Mu I 111 1 il In iiiL u XT O 

il 111 lit til* \ ilu* • r X T » 

»ni) I i*i I 1 \ Il u I u li p» I 4 1 \t»in I 1 M i t II i< 1 1 AX, XB 

dilii I \ hum I t ' lu I ii 4 

.T AB, CD tif (Mt) "ti t ^lii lilt 1 n ' 4< X AX I K*, 

kB I *> , ,ui I CX J : If A, C. B D u* I I I mi iiu I u 'lO 

XD . . 

hiiw (L < II I tiiiuu^'ii A, C* B III i lu k 3 nil 14 ult li\ iiu*uuio- 

1114 1 

4 \ >4 i <r XAB iml i t iti^t Hi XT an d i\ui t i a • ii If tiuio au 

* xtt in a1 jki lit X 

II, It XA» iKi ami XB J * . i iid XT 
(in It XT 7 u ( ni , and XA I > f rn lind XB 

.*) \ 111 ! t II it I <h i.>\n HI t I'u ri 1 m AB u I fr^rtii X, .my 

I yot in AB ,i p* ip* n li alat XM 1 1 dr lu n lu AB * iti g ;; tlu i in uiii 

* n M t It M tu v> til it 

AX XB MX • 

h) D AX J diol MX -i 0 fiml XB , lu n • liml tin tliirmitr 
n tin *^« nil t n 1< 

*il If iho tJifiiiii ul tlu M ii»y I 1 .*17 tri , imi AX - i ') rrn , 

tod MX 

f» A )tu nt X ^^u^t•« itlmt a r ii P * r itd ti If rn , mil PQ i*s imv 
>rd I >^>*. 11 ^ ♦liiuu^'i X It til ill |»*i ii» Il PX XQ IJ ^<1 in , find 

* I 4 IS Ilf X 

W iiat \Aill the lu us l>e it X muvoH uutsiih tiiu aanio (inli , m* that 
PX XQ '20 84 


(‘ra 



m 


GEUMIcntY* 


F\RK(MSKS ON THCOllKMs 57 59, 

{ /‘A^orc/tru/ ) 

1 ABC »H fi an^U*‘ 4 ] at C • and ftuin C a p< rpt*mi)cu1 ir 

CD iH diu%n to thi h)]KiU*nuM4 ahi 4% th«it 

MO DB.CD‘’ 

4 

2 ]f two intirmit and tliciiuh ait\ fw iiit X in fliMi 

noniiiion riioid tao (hordn AB CD itn* diaun, oik ,n « <.ih It , sht w 

AX XB-CX XD 
a 

*t iKtiux hoii) Jhtoifiii 'iK tliai th(* tnn^nntM diiMii to a < ii ' 

ftom ih\ (]kOriitl|Mi ti aft toui) 

4 If taotu ItH jjittfM U tain:«n)tii ilrann U> thrin fiom an^ pint ^ 

la thM[ omm u <n ud pM«iiu (ti aie itphd 

o hi iiinu »n t fit PQ is Iiako to tHo (lit ^ h!) 'i lit it ^ 

oiiif B lit a thit AB pttKluii. i b If tM PQ 

(f It two sir lit liiK^H AB. CO intdAKt it X ^ tint AX XE 

- CX XD d» lull lioat 'iiKotmi r>7 l>V re^/ir w (id vh%ut t lu) ll i 

ih p Mil A B C, 0 Aic < (Ml N h 
• * ^ 

In till* In in U ABC ]Mip iitiKuhii AP BQ i*** di iwu fitMi 
an i 8 lr tin oppo t't m U 4 ntid inUiHiK at 0 aw tint 
AO Off -BO oa 

5 ABC IS A * ni^ht iiii^lid it C uid In ni C n jn t|n tiihud i 

CD istliiwn to till )i>|M<liniu< , stnw tint 

AB AD AC 

Thiouli A a point inltrsntiou of tHt> lUtlis two slni ^ 
iiMis CAE DAF an dtiwn ttuh |>uhmn^ thrun^ii a i<ntK and t i 
ininutid b\ tlu ciicuiutciui *1 sh« w that 
CA AE DA AF 

to If tioiii «\t<niil pniU P two Un^mls an diawn <f 
|{i\i n ' iTi U wb isi it^ntti 1 % O utd radiUM r. and it OP nitits the ( 1 
ot > 11 1 u t at Q , slu w ill i\ 

OP OQ-w^ 

11 AB IS k h\i d di inn t« i of a t m le, and CO is fn i]>i iuIkuIui 
AB #01 AB pnwhiM*ii , It nay nMaigat hut la diawn lio^ A to tut C 
ai P and tin lu n* at Q, t»hi w that 

AP AQ-(on-iUiit 

% 

IJ A t't a hxMi (Kiiiit ami CO a tixfd ^ti light Iim , AP is > 
utiaignt lin^ drai4n tioni A to nieet CO at P if in AP a pu,fit 
i» taken MO that AP AQ is cunaUnt, hnd tlic lotus ol Q 



BKCTANOt-KS IV OON’VBfTION WIHI CUMT.BS. 237 


EvrK( !sns <>\ liiroKKUh R7-.''.> 

I T!u t li i»'<l of an art of ti ♦ r< 1* . tho lx t^ht nf tlio an -A, (hn 

Tadni't > »Si(t I hi oiuii oT til it , 

hiJt ft\ 

IImim find tht <h\ \ 'irofantth in u Iu< It a rho < iit<i nil 

L Moment S .hhii^ht 

*2 11m r nlrtm i»f a • irmlnr a ft Ii j J*> fn t iind ita h« 4*ht in JH fu t 

find tilt s(hLn of tin ari h 

If tlx In i>:ht iH rtd’i <1 li\ f *1 the ruihii't iimiinin » tlu ainio, >>y 
liim nni li vmII tlx put ht ttdu 

(It k \ m» f aI ulatMl imultH tjihi in\ l\ \ dn^r » in va' h I* 
n pii s » i PM* t 

I 1 flijilo\ tlx Mjintxip /( h) to liiid tlx In lit <»f an 7iro 
wh >‘u I html IH Hi dhi nnd i u*m h 17 mi “ 

rxiliiiitlx thiul h T< suit l<i OllM tilt lll^ 

4 If d *1 nott H (hr nhoitist tV*****-! ’ fiorn an (xtinul |n» nt l< ♦a 

piiih, fitxi t tlx h ngth ot tlx t out nt n it tlx t» ix point, t»lx va ly 

I lx OM III IS tint f 

II ( hfxl Hx dull) ti i ‘of tlx ui *1 uh n d J 2, and f 1! V , and 
iM \onf jfMuIt ^1 ipi I ilU 

5 Jf th( lioM/on \i‘'ihh to in oK « rx< r i n n i J 1 'VW) fii t alio\x the 

I li \( I IS noh H di-L iiit, find rou^td> tlx <1 inxtiiofthi lurtli 

H< ncp hnd th( ipuroNiin ito distxixi at 'wlmh a bii^lit h^ht taisid 
Ml ti 1 1 alwiM tlx Hta is \ jsitdi at tlx w i h \ i 1 

6 If /ms tlx lx u lit of m u'“f ‘fi III 7 Aiidfitli* r hold of half t ha 

in^pioM thit 2fh 

^ Vs mien h isdivrij^l d on AB i duin tfi and an> tuo c hoida 
AC. BO an <lriwn u t tii j: it P »lx a «,hit 
AB AC AP ^ BD BP 

S Two iiifjiv intcnHCt ut in I (J and tlx* tuo dinot romuion 
tAii^mts AE and DF an d*ann if tlx < iniinnn choid is profliictil to 
nx*-* t the taiigi nta at Q and H nix w t It it 

GH^ AE' 8C’ ' 

fl If fiom an exUrnal point P b. mt PCD la drawn to a Cirol«i 
and PM is pc j iiendiciilar to a diamfUr AB, six w that 

PM»- PC PD4AM MB 
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CEOMKTRY. 


PKOfirJ.MS 

‘L* 

T>> ‘h ir/ ij < I'l'il III to It III itiiiiii^t'^ 

t 

r 



It c 

f 


ABCD 1»< til*' n HM t 

Construction I'n ! i < AB to E# t'ul BC o<|'i»l RC 
On AL <li I sunMinh*# ami J)I4 h1u(i CB to n)ttt th* 
cm omfut 'n ♦ v* f 

Tin n nr w t « Mil T< <j .i!ol no 

Proof 1 <t X In tin nil 1 pomt of AE ^iml / the i nlni' o 
the hi'inn m It Join XF • 

Thni the io(t AC AB BE 

U i XB (r XC‘ 

7 XB 

.--FB ti«»in the It an:lMl " FBX 

(^o 1)1 f tl V Tt a ( fUitI nt t* auff t a 

fu * n ; Aitf • « 

IIoilui 0 the qi‘ iMi Injure to a tnanj^le of i i\uA area. PnJt I " 

I>taw a rcf tangle cuanalcnt to this tTiiii<:!< 1' 

Apply to the rccUn^:!'' the con^tmeuon p>en alxivc. 




PHO.lFAfS ON CIKnT*S AM> KK'I 
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K\> ut ISKS. 

1 IVftH a rt« t*Jt> I*' ^ t»\ J m , u»i < t a r»ju i*it of Njual * 

are<i. What ih thi h u^th ot h ui< 

J 1 nid i*Mphi« a!K t li* nt i tu^ii f4,\iitio tt 4 t)v iiMtiiiiLlo 

Vkiiost I< ti *h 10 t li toih <ui S<l i id 1 li t \ >4ti ^ itk i>y 

mi iml i diiiiii. it 

I * 

}h tW ,lli\ ti I t^M h • 1 * M (l>>) ( 01)> til 1 A 

(>)]' it* M * ni il in a J iixi I « i it > uiid n tiht m t)i^ h iijt^th 
ut ( li( h M>i' . 

4. 1)i iw ill I iiuil iti I il fiiK N < It ^ »m! t \ 111(1 (niitimt a 

i I ' iii« li o^ • i|iul It i 1 Vi ) in 17 H‘ )« 111 li 1 t I oi. nil I on 4tiiil 

tin ti i.K im nt t < uli ot an t ^ «li>{ tit * 

« 

5. ih lu n (|ii (tin* iti » tl AFJCf) !i ‘in tin f K itiT dili A h*** s 

Ai3 AD* I* III , BC CL) "t/ni I In ♦ th I m t > a tnni^h'' 

[Pi iI 1< 111 IH un IMnn t io i iMtan 1* * |UtI it t (on tin \ uii 

h^iuIk^i ii« in*i 111 * 4 tut tin i nkth ) it id« 

0 iMvnIi AB, a 1 in i* mm in I ludh, iiiIm* iil^ ut X, ho thit 

AX XB tin siiju 410 on u nl <»f 

Ift in ( /i\« i tri iplii *1 " yt on ( u »4 ( t *1 pi t I* t (|i 1 n.«il pi i • , of 
th ^luiultain (niu i (p it n > ^ 

J 9, h, JV it) 

7 lukin^' \ \ iu \ f ( f tt f »1 , I l\i tl I I I win^ujuitii» 

h\ a lujitii U n t ’ ii t »*t 4 < I t t«i or 4 m Mfiili^iii* 

^ ^ ♦ y Jt», > y It <» 

*< Tin aiiiof I I » 4i /h I *?7 Mj mi. onl ihi IfO^lliofon* n)< 

I 7 Mil , tirni ( I) liU * 1« Mt Ih oI 1 1 ♦ oi It I nl« t i I In Mr UM t 

inilanii tn , and t4 \our <lr«aio^» l>\ ' il ililnm • 

* iMinh AB, d liin ^ (in in l4ii/ti», i/nuft »/ it X, f-o tha* 
AX XB llu '‘4pu'( ontt'-¥i ot h ( in p jr» 

Hin44 hnd a f;i iplm il f *lu*nin tl In 1 1 i|4 iiniul plan of 

tlx .qiiUKm-, J V H. .U 

10 Oil a >l'i iijlil ' IK An ill »»v a I nil I '!< I> II '1 Imin iiiiV Jnnril P 

»ii Mn t irciimh *'» iiM di iH HX|MipMi(n to AB Jom AP, P8, and 

d* n a* tlnsnlnnsh% » uni y • 

\on(.ni;thit iij**-)/- AB-, ni jy 2 APB AB PX.drviw^a 

.ripliicdl aolution of tin lipiatioiH 

jr^ 4 7/^ - ItK) , XI/ 
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OlOMKTRT. 


PltfiUlT.M .13. 


fhfi h a ott^n hfrm*;hi hm «« thff ih* nrtanplf conttnurfi bv 
* (ha uholi^itful one part nuiy Ik oj[ual (o the on the other 



L«»t AB l«‘ tli(‘ ai hm to Ik* at a p< int X in suolt a 

way that Ad BX AX‘ 

Oonsitniction. I>fa\v Bfc jMiip. to AB, jukI make BC c(inal to 
half AB .loin AC. 

Fiom CA < III off CD equal to CB. 

Kiolii AB*4 ut (»fi AX equal to AO. 

Then AB is ili\KkHl .uj leqiined al X 

*Proof, la*l AB u uint'^ of h^igth, and lot AX*tr. 

Thru BX <i r, AD f , BC -- CD 

No\r AB' AC' BC', fiom the it. angled / ABC, 
c (AC BCKACfBC); 
that IS, u- + 

nr 

From ea(h of tlio««e equals take ox; 
then ‘ n- n^r- j* , 


or, rt(«i jr)^x^, 

that IS. AB BX - ^X-. 

KXKRCHli ^ 

Ijet AB \m' iliMtltsl BA B>H?ve at X. On AB, AX, 
and m» Ktd*ii AB, <iiaM the >quitea 

ABEF, AXGH , and piodu'-c GX to m*tt FE at K. 
In thia vii wriani name rvctauanl ix figures equiv.ilent 
t<» «®, a^ UxX ♦ a), ajr, and ae-i-x). Hence illua- 
trato the abo\e proof );raphtfMny. 




MKOIAL S|W.niON 
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NtvTP A Rtnuht lip in fuiul to U <U\u\ <1 iik MedlaJL 8MttQ& vihcti 
th«* i >nt iimm) \\ th<‘ gl'tn lim *tn I oiu »•« to 

tht* ftquare on th*' ndu i m k;niint 

Thm In friv> i*t/or t rt Min' It \t in to ^*13, A 6 nuy Ito 

di\ul tntornalH at nut < xti tnill at X , t > that » 


. (1) AB BX AX», ’ 
<u) AB BX'=*VX>.* 



To o)*t on V , tho f on U ti»nof 210 miMt Ik rniHhln tl thnn 

CD 14 t 1 iw lit nJl ti in AC pi * * 

AX ^ tu ni BA pn If / in rlv m ►In 


If iv Kt lini A8 IS iliMih (1 lit X oiti rticilh 01 f xtn n ilh , 40 that 
AB AX‘. 

and ii AB a, AX r, mid con BX n-i ihui 

/# I JM 

or jr** II 1^* n 

and the riMdi of this ([iiidritii iiimih, md V I 

tho hn»,thH ot AX Aiid AX 


FVFKi J-sI S 

^ I r>) id‘ H ifiiiighl hn t ! nj intMinlK in nndml sntion 
Miasdn tin uiiatir 4 <gniMj and tind it 4 1 n^th t u» tlh 

• ® 

2 Ih\i<h AB I lina T hanj itt«rnU)^ in nndid w/ lion it X. 
Meamiii* AX ind tht hd ii*» hnj:th h n dlVt 1 xjd iiiiin^^ llm 
gtomi tribal itn lOMig o| thi n g»ln» 

3 In thf ,hj:«r«* of Pndil* tn h» u it AC I lim 1 Jt» J 

Hencojinue it) AX-.^*]J * * hi) AX' -* * * | 

4 If a Htravdit hw* la dixnhd iiit^ rnatU in iiimIh) R«<tion and 
fr<*m tho gnatnr stcnn*nt a jHirt la tak* n Mjiid to ihi* «hrw that 
ih* gnatt I H* nl 18 alao di%tdf*d in nn di il hm f loti 
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<.K>MrrKy. 


rK»»IJLIM 34 


Tn tlrnu nfi (nan fh hanuf fu h tf Vn nnn'*siit th* * 

fimhU iff ^inltna^t. 




D 



Conrtruciion Ti\»‘ liiu AB m»l it nr X, 

> thir AB BX AX ' /'/ ^ .'H 

{ lln^ < »ii tint ti r »s In wn jt |>4i it* l\ ( ii lli» 1» ft ) 
Willidiitu A m 1 I kIin- AB i in iIm BCD, 

Hinl in It |)1 ii I 1hi*rh nl BC « <|n il t<» AX 
fnii^ AC 

I Ik n AEiC th* tii iH^lt n ju it I 

t 

Proof 3iiin XC, aiiil si|»]ti'«(‘ i tinli <lt inmi tliriiiii^h A, > 
untl C 

Nnii,l»\ t ttii"! MU t Kni BA BX AX 

BC-\ 

BC toudi.N fht AXa.ilc, 'fill Vj 
/ thi ^ RCX tin wXAC, in tin 4ilt 'iv'ttt' tit 
In 0 It h uM the ^ XCA * 
tlien tin ^ BCA tin ^XAC f th(*^XCA 
^ the e\t lCXB 
Ainitln‘^BCA tlin^CBA fi‘r AB AC 
tho^^CBX tho^CXB 
CX C8* AX, 

• thei.XAC the ^ XCA. 

• the «.XAC * the ^XCA^tTnee the «A. 

Hut the 4 .. ABC the ^ACB the ..XAC the ^XCA hwtt 

iwn e the ..A 



MKDIAU SECriON. 


2ii 


i:\i:!:risTX 


1, H<tw niiiTiv arr so in tin* xottic ril an/lo of an i <?»>«< *(•!♦’•« 

ia wlsjol* ottoli aaglo ui Ua i.-fiit iiivio < ( iho xoita.il ? 

•J. Shrw a rij^'lit rinu'la n»ay )«* iliMtlul aiNi i'wo i rpnil }>.nts hy 

r«»'na*i f>l rn lik 

.'{ la till' Tmaa (•; jjll inji a t imiiwli* v Nt'rlioal 

is tl»ro«' tiinos t ithor stisi;!*' .it tho b:i'*o, 

Sla'w JnTw ■♦sH’h li Iriaa jb* nia\ lio \a to^l. 

If in th«' tiiaiu'lt ABC. tia' — B *?.*' lC t\M<*o tlso iL^» ‘-lu'W 
BC 1 

• AB 

• I 

In lla* lijai*’ of I*i«<ljl«ia :U, it lla' tu*» (imov intoiso^t at F, 
ahi'W tli.il 

(1) BC CF; ^ 

{;i) il»' < IP 1'' AXC ibo <'ip »iin u^-lo nf t)o* In mjlr* ABC , 
(iiij BC. CF aT<* fiiU'i of a <1o<’s„'-*h sjr ;ilml in tio- 

(iv) AX, XC, CF nro -’^l* ^ of a i>';ail,sr )n r.? i-jon {iim riluMl sri 
tl. MSv-IaAXC 

fj. Tm lb* Bii*l !«*ni .*^1, 'la vs tlwt »»f tin* 

cir»-nrns('nl « (1 iii>oi;t tin* trian^b’ CBX i iJs'- nij(itfi<' point of llio 

arc XC. 

7. In tb*' t'jiiP’ iVo^'I' n! *U if I lh*‘ in rottn; of tlo* tinniilo 
AbC, <t!Mi I*. S lla- *n < *nt»o anH (isf Kin f i.'itp- of tbo CBX. 

Kb(‘\v that S' I S' I '. 

K. If a ‘.traiLrht lin** h in mf*!.'*! tsori. tli*’ p-otanj/lo non- 

‘-liitMl l.y ti»o Slim and tlufhi* m o of U;o I'i nfpjfil to the? 

r ronla^ioil hy tin' nts 

§ * 

9. If i\ straijjht ljri»* AB is dividod intoririliy in tm dail snolion at X, 
s=hi-wU,!it AB^ 'BX® 3AX* * 

Also verify this nsnlt hv snhstituting ih** vrjilin s given on page 241, 


1. 

th.Lt 
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OSOMKTBY. 


IIFK OF gl AORATIP BQrATIONS. 

foimtiuf ti uns v,\u n <l(fKn<l on ^2^ h 

f(rii{iht< al t» iluticir iti quodratn « i(n i*i *i» m i> tio oi tatu»«l 

f 

I Tt ihmh I fnitjh* h o lAtenMiUy >to fhni the rectangle coniatn* I 
the eegmente may h* ti/uni to a yit^n egm/e ^ 


D E 

AB U t)»» »t Iin> t(» Ih rinalffl nnd DE a salt of the' 

•tnfiit* * 

Ck)xistnirtlon On A8 dian a Htnininh atui torn B dr&^ BF 
|i6r|» if AB ineJ 4<(Uil t DE 

f 1 In* I F drfm FCC |wii* to A6 e^itliiv the • il C and C 
1 lom C C <li i\\ CX, C X perp to AB 
I inti AB ih divk ienl fik mepnud |««X, att<i <iIm> at X 

Proof AX XB CX^ Prob 

-BF^ 

DE^ 

Rimilath AX XB DE^ 

Appllf%tloii 1 (t« ] mjkOHe of tli]** rniihtruotion \h to find tH( struj:! t 
AX, XB linnn; their m/w, \u AB, ai) 1 th n j/^ofiu^t^ \ 
thr Hiuaie on DE * 

Kou to hol\< tin* (ipi'i^inn 4^ 0 hi\e' te* hiul tu 

nunUH IH >Ne t (M I rt And /> xfitr/ is 3l| oi 

To do this ^'lAphic^ith, the afwve oonstiu tion, making; AL 

aqual to 13 e in , and DE 0^11 d to or 6 c n 1 h* RAi*raf nts AX XT 
ropM*M»nt the I fcotfl of the e^pmtion and tin ir \ahiisnut^* he* obUine 
bj nn iMonimnt, ^ 

Notr It th«' last tern) of the c<|uaUoit i« not 11 fanfect fiqi'are, a 
tni-^ Trills: 0, ewll must l»o tirsl got b% thf arithmetical rule, o 
graphu kn> \>\ mron$ of Pttdilcm 32 





Gii\r!n( Kh ^nvnoH ov qiamuik^ 
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II 7 o iht ifh a Mratfht hm externallT (htu *hi trt * iittflf mnUttiH'tf 

tip ht ntjfuht* ttap h ttjuu U >t j\ t i tn^unti 



I <*t AB\m W » lint to U it \U ! t xt jn tl> til Dr tin util of 
tiic n ^ j i o« 

ConutracUon *ii m B d itv PF j , i AP it DC 

T s» Lt AB ttt 0 

( » 

With rinti O, I H or I v\ a itn I i > ii* AB } to 
UiCf d lit X *11 i X 

J h* II AB IH di^idtd I \t »n lU j i (uh t it X * i 1 1 at X 

Proof AX XB XC rX , AX X B, 

. BF / f i.» 

^ DC'^ 


ApplicaBon H n w* find two lima AX XR 1 t ii p to i 

dip /f » % \ i/ AB II 1 f nt / it VI/ tli j» I « I n L H 

N j\s to »l till Mjii it n H fn ?♦ ft V h i\ to t ♦ t\i 
nidnis wl tf nun!*ii^il / i ti md i ji d t It 

or 4* 


lo d tins .1 i| )•!< dh p il in I ♦ rtl 11 

i! t< Of ni ui 1 pE... I iM \ I J nt 1 1 » 

itpfi lot th i > f n < » p it iififl ih I * I 

oltl lined I \ III M I in t * • 


I n r i ik 10 At> 
n » III AX 

•l 4 If t i 1 4 


I vi M f>.l p 

» 

Ohtrtin npjUnixinul l> thf < 1 ih *«!! HiidrUK4i\ muii 

of graph 111 (onwtni tioim lof! I* t^fuio Iri i’ 

1 - 10-r + 2 -r- 11^ r* 0 a i jj 0 

4 aH-or-lh-O 5 -r^ 7 10 t) « ;t- l‘t iJt 0 
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GKOMKTKy, 


KXKm iHl-rs V-IIU ! 5 gt At:KI» I’AITR, 

1. A t}»r4iu;;h tl»** <0, 4^, Ml, 0) touvhvs th*- 

4'ftxi‘r fit P. (’al^ alat'* nrnl inm^un* 0 m« Imjlh of OP. 

2. * rt * thf * poiiM To a oin l *' ih tn thf 

V ax iff. Kifnl fhr rvrt <»f th'* nf iu»\ ^horci lhroo„»i» O 

.AIao find thi’ *« < of gsdio «if «itv LK»»rd thnai^’h Uw 

point r.n U). 

.T I>vaw a r.ridi' all hii“** of oiMiRlr«cl;onl thnnijjli 

ji’unt-' »i, Oi, Oi, M», \)t Fiod tht- I’ fd tlo* otttfr int»‘i. r pt ot 

lUi* V and \rnt\ l»\ nn onrMfi'itt. Also find ihn liulll. t»f .s 

ian/t-nf to tin* rio )r fioni tiir o'j;.*:# * 

4, l>raw a lhroir,di tin* ptant^i (1<K 0), t(l. ,‘»)^ (V, *Jt» ; and 

provr )»\ Tdl til »( !t ton* In s tin* .r axis. 

Kind i'll llir f'nordsnatt s •}» tin* t < nti* . np Un* U*iu:tli of lln- lailius, 

« 

]i ii oin pas.s* s thiiMi^di tf»‘- p'Mo!'- i H». <»), %|S, I-'- '•’In w 

t«ji nM,'‘'n*in r»S til, it It d pa *v s tiiioiii^u Ml, 'Jt . 

l''jnd (i? tin* ‘'oorilii. it4 - of tin* !jp tin* I<n*;th of tfn* t.injnii! 

f? oil! t In* OM;/!!) • * 

♦> I’lol tin point ^ A. B. C, D fn>nj tl,* • •"adiiriti - / i* 2 , 0 i i (», 0 | 

( 0 , i*), i*l. *■ Si ; and j*ro\« l»v' Tlu'Otfm ."T ihov arn coin \« Inn 

If rdouotrs thv okIhi^. .'t iho 4 jt^lin slno^ ! !i,it 

OA- ‘OB- tOC'tpD' 4/1 

7. T>niw a firnli* nsinwinif /111 l)jn'i4 3| oon-t nif tioij) to loucli lb* 
y-ft\is at tin- poini Mt. Di, and to niil ihf a-axp at t.>, 0), 

I’mi\»* that tin* nip l** niiPt out tho r avis again at tho juant <»■' 

and tind iln lad.u**. Vi iifx Noiir vo^uU" liy inoaiiVinnM’iit. 

5. Slnx^ tlial two iip’los of nuhiis ntav Im drawn tlnou^b lh 

ooint Ml, Si to ton It tho j axis; aiid Uv nnn.in. /ft Tinoivin oS nnd ll. 
i/'iigtli of tln ir (iiintiion r!ioid. * 

it. <Iiv**n a oindn ot ndius lo. the f'ulp* hi mi: at tin- oriLOin xlno 

hov\ todfaw a noiid » ir* h'of tin* •^.oln♦ iiidiu" t<»ut‘lon;' llu* etn 1 

Had al-<» toil- l*m^ tin* a* axis. • • 

How inanv f in lns nan 1»* ^o itrawn? aMin* th*‘ eoiirdinates (if lh 
ecntp of tli.al in tin* lir-si ^oiudiant. 

10. A, B, C, D are fmir |Hiint»« on th»' x avis at distanors 6, 9, 15. - 
from the oriiiin O. Draw tWK» intnrsi’etnu oirtloM, one ihroiiL'h A. F 
wid the otlnn through C, D, and 4»“in'e (h tirmine a point P in ti: 

j ** A\is MiL ii * l.nt * 

, PA. PB - PC. PD. 

i'aU uhvt< and measure OP. • 

If th»' <li-itAnc<*^( of A, B, C. D from O an" n, 6, c, d re^ifK-etivil,’ 
prove that 

0P= I'lft - <v/t/{a + b~c-d). 



APPKN1>1K. 



APm'DlX. 

ON Tllli FOKM OF SOLID FlGl’llKS. 

tfulaf It! ) 



Tlio Mkh<l ulioM* shayr* \ou aTC‘*pT4>lubIv familiar Will- 
ie \^\M 1 ntiul 1>\ ii Urn k or slaU nf hnwii st<me. Thi* 
holnl IS milul ii rectang\ilar block or cuboid. Lit us examim 
ii> luim inori* < lo>oly. ^ 

H<Ar many /r •A'? has lit HouMiiuriv rr/<7^4 How man 

r.s ur uv/r < h f 

The fares aic (]na<hilatemls : of uhal 

Coruiurc tuo optxxsitc f*ucs. An* they eqiiaW Are the 
I^unillel I 

We may now sum up our ol»s«»rvutiOTW* ftius : 

A cuUoiM h*ia sijc fiwea, opj^isite fares Ix'ing f*fual rfrtavfjl 
IS jmalhi phinfis. It has fu*lif tnlges, whu'h fall into tint 
conr^{M)ndmg to the Unqih^ the bifdulhy and tho/irfy 
of the hlo<»k. Tho fofir ^slgos in each pr'>up are Cijual ar 
parallel, and ivrpondifSrlar to the two faros uhiVh they cut 

The length, Un*adtli, and height of a rx'ctangular block a 

called Its three dimensiou. # ^ 

• % 


Ex. 1. If two ditneftsions of a rectangular block are equal, sfl 
the Ineadth AC and Un height AO, two faces take a pdrttcul 
abape, Whi«di factM t What Hha{ie / 

Ex 2 If the length, breadth, and height of a rectangular bio 
are all equal, what siiapea do the fhces takt ? 


isuKID KKU KES, n'liES. 


3 



A rectan^nl.ir Mfxk liMiirth, l>n‘a<lilj, and arc 

all otjiul I's callfvl a cube. Miifato cohsisIm of m\ #V|ual 

Wc uill now. how ukmM*' of <hu 1 ’ niay Ins 

ronatrurted, bepaiun'; wnh th<» ou)k% as \mu^ Un* MinpUr 
h^ure. 

Su])j)OhO tho snifnco of tin* cubo to bo r\it along tbo npnjjht 
edgo^ and abo along ibo odgo HQ . and wipiM^**** tho faio^ t 4 » 
l») untoblcd and llatt 4 *nod out <n the pi tno ol ilu* 'IV55 

frurfaro wnuM thou b’ loproM'ntotl b) a figure (onwsting ot bul 
sriutires arrang<»d as Ihj 1 o\\/ 


E G 


G E C 

I 

F Q 

■■ 

■ 

I 

0 

> 


8 H 

n 


D H 


This figure called the net of the cub* : it i« here drawn 

on half the of the cul^e Hhea^n iti outline alK>ve. 

To make a nifnlel frf a cube, draw its ntt on oardWrd. 
Cut out the net along the outawJe lincR, alid cut pjirtly through 
along tno dotted Fold the fiw cH over till the edge« eome 

together ; then fix the edgcH in poaition by strips of gt^mmed 
paper. 

Ex. 3. Make a modei of a cube each of whose eilgee m U’Ocol 


4 


AITENIHX (>\ S(>U1> IK.ljtFS 


Ex 4 Makf* a mwiel of a ie« (anc^uUt block, whose length i» 
4\ >>r*-»<lth 3 , height iJ 

tiiMl ij th< n* t \nhu h aill * oiMjst of '^ix ik bin^les anangt^ 
M bclo¥r, diitl haMug the d&iiiexihioiH in uked tu thi didgiam 



< lit tin' u* t OUT, f »ld th 1 1 * il » th» dotted hn* 
andHe(Ui« tin ♦ Ig* with gum in 1 ,in[)u , a i «ihf 1 1\ ivjitiimd 

{Pn O 

* la't in*w con ulc I a solifi whoM» M4h>fd(<*> in a roi 
anpilar hlo»k) in n<laiuU*'» biij whose hi/n (m hiM* \t 
U ijO, thoiu*» ♦<|ul in<i aia.not not t*^sd^ ily 

Siuh d ntlol 1 ( ilh<l ii pnsxn 



« 

Tho ends ot a yhi>ni iin> W anv ron/Iruoiit figni 
these mat bo trnngio^ <|na<lnLiteralfc», <»i jKilv^ons ot 
mimbor of ^idos The dia^iiun ic j>n*sonts two pnsnis, oin 
a tnangul.u base, the otlno on a jM'iilagonal ha^o * 

Ex 6 Draw the not of i trunguLu nnsiu, whew* ends 
equilateral ti langlee on Hides of .0 oin and w hose side-edges mctU 
7 era . • • 


SW^kin FKIVHKS rYKAHUia 


niinh ) 



T!i(* ‘1 in ♦h'* tluirrain ('all<*<l a pyramid. 


'fin* li.i-'t' of a p’ laiuai ta^ «)t j4 ja i in f in J\ l»a\ n ,mv nunihiC 
of l»ul tin t.nnsmust m ititrs aro 

at tlio siiiu^ point # 

1 ho jMirtKnlnr )i\ianini "In nmi in tln^ KiiO|o M anls on a 
ba "0 ABCD, ,*nil it'i snh iMi'j:* . SA SB sSC' SD arn all 
Hjual In tills nao* ilm ‘'iih* fa< i*'' ai« cipnl i-tf-M'lns t mnuloa , 
ami iho jn'iaiiiid is sji<I to Ik* /;^///', for *i tin* luo plaM'd on 
i ln\ol tluMi tin \nrtox ln‘«» in an upiit^ht lino lhn)n;:'b 

the mni {K)int of tin* 


cx. 3 Alako a nnKh*l of.* n/ht p% riinitl -r in^lniL^ ‘^n a mi*® 

1 HO Midi mIl^o t»f tin I**"** ii to nna'^urn »'i , and <*(n*h Mdo 
^ t ‘ho pyraiiini is to !»» 1 >» 


To make the ins f-s.ii v int, h 

^Tiaio Oh a skA* of 15 I’hn wdl loun 
tin* ItHHo of tBe }i\!.iinid I lion on tin* 
**al»'s of this wpiain diaw d' s 

Tnal’inf' the equal titles in e.nh 
ni;rk* 4" long 

Kxplaiii why the pimes" of foldinp^ 
*l»oiit the (lotted liiici biiiign the four 
'‘•riices together. 
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AH'KMilX OS HOUlt JJOVAKS, 


Anr>th49r important form of pyramid ban as base an equi 
lah*ral tnan^Us and all the side e<lge8 are equal to the edgt^ 
uf the Imuk** 



¥tn 1 




How" many faces wjII Mich a pyramid ba\c^ How man; 

/ What sort of man^lcj* viill the kkIc fa<*es l>e 1 Fig. 
sheuK the net on a redjccd hcaU*. 

A pyramid of this kiml is callisl a regular tetrabedroi 
(from iTrcek woids nic;iiung/Mwr/mo/). 

Ex. 7. (‘(awtnirt a model of a regular t<"trahedix)n, faach wlp 
of uhi<*h in l4»ng. ^ 

Ex 8. What ia fhc aniallest nnndw of //tiru' fares that v 
f IK loMUtt Hjxiri* / Wliat H the muallest iiuniWr of curvfd suifa<M 
that will euchxio a ^pai*o i 





The solid figure here represented 


is called a cylinder. 


SOMI) KHirUKS, 


7 


On examininj^ the \im\v\ of wlut li the last dia^nim in a 
(irawingy y(»*i will iiotico that the two ends aix? arcular, 

f^/uulf atwl jHintllri 

The aido-siirhu*c u t^urved, hut not euned in every 
direction ; for it is evidently in fne* direction to rule 

tuwjht lines *>11 the surface : m uhat^ViK^K lion f 

Lot ^^s^ahc a roctan^lc ABCD (m'c Ki;^. *J;, and Maj>|)oso it 
To rotate al>ogt (»ik‘ side AB *is a ti\cd avis. 

What will EC and AD tnuM* <iut, ihcv 1 xolvc alsiul^ ABt 

« 

Observe that CD wdll iinjVf so jhs always to W |Mral!cl to 
the axis AB, and to j»as,s roiiiul the (urvt* ir.oMd out Ity D. As 
CD mo\cs, it will ^••inTUte (Out is to ^ay, //u > toif) a . [irface. 
\\ hat sort of .surVu e { 

We now s,*(‘ >\hy in direction, luma-lv jrrallcl to the 

AB, it l^ possible to rule linc^^on llic rumJ 

»'Urfuce of a cvlindcr. 

¥ 


It is easy to find a pbQc sarface to jfpo‘‘tnt the curved 
tsurface of a C3 liiKh r 



Cut a rectangular stiip (»l |»\jw*T, ina'di.L: tl>^ wodth PQ 
equal to the height of rtic cylinder. *\\ ra[» lliC round 

the cylinder, and carefully iriark olf Ifte length PS that w ill 
make the pajK'r cxa<^tly on<o round, ( iit off all that 
'O’cilaps ; and then unwniji ihe/’o', nin:; strip ^ <»u ha\e pt>w 
rectangle fepnjsentini: the curved Kurfaec ot the cylinder, 
iirud having the aame area. 


11 s.u 



An'KMux ns soiu) rn.t uhx 




(Conei.) 



1 in. 1 Tic. U 


\V<‘ li«n* nnw t<» rx.iunne the of •* cone, of which 

draw lu^ ih I'lvco aluHtl 

Its surta< * <*onM>ts of two |wrlh , first u pUno cumhi) }»a^ 
tJuMi a sHffurt* mIikU Ui^xts from th«‘ (‘ircunifci’i an* < 

the h.isi* to a |MMnt ahu\i* it raih’d the veitt \ Tha^ the for 
i>f a eone a pyraiin^f hlaai^«»^" oil u cm ular jiistead 

u roi tiharal Uisc. 

Let 11'^ take a triangle ABC n^ht ambled at B (Im^. ' 2 \ ai 
<!*up|)os#* It lu na ne ai»oat *»n»‘ side AB a ti\«d axis \\ h 
\ull BC trace out a»s the inaaLjle Te\<fl\csf Notae that i 
will p.iss throuijh the ///oZ jmuiiI A, and ino\e roii 

the curve traicd out hv C. AC mover*, it will ^MioruU 
surface W.IkiI ai>ri ol surface f ^ 

AVe now see that •the kind of ^rone repre.senu^rl in t 
dia^Tiim is a solid it^nerateti hy the revoluiioii of a rig 
ait^hsl triangle aliout one side cunUiniiig the ni^ht angle. 

Ex 9. ^V^ly must the A ABC. rotating about AB, be no 
anpieJ at B, in lo generate a cone i 

What w'ould lie genenited by the revolution of an oZ>^i»e-aric 
triangle aUnit one side forming the obtusi» angle i 

Ex. to. Arhat wxmld l»o generated by an oblique parallelogi 
revoixing alwut one side \ 



CONES. SrilKKUS 9 

'Fhe curve*l suffaoe of a couo niuy iw roj>nsoiitcil l»y a plane 
lii^arc ihuA : 



Taking th<' hl.int AC f^f tlio ootu* jls liulins, draw a 

riif'lo. Vu\ It Diit tium voui jtijM*) , <.ill its (<‘nii4* A, nvti nit 

It aloii^ ai.y i.u’iU'h AC If \*>\\ plait ih intiv of 

thf firt'iilai ju}M*i at tin* xtitt \ o| ih<‘ i \i>ii xsili imd ihit 

\*ni f*ari wia[) tho jwiIH'r ioun%l tli»* ailliuut ft*l(l oi (itasc 

Ntaik <»tr from tint t in umf<*it*in ♦ ipi voiii i ilu* CD 

that >m 11 f'rat tly <ai<e i«mui I iIm* h,is( <if tli* rom* Uu*ii nit 

the umIiih ad \\ ♦* Wm now a plant* ti|;ti!(* AGO 

(♦villtvl a r *ff a nnh) whi<*b tla* (urvt*t] siiifuce 

of thf cone, ami hd^ tin* sijftt* aina. 

* 




The last M)lnl ue ha\t* to n»iisit|or is tin* sphere, whose 
!u)k* i> thill ol d or Inlhanl hall. 

D 



Vrc shall realise it>s form more definit4‘lv, if wo inia^'ne 
* ''cmi circle ACB (Fi'j '2f to rotate about it-s rlmrneter as a 
axis. Then, as^the hoiui-v.ucumferencc rjvolve^, it 
g^-nerates the surface of a sphere. ^ 


to 


AI'I'KNIHX OS HOLID FK.rHKH. 


Airico lill |>oint9 on tho Kcmi^^ircUiafordnce are irt 
all ut a (H«nt«t4int ilistaru^e from its centre O, 

ai*c thiit all on the Harfa<H» of a 8|)ht*re are at a oonslair 

(Ittilanu* from a fixed jM>nit within it, namely the cent: * 
Thn constant distance is the radin.s of the sjdiere. Tim 
all Mrai;^ht lines through the centre terminated both ways 
the .i>urfac(* are equal . Mich lincH are difimtiirs. 

Ex. n. Wi lisvt' wsMi that on tho enrvid Hurfa* of a evliuth 
and it l^ p<»4itibU' tin certain wavs oiilv) to rale lin**- 

1h thcCf Jiiy iliKV'tion m \\hi<‘h we cjui lulo a straij^ht iiiie on li, 
Fuifacn o| tt .Npheie ( 

Er. 12. Ae.ioi we have i‘ut nut a ;>A///e fumre that coidd I 
ui.ipped loufnl tie* (ttned of a tvhnaei v^ithoiit 

ceeasnu, or sUsjt<hin^. The p».iHie, has been done for t'lie enrv' 
mirface of a eou* (’an'i tl |ii**e<* of pa|K‘i ftt* wnippisi aU>nr 
«phei<* MO lis to fit all o\i*r the .saifaee iVithoiit ereasniij / 

Ek. 13. Suppo'ie you weiv a sphere 8trai»dit throui;h tt 

eunlre into two tHiils, m mirh a vvay that the ne^ Kurfats*^ (nnule 1 
cutting) are the>e partM woiihi^K* in every way alike. 1*^ 

partH into which a .^pheie iM dtvuiied l*e‘a o/o/e* mitrrtl a-W/o// > 
called hem I spheiea. Ot what shaiie is tlitMine in v.lneb the pi i 
Hurface nieeta the curved Muifa«s* ) if the He<‘tion vver*e h 

not it*u(rai^ can y\*{i tell wliat the luts^tiiig iiiie of the two Mui f.n 
would \hs i 


Ex. t4. If a eyiiiulor wcio cut by a pfane parallel to the U> 
of what ahape W'ould the new iim Ini ? 

Ex. 16, ^f a cone w-ew cut by a plane ^larallol to the ^ 
what would l>e the fonn of the section 7 
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